Wednesday, 2 November 2016

Time allowed: 2 hours

For candidates applying to Physics, Physics and Philosophy,
Engineering, or Materials

There are two Sections (A and B) to this test,
each carrying equal weight.

Section A: Mathematics for Physics Q1-Q11 [50 Marks]
Section B: Physics Q12-Q21 [50 Marks]|

Answers should be written on the question sheet in the spaces provided,
and you should attempt as many questions as you can from each Section.

The numbers in the margin indicate the marks expected to be assigned

to each question. You are advised to divide your time according to
the marks available, and to spend equal effort on Sections A and B.

No calculators, tables, or formula sheets may be used.
Answers in Section A should be given exactly and in simplest terms
unless indicated otherwise.

Numeric answers in Section B should be calculated to 2 significant figures

unless indicated otherwise.

Do NOT turn over until told that you may do so.



Section A

1. Differentiate the expression z sin 2? with respect to x.

2. Find all values of # between 0 and 27 which satisfy the equation

V3tan?6 — 2tanf — V3 = 0.



3. Given the two equations
) <64”")
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find x and y.

13



4. What is the term independent of x in the expansion

1 12
(v 12) 7



5. How many numbers greater than 5000 may be formed by using some or all
of the digits 3, 4, 5, 6, and 7 (but only those) without repetition? 3]



6. A seed is planted. After one month, there is one twig containing two leaves.
In the following month, the twig grows two further twigs, each new twig again
containing two leaves. If in successive months each new twig produces two further
twigs with their leaves, how many leaves will be on the plant after 10 months?
(You may assume that no leaves fall off the plant, and once a new twig has
produced two twigs it does not produce further twigs in subsequent months.)



7. In a dice game, a player throws a fair 6-sided die n times. To win the game,
the player needs to throw the following exact sequence within the n throws: 6, 5,
4, four 3’s, two 2’s, and 1. What is the probability that the player will win if the
die is thrown (a) 8 times, (b) 10 times, and (c¢) 12 times? (You may leave your
answer in terms of powers.) [4]



8. Compare a regular octagon with a circle of radius r. The distance between
two parallel sides of the octagon is x.

What should x be (in terms of r only) if the two shapes are to have the same 6
area? 6



9. For what range(s) of « is the following inequality satisfied?

2
Hh—3r < —
T



10. Find the area of the region enclosed between the following curves and in-
cluding the origin:

y = 2—ux
y = 2+
y = 2°—4.



11. A cylinder of dough is squashed such that its height h decreases linearly
with time ¢ as

h(t) = hg —at

for t < hg/a. Assume that the volume V' of the dough remains constant, and it
retains a cylindrical shape. Find an expression for the rate of change of the radius
of the cylinder as a function of time and the parameters hg, o, and V.

Does the rate of change increase or decrease with time?



Section B

12. A ball of mass 100 g bounces on a hard surface. Every time it hits the floor,
it loses a quarter of its kinetic energy. If the ball is released from a height of 1 m,
after how many bounces will the ball bounce no higher than 0.25 m? 3]



13. For a range of temperatures around room temperature and above, sketch
how the resistance of the following components vary with temperature:
(a) an ideal wire,
(b) a filament light bulb, and
(c) a thermistor.



14. Assume that the moons Io and Europa travel in circular orbits around
Jupiter. The radius of Europa’s orbit is 1.6 times that of Io’s. In what ratio
are the moons’ orbital periods? Give the answer to 2 significant figures. 4]



15. A rower wants to cross a river to a point on the opposite river bank directly
opposite from where she will start. The distance to cover is 100 m, and she wants
to cross in 10 seconds. The river flows uniformly at 7.5 m/s. How fast must she
row her boat, and at what angle, relative to the flowing water? Give your answers
as exact expressions in simplest terms.



16. A negative point charge, with charge —¢ (with ¢ > 0 C), lies on a line
between two fixed positive point charges with charges ()7 and (). Assume that
charge )1 lies at x = 0, and charge () lies at x = a. Find all positions where the
charge —q experiences no net force from the positive charges, for cases @)1 = Q)
and Q1 # Qo.

In the latter case, what is the physical significance of your unused solution
for the position of the charge —q?



17. The diagonal line in the graph below shows the relationship between force
and displacement for a certain frictionless physical system:

Force [Newtons]
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(a) Initially, a mass of 20 grams is placed at a displacement of 5 cm and
released. What work is done in moving the mass to a displacement of 0 cm?

(b) What is the speed of the mass when it reaches a displacement of 0 cm?

(c) Describe the mass’s motion after it reaches 0 cm.



18. The drag force F' on a sphere is related to the radius of the sphere (r), the
velocity of the sphere (v), and the coefficient of viscosity of the fluid the drop is
falling through (n) by the formula

F = krfnYv?

where k is a dimensionless constant, and x, y, and 2z are integers. By considering
the units of the equation, work out the values of z, y, and z. (The coefficient of
viscosity has units of kgm~'s™!.)



19. Light of wavelength 625 nm shines onto a metal surface with a work function

of 1.0 V. Electrons are emitted from the metal.

(a) What is the maximum speed of the emitted electrons?

(b) The electrons are then accelerated through a potential difference of
5.0 keV towards a fluorescent screen. What is the final speed of the electrons
when they hit the screen?

[You may assume that Planck’s constant is 6.0 x 1073* Js, the speed of light
is 3.0 x 10® m/s, the mass of the electron is 1.0 x 107" kg, and the charge on the
electron is 1.6 x 107 C.]



20. In the resistor network shown below, each rectangle represents a resistor
with fixed resistance 12 €2, and each circle a water heater with fixed resistance
6 €2. Each water heater contains 1 kg of water, initially at 20°C, and you may
assume that all the power dissipated by the water heater heats the water.

84V

B

L

A voltage 84 V is applied as indicated in the figure. How long does it take
for each individual water heater to raise their waters’ temperature to 27°C?
[The specific heat capacity of water is approximately 4200 J/kg °C.]



21. A sphere of radius R = 2 m is made of a material with the same refractive
index as vacuum, and is supported in a fluid with refractive index n by a straight
wire going through its centre C. A laser is directed toward the sphere with its
beam parallel to the wire but offset by 1 m, and strikes the sphere at point A.
What refractive index n would be needed for the refracted beam to travel at 45°
relative to the line AC' (which includes points A and C')?

A

Im

Another beam, not necessarily parallel with the wire, strikes the sphere at
point A. At what angle, relative to the line AC', should the beam be directed such
that it would be completely reflected by the sphere? 6]
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