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The notation log denotes logarithm to base e. 
Logarithms to any other base are explicitly identified, e.g. log10. 
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1. A Personal Identification Number (PIN) consists of four digits in order, each of which 
may be any one of 0, 1, 2, …, 9. 

 
(i) Find the number of PINs satisfying each of the following requirements. 

 
(a) All four digits are different. 

 
(b) There are exactly three different digits. 

 
(c) There are two different digits, each of which occurs twice. 

 
(d) There are exactly three digits the same. 

(9) 
 

(ii) Two PINs are chosen independently and at random, and you are given that 
each PIN consists of four different digits.  Let X be the random variable 
denoting the number of digits that the two PINs have in common. 

 

(a) Explain clearly why P(X = k) = 
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,  for k = 0, 1, 2, 3, 4. 

(4) 
 

(b) Hence write down the values of the probability mass function of X, and 
find its mean. 

(7) 
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2. The continuous random variable X has probability density function given by 
 

( ) ( )21 xcxf X −= ,   –1≤ x ≤ 1, 
 

where c is a suitable constant. 
 

(i) Show that c = ¾ and plot the graph of ( )xf X  against x. 
(8) 

 
(ii) Show that the cumulative distribution function of X is given by 

 

( )
3
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2 3 , 1 ,

4
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Also find P(–
2
1 ≤ X ≤ 

2
1 ). 

(7) 
 

(iii) Obtain the standard deviation of X, giving your answer correct to 3 significant 
figures. 

(5) 
 
 
 
 
3. Let X and Y be independent standard Normal random variables and let Φ(.) denote the 

cumulative distribution function of a standard Normal random variable. 
 

(i) Find P(3X > 4Y + 2), and write down P(X ≤ x, Y ≤ x) in terms of Φ(x). 
(7) 

 
(ii) Let W = max(X, Y). 

 
(a) Explain why the cumulative distribution function of W is given by 

 
( ) ( ) 2

WF w w= Φ⎡ ⎤⎣ ⎦ , −∞ < w < ∞. 
(3) 

 
(b) Find Q1 and Q3, the lower and upper quartiles of W. 

(5) 
 

(iii) A random sample of 100 observations of W is taken.  Write down the 
distribution of the number N of observations in the sample which lie outside 
the interval (Q1, Q3).  Use a suitable approximation to calculate P(N ≥ 58). 

(5) 
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4. The Poisson random variable X with parameter λ > 0 has probability mass function 
 

( ) ,
!

x

X
ep x

x

λλ−

=        x = 0, 1, 2, … . 

 
(i) Show that, for integer x ≥ 0, 

 

( ) ( )xp
x

xp XX 1
1

+
=+

λ , 
 

and outline how this could be used to calculate the probability mass function 
for a given value of λ. 

(3) 
 

(ii) Show that E(X) = Var(X) = λ. 
(6) 

 
(iii) Suppose that Y has a Poisson distribution with mean μ independently of X, and 

that W = X +Y.  Use the relation 
 

( ) ( ) (
0

w

x

P W w P X x P Y w x
=

= = = = −∑ )  
 

to show that W has a Poisson distribution, and write down its mean. 
(4) 

 
(iv) An office has two computer systems, one of Type A and one of Type B.  The 

numbers of breakdowns per day on these systems, X and Y say, have 
independent Poisson distributions with respective means 2 and 0.5. 

 
(a) Find the conditional probability that if there is exactly one breakdown 

on a given day then it is the Type A system that fails. 
(2) 

 
(b) Find the probability that on a given day there are more than 2 

breakdowns. 
(2) 

 
(c) The office is one of 50 run by a large company.  The offices are each 

equipped with one Type A system and one Type B system, which 
function independently in the way described above.  Write down the 
distribution of T, the total number of breakdowns occurring in the 50 
offices on any given day.  Use a suitable approximation to estimate 
T0.95, the number of breakdowns per day which will be exceeded on at 
most 5% of days. 

(3) 
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