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Notation: Throughout, p will denote an odd prime number, Z, the ring of p-adic
integers, and R = Z,[[T]] the ring of formal power series in an indeterminate 7' with
coefficients in Z,. For each n > 0, ¢,, will denote a primitive p"*!-th root of unity with

P 1= (o Welet K, be the field Q(¢y,). For each prime ¢, ji, will denote the group of
g-th roots of unity.

1 Prove that there exists a unique map 1 : R — R such that, for all f € R,
1
V(H(A+T)P=1) = ’ Y rEa+T)-1).
€1y

Prove that, for all integers n > 1, we have

Y (TP + T ) =T" +T" ' modpR.

2 Let a,b be integers with (a,p) = (b,p) = 1, and, for each integer n > 0, define

C—a/2 _ 3/2

n

C;b/2 _ Cb/2 :

n

cn(a,b) =

Prove that N,, ,,—1(cn(a,b)) = cp—1(a,b) for all n > 1, where N,, ,,_1 denotes the norm
map from K, to K,_;. Put c¢(a,b) = (cn(a,b)), and compute the higher logarithmic
derivatives

ok (c(a, b))
for all £ > 1.

3 Define an Euler system for the tower of fields K;F(n = 0,1,2,...), where K, denotes
the maximal real subfield of K,,. Prove that every cyclotomic unit in this tower gives rise
to an Euler system, verifying in detail the three axioms for the Euler system in this case.

4 Write an essay sketching the proof of the main conjecture on cyclotomic fields via
Iwasawa’s theorem.
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