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(1) Forz=0,1,2, ...

ie—ﬁex e—ﬂ.lz—x

P(X+Y:z):ZZ:P(X:me:z—x)= by independence

=0 = x! .(Z—x)!
o4 2\ e (4 A)
_¢ 29)‘ A = # by the binomial theorem.
z! ‘S X z!

This is the probability mass function of Poisson, mean (6+A4).
Hence X + Y has a Poisson distribution, mean (6 +4).

P(szﬁX+Y=Z)_P(X=me=Z—x)

(11) P(X=x|X+Y=z)= P(X+Y=2) = P(X+Y=2)

6—99): e—/lﬂz—x

it - ol bl

z!

Therefore, given X + Y =z, Xis binomial (z, 0 j
A+6

(i11)  Lecturer A makes X, ..., X¢ mistakes which will follow Poisson (mean = 1.5)
independently. Thus X=X; + ... + X is Poisson with mean = 9.

Similarly Y=Y, + ... + Y}, for B, is Poisson with mean 6.
X and Y are independent. Given that X + Y = 14, X is binomial (14, %), 1e.
8(14, Ej )

5

Therefore P(X 210X +Y =14)=P(X 210X ~ B(14,0.6)) which is the same as
P(X <4|X ~B(14,0.4)) and from tables this is 0.2793.
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(a) Let E}, E», ... be a set of mutually exclusive events which exhaust the sample
space S (and all P(E;) are > 0).

PA1E)P(E)

J

"> P(41E)P(E)

Then, forj=1,2, ..., P(Ele)
where A4 is any event in S and P(4) > 0.

(b) (1) P(knows answer) = 6, and we assume this leads to the correct answer
being written.

P(does not know answer) = 1 — 8, in which case the probability of writing the
correct answer is 1/5; so the total probability of a correct answer is
1 1
9+§(1—9) :§(1+46) .

(11)  If X=mark for question,

E[X] :1.1(1+49)—l{1— 1+49}
5 n 5
~L(1+46)+ L (40-4)
5 5n '

or nf—n=460-4 ie. n(0-1)=4(6-1))
so that n = 4.

(111)  Let Y =number of correct answers out of 50, so that

Y ~ binomial (50, %{1+40}j.

If 34 correct answers are given, 16 will be wrong and there will be a deduction
of 16/4 = 4 marks, leaving 30.

When 6= 0.75, Y is distributed as B(50, 0.8). Using a Normal approximation,
33.5-40

V8

P(Y234):P(ZZ ] where Z ~ N(0,1).

P[Z > ﬂ} =P(Z>-2.298)=0.989.

N3
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(1) E [U ’"} = J. : our e ™ du = o .[ Cum e gy

I'(a) I'(a)-
00{ - tm-%—afleft

= @) J.O g dt putting = 6u,sodt= 6du
0° © _mra-1_—t 0°

= " dt = ————T'(m+a

F(O{) 0m+a jO e F(O{) 9m+a (m )
o°T 1
Hence E[U]z%z%zmem.

“T 2 1 1 2
Also, E[UZ}= o (at )= (0{+2)a, so variance = ﬂ;)—a—zz%_
T(a)e™ 6 0 0 0

(11) For fixed x, ylies in (x, o).

Therefore the function is defined in the shaded region:

£
/4?
7
e

)

fe(x)=] eV dy=6" {—ée-gy} =6 (x>0).

X

. o : . . 1
Putting ¢ =1 in (1), we see its mean is 1 and variance — .
6
fy(y):I:;092€—9ydx:92€—9y [X]g :92ye—9y (y>0).

: o 2 . 2
Putting & =2 in (i), we see that mean = 7 and variance = 7



E[XY]= J.:_O{Ly_o Hzxyeeydx} dy = j: 0’ ye™” U: x dx} dy
L loend
, SO vedy

3

6
VA

2

ZLQZEZl
2° 680 2

3 2
E[XY]- E[X]E[Y] o 92 ~ 92 1l

Pxy =
\/ Var Var / /
92 02 94

—0707.
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(1) By independence, the joint p.d.f. of X'and Y is

f(x,y)zﬁeﬁz.\/%eyz/2 (—eo<x <005 y>0)

= — —o0 < o) O ,
—¢ ( x<eo; y>0)

X=UVand Y=V, so a—x:v, a—x:u, a—y:O and a—yzl.
odu v Jdu v

v 0
Hence the Jacobian J of the transformation from X, Yto U, V'is

1.€. v,
u 1

so [J] = .

711/2 (1+u2

The pdf becomes f(u,v):le 2 (for v>0, —oo<u <o0),
7

IRV —lvz(Huz)

i)  f(u)= , e’ dv  (—e0<u<o)
T
-] . ) 1
:jo P dt puttlngt=§v2(1+u2), sodtzv(1+u2)dv
- —co <Y < oo
(u2+1)7z’ '

(iii) X should be N(0, 1), and W independently > .

X . /4 .. .
U :?, and X'is N(0, 1). Also ¥ = T where W is y; , since the square of N(0, 1) is
1 -

[Note that a square root may be positive or negative whereasy’ must be positive;
hence the definition of Y = |Z].]



Graduate Diploma, Statistical Theory & Methods, Paper I, 2001. Question 5

(i) M (t)=E["]= zme (1-6)""e"

x=0 X

B : [nj(gef )x (1 B 6)’H = (1 —0+6¢ )n by the binomial theorem.
X

x=0

n—1

M (t)=n(1-6+6¢') 6, so M}, (0)=nf=E[X].
X(t)=n(n—1)(1—6?+96’)n_2(Het)z+n(1—9+0€’)n_196’.
o My (0)=n(n-1)6*+n=E| X*].

So Var(X)=n(n—-1)8*+n6—n’6>=n0(1-6).

) B s —nBt .
(i) M. (1)=E[e ]e"p[m E{exp[ nﬁ(l—e)ﬂ

— exp —n6t M, t
m9(1—t9) nﬁ(l—ﬁ)

¢ n
=exp __nor {1—9+0e“"6(19)}

1-0 + 8"

giving ln{MZ(t)}=%+nln[ ]

Now,

nyl+ em— =In<1+ d + t +...
ool el i i




Therefore M. (t)—>e"'?, which is the moment generating function of N(0, 1).

Thus Z — N(0, 1).



Graduate Diploma, Statistical Theory & Methods, Paper I, 2001. Question 6

(1) The random variable R has probability mass function

P(R=r)=¢(l—¢)r r=0,1,2,..).

o

The pgf is therefore g, (¢)=>.¢'¢(1-9) =9 {t(1-9)}

r=0

1 o
where |t |< —— for convergence. This gives

¢
1-¢ [1-t(1-¢)]

R () T L I
gR(t)_I:I—t(l—(b)]Z’ dE[R] gR(l) {1_(1_¢)}2 P
pon 20(1-9) Ty 20(1-9) _2(1-¢)

:_2(1-¢) (1-¢) (1-¢)° _1-¢
¢ 6 ¢ &

So Var(R)=E[R(R-1)]+E[R]-(E[R])

Y (x=0,1,2,..), andso
x!

oee_yyx _ 8 1 ® v ¢ .
P(X:x)z'[o Té’e oy =;,(1+9)H] jo t'e"'dt  putting t=(1+86)y
:—0 — forx=0,12, ...
(1+6)

This is the distribution of (i) with ¢ = % .
+



1+6

6°

(iii)  Therefore from part (i) E[X] :é ,  Var(X)=

Wehave E[E(X|Y)] = E[Y]; and Y has mean % Thus we indeed have

E[E(X|Y)]|=E[X] as required,

Also E [Var(X |Y )] will be % (note the properties of a Poisson distribution:

mean = variance ).

Finally, Var[E(X|Y)] =Var(Y) _ 1

6>
So

E| Var(X|¥) |+ Var[ E(X]Y)] = %+%

1+6

92

which equals (= Var(X)) as required.
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@  F(y)=P(¥Y<y)=P(F'(U)<y)=P(U<F(y)).
But U is uniform(0, 1), and so P(U<u) =u for0<u<1.
Hence F,(y)=P(U<F(y))=F(»), the same cdfas.X.

.. Y has the same distribution as X.

b  ©

1 2 3 4
P(X=x) 12 1/4 1/8 1/16

P(X<x) 0.5000 0.7500 0.8750  0.9375

u1; = 0.205 which is < 0.5, hence x; = 1.

u, =0.476, soalsox, =1.

u3=0.879; 0.8750 <u3<0.9375, hence x3 =4.
us = 0.924, so also x4 =4.

Sampleis 1, 1, 4, 4.

(i)  For Pareto, F, (x)= ngtz[—g} = —% (x23).

9 . .
u=F,(x)=1-— gives x= The random variates therefore are

X 1—u

3.365, 4.144, 8.624, 10.882.

(1)  Using Normal tables, the four values corresponding to u; are
x, =07 (u,), ie.—0.82,-0.06,1.17,1.43.
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(1) If there are X, red balls in the first urn at step i, write
P, =P(X, =s|X,=r) forr,s=01..n

Then R, =1; also P, , =1.

n,n—1

When X, =r, the first urn contains  red and (n — r) black, and the second (n — r) red
and 7 black.

_, = P(choose red in Ist urn | X, = r).P(choose black in 2nd urn | X, = r)

P, = 2(1](1 —1) by similar arguments; and also
n n

, 2
])r,rJrl = (1__j .
n

Otherwise P._ =0.

r,s

(i)  The probability 7, is P(i red balls in 1st urn).

1Y’ 1Y
A :[—j z,; and 7, :(—j Z,, . *)
n n

Forr=1,2,...,n—1,

r.=P 7m +P 7w +P, 7

r=1,r""r-1 r’Yr r+l,r’%r+12

ie. (1——1j T +2(1)(1—1j7z, +(F—+IJ 7. (*)
n n n n

The equations (*) define the process, with Zﬂ', =1.

r=0



(ii1)  From (*),

1
Ty = 57[1
1
;= 57[2 ,

and 7, +7, +7m, +7, =1.

2
Also 7, =(1- 0)2 T, + 2(%) (gj T, + (%} 7,; substituting gives

1 1 10 9
ot Ty T :1:?(”1 +7,), SO+, =

1 I 1
Now use 7[0257[1; ﬂ-zzﬁ_ﬁl; 75325_571'1.

Therefore

T =T +i7z+i7z
1 0 91 9 2

1 4 4(9 jl 2
=—m+—I+—| ——7 |==—7 +—.

9 9" 9l10 9 5
8 9
L=, =—, Of I;=—
9 20
oL
* 20
=2
> 20
1
T, =—
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