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1 In the spherical model of the brain with a dipole excitation (r0,Q), the exterior
electric and magnetic potentials are given by

u+(r) =
1

4πσ
Q ·

[
2

P
P 3

+
1
rP

Pr + rP
Pr + r ·P

]
, r > a

and
U(r) =

µ0

4π
Q× r0 · r

rP 2 + Pr ·P
, r > a

where P = r− r0 and a is the radius of the sphere. Find the singularities of u+ and U in
R3, as well as their order.

2 Use the Geselowitz formula for the magnetic field together with the potential
representation

B(r) =
µ0

4π
∇U(r), r > a

to construct a function φ in closed form such that

U(r) = Q× r0 · ∇r0φ(r), r > a

for a spherical conductor of radius a.

3 The interior electric potential for the spherical model of the brain with a dipole
(Q, r0) is given by

u−(r) =
1

4πσ
Q ·

[
r− r0

|r− r0|3
+
r

a

r− r0

|r− r0|3

]
+

1
4πσ

Q · 1
aR

Rr + rR
Rr + r ·R

where r = (a/r)2r and R = r − r0. Show that u− can be interpreted in terms of images
as

u−(r) = Ψ(r; r0) +
( r
a

)3

Ψ
(
r;
( r
a

)2

r0

)
+
r

a

∫ ( r
a )2

0

Ψ(r; tr0)dt

where
Ψ(r; r0) =

1
4πσ

Q · r− r0

|r− r0|3
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4 Prove that the Kelvin transformation

r→ r =
a2

r2
r

leaves the operator r × ∇r invariant. Compute the effect of Kelvin’s transformation on
the following system of vector spherical harmonics:

P = r̂Y

B =
r√

n(n+ 1)
∇Y

C = − r√
n(n+ 1)

r̂×∇Y

where Y is any scalar spherical harmonic and for convenience, the indices have been
dropped.

5 Prove that the function Hn(r)r−(2n+1) is harmonic if and only if the nth degree
homogeneous polynomial Hn(r)

is harmonic.

END OF PAPER
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1.
F (r; r0) = r|r− r0|2 + |r− r0|r · (r− r0)

2. (
1− 2γp+ p2

)−1/2
=
∞∑

n=0

pnPn(γ)

Pn: Legendre polynomials, |p| < 1, |γ| 6 1

3.
∞∑

n=1

1
n
pnPn(γ) = −ln

√
1− 2γp+ p2 + 1− γp

2

4.
∞∑

n=0

1
n+ 1

pn+1Pn(γ) = ln

√
1− 2γp+ p2 + p− γ

1− γ

5.

4u(r) =
(
r

a

)5

4
[
a

r
u

(
a2

r2
r
)]

6.

∇ = r̂
∂

∂r
+

θ̂

r

∂

∂θ
+

φ̂

r sin θ
∂

∂φ

7. ∫
dr

|r− r0|
= ln (|r− r0|+ r̂ · (r− r0))

8.
|r− r0|r + r (r− r0)

F (r; r0)
= ∇r0 ln

|r− r0|
F (r; r0)

9.

P0(γ) = 1, P1(γ) = γ, P2(γ) =
3γ2 − 1

2

10.

u(r) =
1

4πσ
Q · r− r0

|r− r0|3
− 1

4π

∮
S

u−(r′)n̂′ · r− r′

|r− r′|3
ds(r′) , ∀r 6∈ S
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11.

B(r) =
µ0

4π
Q× r− r0

|r− r0|3
− µ0σ

4π

∮
S

u−(r′)n̂′ × r− r′

|r− r′|3
ds(r′) , ∀r 6∈ S

12.
σ4u−(r) = ∇ · Jp(r) , r ∈ Ω
∂nu

−(r) = 0 , r ∈ ∂Ω

13.
∇ · (fg) = (∇f) · g + f∇ · g
∇× (fg) = (∇f)× g + f∇× g

∇× (∇× g) = ∇∇ · g −4g

14.

Pn (r̂ · r̂0) =
4π

2n+ 1

m∑
m=−n

Ŷ m
n (r̂)Ŷ m?

n (r̂0)

Ŷ m?

n : orthonormalised complex for of spherical harmonics.
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