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1 (a) Explain the origin of the luminosity-distance relation between the measured flux or
apparent luminosity F' of an object in an expanding universe and its redshift z:

_ L
 dmagr2(142)2’

where L is the absolute luminosity, ag = a(tp) is the scalefactor today (t=tp) and r is the
radial coordinate in the ‘astronomers’ FRW metric. In particular, define the luminosity
distance dj, of the object.

(b) In an open matter-dominated universe (k < 1, P = 0), show that the curvature is
given by
—k=alH2(1 - ),

where the relative matter density fraction today is Qo = Qmo = 87Gpm(te)/3HE, with
matter density py(t) and Hubble parameter today Hp.

Determine that the proper distance dg to an object at radial coordinate r and at
the same cosmic time t is given today by

ds = Hy (1 — Qo) /2 sinh ™ [aoHo(l — Q)] . ()

(c) By considering radial photon propagation, show that the proper distance dg (in
the same open matter-dominated universe) can be re-expressed in terms of the redshift z
as

z dz/ z dZ/
ds = — _=H;! )
s=o0 | gz = |, rmi r e )
Hence, or otherwise, show that the radial coordinate r is related to the redshift z by

1 Qo2+ (2 Q)1 — (14 Q)2

r = Q(QOHO) Q%(]_ T Z)

Find the limiting value of r at large redshift z > Q=1

[Hint: Consider the substitution u?> = (1 — Qq)/[Q0(1 + 2)] and apply the relations

sinh(A — B) = sinh Acosh B — cosh Asinh B and cosh(A — B) = cosh Acosh B —
sinh Asinh B as appropriate.]
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2 Consider a model with a new fermion Y which has a tunable mass my (two spin
states gy = 2 and chemical potential puy = 0). It couples to a gauge boson which acquires
its mass through a Higgs mechanism at a GUT-scale temperature T,. For T" < T, the
interaction rate is given by 'y = G%,T5 with Gy = a%//m%/ and ay ~ 1073.

(a) Find the non-relativistic threshold mass my, at which the tunable fermion mass
my and the decoupling temperature T, become equal T ~ my. (You may assume that
for Tp > 103GeV, we have the effective spin degrees of freedom A ~ 102.) Hence, find
the “freeze-out” fermion number-to-entropy density ratio for masses my <<myn,,

1/2
Y 1073 <mynr> exp [—(mynr/my)l/?’
S my

(b) Roughly estimate the baryon number-to-entropy ratio np/s given the following
information: We live in a flat (2 = 1) matter-dominated universe, the relative baryon
density today is Qpo &~ 0.1, the age of the universe is ty &~ 10 Gyr ~ 10%3GeV ™!, the CMB
temperature is T, = 3K = 10~ !3GeV, the baryon mass is mp ~ 1GeV and there are
three neutrino species (with 7}, ~ (4/11)/3T,).

By comparing np/s with ny /s, estimate the range of masses my for which this
new fermion is compatible with the standard cosmology.

(c) A typical massless gauge boson coupling above the GUT-scale critical temperature
T>T.isT'yn = oz%,T. Discuss the maintenance of thermal equilibrium in this case T > T,
and its implications for the initial particle distribution of the Y -fermion.
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3 Consider a flat (k = 0) FRW universe filled with a non-relativistic matter density
pm (with Py = 0) and a relativistic ‘dark energy’ density pq satisfying an equation of
state Pq = —pq/3.

(a) Show that the density in ‘dark energy’ behaves as

_ 3HF(1 - Qwmo)
PQ = 871G a? ’

where at present ¢t = £y we have the Hubble parameter Hy, the fractional density in matter
Qo = 871Gy (to)/3HE and the scalefactor is normalized to unity ag = 1.

(b) Use the Friedmann and Raychaudhuri equations to show that
XH' +H?> - 32 =0,

where 8 = Hy(1 — Quno)'/? and H is the conformal Hubble parameter H = a/a with
primes denoting derivatives with respect to conformal time 7 (d7 = dt/a).

(c) Hence, or otherwise, find the parametric solution for the scalefactor a and physical

time ¢:
Qo

= 50— )
Hyt Q
== (1—(;&00)3/2

[cosh T — 1],

[sinh BT — B7].

(d) Find an expression for the age of this universe ¢y in terms of Qyp and Hy and show
that it always satisfies
2 r7—1 -1
2H <tg < Hy't.

[Hint: You may wish to use the expansion sinh™'z =z — a3+ . for |z < 1.]
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4 Consider an almost FRW universe with a scalar field ¢ obeying the following
evolution equations

a\*, k 8T 12, 1 2
() +—= = 5 |30° + 5(Ve)" +V(g)

a a 3mpl
1 dV

. G-
3—p— SAp=——
G300~ o=,
where V(¢) is the scalar field potential and A is the spatial Laplacian.

(a) Discuss the conditions necessary for the universe to enter an extended period of
inflationary growth.

(b) Apply these conditions (including the slow-roll approximation) for the exponential
potential, V(¢) = mél exp (—A¢/mp) , to find the power law inflationary solutions,

2 AV, 12
o(t) = ”;plln ( 0) t+b)],

967rmf)l

0 _ (120 )/ S (o 10t - o0

where ¢; and b are constants.

(c) Briefly explain why the model (f) faces a serious reheating problem. Assume,
instead, that an additional mechanism operates to end inflation at ¢r ~ 30mp/A and
to reheat the universe almost instantaneously; estimate the reheat temperature of the
universe TR (assume that the effective spin degrees of freedom N & 10%). In this case
what is the minimum initial value ¢(t;) required to solve the flatness problem?
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5 In a flat FRW universe (£2 = 1), in synchronous gauge (specifying metric pertur-
bations with h°* = 0), the perturbations of a multicomponent fluid obey the following
evolution equations

Sy + (1 +wy)ik-vy — 3(1 +wy)h' =0,
!/

a w
V3V+(1—3wN)EVN+ N

1+wyn

ikén =0,

/ 7\ 2
h//'i‘%h/—?) <C;> Z(1+3MN)QN5N :0,
N

where §y is the density perturbation, Qy is the fractional density, vy is the velocity
and Py = wypn is the equation of state of the Nth fluid component, and k is the
comoving wavevector (k = |k|), h is the trace of the metric perturbation and primes
denote differentiation with respect to conformal time 7 (dr = dt/a).

(a) Consider a universe filled with cold dark matter (Pc = 0) and baryons with
P = cng (cs < 1) at late times in the matter-dominated era so that Q¢ + Qp ~ 1.
By considering a frame comoving with the cold dark matter and by making appropriate
approximations, show that the above evolution equations can be reduced to

/ 3 2
S+ 50 = () (Qcde +Qsds) =0,
51+ Lo — 13 (% (e + Ubs) — s |
B+a B 5 E (CC+ BB)_CSk "’ _07

(b) For a small baryon density (25 < §2¢) and initially adiabatic perturbations, show
that baryonic structures can only grow on physical wavelengths greater than,

- 1/2
A & s\ ~= ’
e (Gﬂ0>

where pc is the homogeneous cold dark matter density. Qualitatively describe the
evolution of large-scale baryonic perturbations in the matter era (¢ > toq), given that
cs ~ O(1/+/3) prior to photon decoupling (t < tgec) and cs = 107°(T/Tyee) afterwards
(t > tdec). For zgee = 1000 and Qp =~ 0.1€), roughly estimate the baryonic Jeans mass in
solar masses just before decoupling and just after decoupling. [You may use to &~ 3 x 10185,
c=3x100%ms™!, My, ~ 1033g and G = 10~ "cm3g~1s72]
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6 Consider the evolution equation for a scalar field ¢ in a flat (k = 0) FRW

background,
dv

do’
where V' (¢) is the potential and the Hubble parameter H = a/a.

¢+3HG—V¢=—

(a) Perturb eqn (x) about a homogeneous field ¢(x,t) = ¢(t) + dp(x,t) to find the
appropriate perturbation equation satisfied by d¢(x,t); Fourier expand as d¢(x,t) =
Y 1 00k (t) exp(ik - x) where k is the comoving wavevector (k = |k[). (You may ignore
any metric fluctuations.)

(b) Discuss the quantization of these fluctuations d¢x (t) in a large box of sidelength L
expanding in annihilation and creation operators as §¢y (t) = w(t)ax + wi(t)al, which
satisfy appropriate commutation relations. In a nearly de Sitter background (a < exp(Ht),
H ~const.), verify that the appropriate solution for the mode functions is given by

we(t) = L_S/Q(ngl/? <z + a’;{) exp <:;I) : (1)

(c) In the small-scale limit (k > aH), demonstrate explicitly the reduction of (i) to
the flat space result for a harmonic oscillator. On large scales after horizon exit (k < aH),
show that the perturbations ‘freeze’ and explain why the variance (A¢)?|; is scale-free.
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7 Scalar metric perturbations in the synchronous gauge h®* = 0, can be decomposed
into two components h and hg in Fourier space as

hij = §8ih + (kik; — 3655)hs

where the normalized wavevector k = k/|lk. In the conformal Newtonian gauge, we can
express the scalar metric perturbations in terms of two potentials ®, ¥ as

ds* = a*(7) [(1 +2®)dr? — (1 — 2W)J;;dx’da’] .

(a) Consider gauge transformations, Fourier expanded as
T=7+ Z Ty (T)e™ > X=x+ Z Ly, (1)ike™ ™ |
k k

to show that we can move from the synchronous gauge to the Newtonian gauge using

by hs

T, = -5 L, =5
kT ok2 T ok

Give the potentials ® and ¥ explicitly in terms of A and hg and their derivatives.

(b) You are also given that photon density and velocities in the Newtonian gauge are
related to their synchronous gauge counterparts by [do not derive these]

! /
a h )
S VN:V,Y—FZk

/
a s hs
ak2’ ol

N _
0y =0y +2 57,2 °

and you may assume that there are no anisotropic stresses ® = W. Use these results and
those derived in (a) to show that scalar CMB temperature fluctuations in the direction n
in synchronous gauge,

AT . 0 aenr |1 Lo
PR O R A Y HUBV SR E A

Tdec k

can be re-expressed in Newtonian gauge as

7o

(ﬁ):;55+v5~ﬁ+<b+2/ o'dr . ()

Tdec

Briefly explain the physical significance of each of the terms in (1) and the angular scales
on which they are important.
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PART III COSMOLOGY — INFORMATION SHEET

You may make free use of the information on this sheet
The Friedmann-Robertson-Walker line element is
2

1 — kr?

ds® = dt* — a?(t) { + 72(d#* + sin® 0 d¢2)} .

The Einstein and energy conservation equations can be written as:

L\ 2
Ak
Friedmann <Z> = 87T3Gp+ 32
a 4 A
Raychaudhuri ¢ —WTG(p +3P) + 3
a

Energy conservation p+ BE(p +P)=0,
a

with dots denoting derivatives with respect to cosmic time t.

Solutions to these equations in a flat FRW universe (k = A = 0) are:

3
Radiation P = p/3: /2 P -
adiation p/ a o , Perit = 5o 3
1
tt P=~0: t2/3 crit = L ~,0 )
Matter a o< , Perit = o

with the redshift of the radiation—matter transition at roughly ze, ~ 10%.

For a relativistic particle species (mass m, chemical potential p) with temperature
T > m, p, the limiting energy, number and entropy equilibrium distributions yield

w2 ¢(3) 2?2
Bosons: = ——gT* = 2LgT? ==—gT?
T "ETe e T
. Tt 3¢(3) 5 721 o
Fermions: p= §%gT n= Z?‘QT , s= gEQT 7

where g is the number of spin degrees of freedom of the particle and ((3) ~ 1.2.

For a non-relativistic particle species T' < m, the limiting particle number density is given
by

n=g (”;f)/ exp [~ (m — 1)/T]

We can relate the temperature and the Hubble parameter by

2
H= 1.66N1/2T—,

mpl

where N is the number of effective massless degrees of freedom at a temperature T and
the Planck mass mp = 1.2 x 10GeV.
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