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MARKING SCHEME 
 

LEAVING CERTIFICATE EXAMINATION 2006 
 

MATHEMATICS – HIGHER LEVEL – PAPER 1 
 
GENERAL GUIDELINES FOR EXAMINERS – PAPER 1 
 
1. Penalties of three types are applied to candidates’ work as follows: 

• Blunders  - mathematical errors/omissions (-3) 
• Slips - numerical errors (-1) 
• Misreadings (provided task is not oversimplified)  (-1). 

 
Frequently occurring errors to which these penalties must be applied are listed in the scheme. 
They are labelled: B1, B2, B3,…, S1, S2,…, M1, M2,…etc.  These lists are not exhaustive. 

 
2. When awarding attempt marks, e.g. Att(3), note that 

• any correct, relevant step in a part of a question merits at least the attempt mark for that 
part 

• if deductions result in a mark which is lower than the attempt mark, then the attempt mark 
must be awarded 

• a mark between zero and the attempt mark is never awarded. 
 
3. Worthless work is awarded zero marks. Some examples of such work are listed in the scheme 

and they are labelled as W1, W2,…etc. 
 
4. The phrase “hit or miss” means that partial marks are not awarded – the candidate receives all 

of the relevant marks or none. 
 
5. The phrase “and stops” means that no more work is shown by the candidate. 
 
6. Special notes relating to the marking of a particular part of a question are indicated by an 

asterisk. These notes immediately follow the box containing the relevant solution. 
 
7. The sample solutions for each question are not intended to be exhaustive lists – there may be 

other correct solutions.  Any examiner unsure of the validity of the approach adopted by a 
particular candidate to a particular question should contact his/her advising examiner. 

 
8. Unless otherwise indicated in the scheme, accept the best of two or more attempts – even 

when attempts have been cancelled. 
 
9. The same error in the same section of a question is penalised once only. 
 
10. Particular cases, verifications and answers derived from diagrams (unless requested) qualify 

for attempt marks at most. 
 
11. A serious blunder, omission or misreading results in the attempt mark at most. 
 
12. Do not penalise the use of a comma for a decimal point, e.g. €5.50 may be written as €5,50. 
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QUESTION 1 
Part (a) 10 marks Att 3 
Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
Part (c) 20 (5, 10, 5) marks Att (2, 3, 2) 
 
Part (a) 10 marks Att 3 
1. (a) Find the real number a such that for all x ≠ 9, 

    .
3

9 ax
x

x
+=

−
−  

 
Part 1(a) 10 marks Att 3 

1 (a)     ( )( )
( ) 3

9
3.9

3
3

3
9

+=
−

+−
=

+
+

⋅
−
− x

x
xx

x
x

x
x           3=⇒ a

or 

1(a)                                  ( ) ( )
( )

( )( )
( )3

33
3
3

3
9 22

−
+−

=
−
−

=
−
−

x
xx

x
x

x
x  

                                                                             3+= x    
                                                                           3=⇒ a       

or 

1(a)                                 ax
x

x
+=

−
−

3
9  

                                        True for all , so let 9≠x 0=x  (or any other chosen value): 

                                        a+=
−
−

∴ 0
30
90  

                                                ⇒ 3=a
or 

1(a)                               .
3

9 ax
x

x
+=

−
−  

                                       ( ) ( )( )axxx +−=− .39  
                                        ( ) axaxxx 339 −+−=−     
                                      ( ) ( ) ( ) ( )axaxxx 3390 −+−+=−++  
 
                   Equating Coefficients: 
                  (i)                                     (ii)       30 −= a a39 −=−  
                                                                                   3=a 3=a   
 
Blunders  (-3) 
B1    Indices 
B2    ( )( ) 933 −≠+− xxx  
B3    In equating coefficients (not like to like) 
B4    Squares both sides initially 
 
Attempts 
A1    No conjugate 
A2    If oversimplified (no surd in answer) or x in answer 
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Part 1(b) 20 (5, 5, 5, 5) marks  Att (2, 2, 2, 2) 
1 (b)  = , where m and n are constants.   )(xf nxmxx +−+ 173 23

  Given that 3−x  and  are factors of  find the value of m  2+x ),(xf
  and the value of n. 
 
f(3) 5 marks Att 2 
f(-2) 5 marks Att 2 
Equations 5 marks Att 2 
Solving 5 marks Att 2 
1 (b)                                    =  )(xf nxmxx +−+ 173 23

                                             a factor      ( 3−x ) ( ) 03 =⇒ f  
                                            ( ) ( ) ( ) ( ) 03173333 23 =+−+= nmf    
                                                                          ( )inm ................309 −=+  

                                              factor     ( 2+x ) ( ) 02 =−⇒ f  
                                            ( ) ( ) ( ) ( ) 02172232 23 =+−−−+−=− nmf  
                                                                          ( )iinm ................104 −=+  
 
          (i)  :                                                (ii)   :    309 −=+ nm 104 −=+ nm  
          (ii) :     104 −=+ nm                                                       1016 −=+− n  
                                                                                             m5 20−= 6=n  
                                                   4−=m

or 

1 (b)                                
( )33

1736 232

++
+−+−−

mx
nxmxxxx  

                                                          xxx 1833 23 −−     
                                                                  ( ) nxxm +++ 23
                                                            ( ) ( ) ( )3633 2 +−+−+ mxmxm        

                                                             ( ) ( ) ( ) ( )001864 +=++++ xnmxm          
 
            (i)       :                                                    (ii)   04 =+m 0186 =++ nm  
                                 4−=m                                                      01824 =++− n  
                                                                                                                       6=n

or 
1 (b)                       ( )( ) 632 2 −−=−+ xxxx  
                               Other factor must be linear ( )bax +=  
 
                               ( )( ) nxmxxbaxxx +−+=+−− 173.6 232         
                                nxmxxbbxbxaxaxax +−+=−−+−− 17366 23223

                               ( ) ( ) ( ) ( ) nxmxxbxbaxbaax +−++=−+−−++−+ 17366 2323  
 
       Equating Coefficients 
       (i)           (ii)          (iii) 3=a mba =+− 176 −=−− ba        (iv) nb =− 6  

(ctd…) 
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     (iii)  :   176 −=−− ba
                      1718 −=−− b
                                 b=−1
 
      (ii)               bam +−=
                                                                                                        13−−= 4−=m
                                                                                                              4−= 6=n
 
      (iv)         ( ) 6166 =−−=−= bn       

 
Blunders   (-3) 
B1    Deduction root from factor 
B2    Indices 
B3    2nd value not found (having found 1st ) 
B4    In equating coefficients (not like to like) 
 
Slips    (-1) 
S1     Not changing sign when subtracting in division 
 
Part 1(c) 20 (5, 10, 5) marks Att (2, 3, 2) 
1 (c)   is a factor of  tx −2 .23 rqxpxx +−−
  (i) Show that .rpq =  

  (ii) Express the roots of  in terms of p and q. 023 =+−− rqxpxx

 
Division 5 marks Att 2 
(i)   Show 10 marks Att 3 
(ii)  Express 5 marks Att 2 

1 (c) (i)      
px
rqxpxxtx

−
+−−− 232  

                                              -tx         3x
                                   _______________      
                                     ( ) rxqtpx +−+− 2

                                                   2px− pt+  

                                    ( ) ( ) ( ) ( )00 +=−+− xptrxqt  
 
 Equating Coefficients: 
            (i)   :                                  (ii)   0=− qt 0=− ptr  
                                                                            qt = ptr =   
                                                                                      pqr =          
 
1 (c) (ii)  ( ) ( )( ) 02 =−−= pxtxxf  
                                                or                 02 =−⇒ tx 0=− px  
                                                                                      tx =2 px =    
                                         tx ±=  
                                         qx ±=  

                      Roots: { }pq ,±  
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or 

1 (c) (i)   ( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−=

t
rxtxxf .2  

                      rtxx
t
rx +−−= 23   

                             rqxpxx +−−= 23

 
                Equating coefficients: 

              (i)          p
t
r
=                                                     (ii)           qt =  

                            ptr =     
                            pqr =  
 
1 (c) (ii) as above 
*Remainder  in division 0≠
  
Blunders  (-3) 
B1     Indices 
B2     In equating coefficients (not like to like) 
B3     Root from factor 
B4     Root omitted  
B5     Roots not in p and q  
B6     Show not in required form 
 
Slips  (-1) 
S1     Not changing sign when subtracting in division. 
 
Attempts 
A1    Any attempt at division 
A2    Other factor not linear 
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QUESTION 2 
Part (a) 15 (5, 5, 5)marks Att (2, 2, 2) 
Part (b) 20 (5, 5, 10) marks Att (2, 2, 3) 
Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 
 
Part (a) 15 (5, 5, 5)marks Att (2, 2, 2) 
2. (a)  Solve the simultaneous equations  

     
.2

52
2 =+

−=

xyx

xy
 

 
Part (a)   (i) Substitution 5 marks Att 2 
                (ii)  1st Variable 5 marks Att 2 
                (iii) 2nd Variable 5 marks Att 2 
2 (a)      52:)( −= xyi   
                        ( ) 2: 2 =+ xyxii
                         ( ) 02: 2 =−+ xyxii
 
                                  ( ) 02522 =−−+ xxx
                                         0253 2 =−− xx
                                        ( )( ) 02.13 =−+ xx
                               013 =+x                or            02 =−x  

                                      
3
1

−=x                                  2=x          

 
                          52:)( −= xyi

                            
3
1

−=x   :   ⎟
⎠
⎞

⎜
⎝
⎛ −−⇒−=−⎟

⎠
⎞

⎜
⎝
⎛−=

3
17,

3
1

3
175

3
12y  

                               :    2=x ( ) 152252 −=−=−= xy   ( )1,2 −⇒  
 
Blunders  (-3) 
B1     Indices 
B2     Factors once only 
B3     Deduction root from factor 
B4     Root formula once only 
 
Attempts 
A1     Not quadratic 
 
Worthless 
W1     Trial and error only 
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Part (b) 20 (5, 5, 10) marks Att (2, 2, 3) 
2 (b) (i) Find the range of values of t∈R for which the quadratic equation 
        has real roots.   025)12( 2 =++− ttxxt
 
 (ii) Explain why the roots are real when t is an integer. 
 
Correct substitution in  5 marks Att 2 042 ≥− acb
Inequality 5 marks Att 2 
Finish 10 marks Att 3 
2 (b) (i)    025)12( 2 =++− ttxxt
                 Real Roots:                  042 ≥− acb
                                           ( ) ( )( ) 021245 2 ≥−− ttt
                                           081625 22 ≥+− ttt
                                                        089 2 ≥+ tt
 
                  Graph           089 2 =+ tt
                                       ( ) 089 =+tt  

                                        or      0=t
9
8

−=t  9
8−  0 

 
                                       089 2 ≥+∴ tt   when { } { }09

8 ≥∪−≤ tt  
 
(ii)               Imaginary roots only when 09

8 <<− t  
                    No integer included here. 
                      real roots for all integers. ⇒
 
Blunders (-3) 
B1     Inequality sign 
B2     Indices 
B3     Factors once only 
B4     Deduction root from factor 
B5     Range not stated (written down) or no range 
B6     Incorrect range 
B7     Shade graph only 
B8     Incorrect deduction or no deduction in (ii)  
 
Misreading (-1) 
M1    Uses ‘>’ for '  '≥
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Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 
2 (c)   and , where b is a positive real number. xbxf 21)( −= xbxg 21)( +=
  Find, in terms of b, the value of x for which ).()( xgxf =  

 
Equation 5 marks Att 2 

xb 2  isolated 5 marks Att 2 
Value 5 marks Att 2 
2 (c)                                                                       xbxf 21)( −= xbxg 21)( +=
 
                                              ( ) ( )xgxf =
                                           xx bb 2121 +=−
                                            xx bbb 22 .1 =−
                                                     xx bbb 22.1 +=
                                                     ( )11 2 += bb x  

                                                
1

12

+
=

b
b x  

                                  ( ) ( )1
12 loglog += bb

x
b b  

                                       ( )1loglog2 +−= bbx bb  
                                                 ( )1log2 +−= bx b  
                                                   ( )1log2

1 +−= bx b  

                                                    1log +−= bx b  
*  Accept logs to any base 
 
Blunders  (-3) 
B1    Indices 
B2    Factors 
B3    Logs 
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QUESTION 3 
Part (a) 5 marks Att 2 
Part (b) 25 (10, 5, 5, 5) marks Att (3, 2, 2, 2) 
Part (c) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
 
Part (a) 5 marks Att 2 

3. (a) Given that , 2 iz += where  find the real number d such that ,12 −=i
z
dz +  is real. 

 
Part (a) 5 marks Att 2 
3 (a)   ( ) ( )i

di +++ 22  
               [ ] ( )

5
2

2
2

2
1

2
id

i
i

ii
d d −

−
−

++ =⋅=  
              ( ) ( ) ( iaii d 022 5 + )=−++  
               ( ) ( ) ( ) ( )iaidd 012 55

2 +=−++  
                Equating Coefficients :                   01 5 =− d  
                                                                               51 d=        
                                                                              5=d  
 
Blunders      (-3) 
B1     i 
B2     Not real to real etc 
B3      ( )( ) 522 ≠−+ ii
B4     Conjugate 
  
Attempts 
A1        ( ) 0=zf
 
Part (b)(i)  15(10, 5) marks Att (3, 2) 
3 (b)  (i) Use matrix methods to solve the simultaneous equations 

      
438

524
−=+

=−
yx
yx

 
Part (b)(i) Matrix form 10 marks Att 3 
                  Solution 5 marks Att 2 
3 (b) (i)                  Solve :         524 =− yx
                                                   438 −=+ yx
 

                                                            ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
4

5
38
24

y
x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

38
24

A ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⇒ −

48
23

28
11A  

                                              ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
4

5
48
23

28
1

y
x

 

                                                     ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
56
7

28
1    ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=
2

4
1
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Blunders (-3) 
B1    Incorrect matrix A 

B2    Incorrect 
det
1  or no 

det
1  

B3     IAA ≠− .1

B4    Incorrect matrix 
 
 
 
 
Part (b) (ii) 10 (5, 5)marks Att (2, 2) 
3 (b) (ii) Find the two values of which satisfy the matrix equation  k

    ( ) .11
1

12
43

1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− k

k

 
Part (b)(ii)  Complete Multiplication 5 marks Att 2 
                    Values 5 marks Att 2 

3 (b) (ii)         ( )                    or       ( )  11
1

12
43

1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− k

k 11
1

12
43

1 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− k

k

                                                           ( ) 11
2

43
1 =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−

+
k
k

k ( ) 11
1

423 =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

k
kk

                                                                  011243 2 =−+−+ kkk 11423 2 =++− kkk
                                                                               0822 =−+ kk 0822 =−+ kk
                                     ( )( ) 024 =−+ kk                                    ( )( ) 024 =−+ kk  
                               or                                          4−=k 2=k 4−=k      or       2=k
 
Blunders     (-3) 
B1     Indices 
B2     Factors once only 
B3     Deduction root from factor or no deduction. 
B4     Incorrect matrix 
 
Note:  Cannot get 2nd 5 marks if equation is linear. 
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Part (c) 20 (5, 5, 5, 5) Att (2, 2, 2, 2) 

3 (c)  (i) Express i 388 −−  in the form ( ).sincos θiθr +  

  (ii) Hence find ( ) . 388
3
ι&−−  

  (iii) Find the four complex numbers z such that 
     . 3884 iz −−=  
   Give your answers in the form ,bia + with a and b fully evaluated 

(i) 5 marks Att 2 
(ii) 5 marks Att 2 
(iii)   z 5 marks Att 2 
        Complex numbers 5 marks Att 2  
3(c)(i) 
                       iz 388 −−=  

                       ( ) ( )22 388 −+−=r  

                           19264 +=   
                            256=       

θ  

 z  
απθ +=   

                             =16  
 
                     [ ]θθ sincos irz +=  
                        [ ]3

4
3

4 sincos16 ππ i+=  
                         ( )3

4
3

44 sincos2 ππ i+=  

38  

8
α

3
4

3

8
38 3tan

ππ θα
α

=⇒=

==
 

 
3(c)(ii)                   ( )3

4
3

44 sincos2 ππ iz +=  

                            ( )[ ]33
4

3
443 sincos2 ππ iz +=  

                                 ( )ππ 4sin4cos212 i+=  
                                 ( ))0(1212 i+=  
                                  4096212 ==
 
3(c)(iii)        ( ) ( )[ ]3

4
3

444 2sin2cos2388 ππ ππ +++=−−= niniz  

                  ( ) ( )[ ] 4
1

3
4

3
44 2sin2cos2 ππ ππ +++=⇒ ninz  

                       ( ) ( )[ ]3232 sincos2 ππππ +++= nn iz  

            [ ] [ ]2
3

2
1

330 2sincos2:0 iizn +=+== ππ              31 i+=  

            ( ) ( )[ ]32321 sincos2:1 ππππ +++== izn  

                           ( ) ( )[ ]6
5

6
5 sincos2 ππ i+=      ( )[ ]2

1
2
32 i+−=      i+−= 3  

            ( ) ( )[ ]332 sincos2:2 ππ ππ +++== izn  

                            [ ]3
4

3
4 sincos2 ππ i+=         ( )[ ]2

3
2
12 i−−=      31 i−−=    

            ( ) ( )[ ]32
3

32
3

3 sincos2:3 ππππ +++== izn  

                             [ ]6
11

6
11 sincos2 ππ i+=      ( )[ ]2

1
2
32 −+= i      i−= 3     
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Blunders (-3) 
B1    Argument 
B2    Modulus 
B3    Trig definition 
B4    Indices 
B5    i 
B6    Statement De Moivre once only 
B7    Application De Moivre 
B8    Root omitted 
B9    No general solution 
B10  a and b not fully evaluated 
B11  Improper use of polar formula 
 
Slips   (-1) 
S1    Trig value 
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QUESTION 4 
Part (a) 10 (5, 5) marks Att (2, 2) 
Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
Part (c) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
 
Part (a) 10 (5, 5) marks Att (2, 2) 
4 (a)   are the first n terms of an arithmetic series. )64(...622 −++++− n
  , the sum of these n terms, is 160.  Find the value of n. nS

 
Correct substitution in formula 5 marks Att 2 
Value n  5 marks Att 2 
4 (a)   )64(...622 −++++− n  
                                    ;         ;    2−=a 4=d 160=nS  
                                 ( )[ ] 160122 =−+= dnaS n

n      
                                           ( )[ ] 1604142 =−+− nn           
                                           [ ] 1604442 =−+− nn  
                                               ( ) 16042 =−nn
                                                         016042 2 =−− nn
                                               08022 =−− nn
                                            ( )( ) 0810 =+− nn      
                                                    or     10=n 8−=n  
                                                         10=n
 
Blunders (-3) 
B1     Formula AP once only 
B2     Incorrect ‘a’ in formula 
B3     Incorrect  ‘d’ in formula 
B4     Indices 
B5     Factors once only 
B6     Incorrect deduction root from factor 
B7     Roots formula 
 
Slips 
S1     Excess value or incorrect value indicated. 
 
Worthless 
W1    treats as G.P. 
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Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 

4 (b)  The sum to infinity of a geometric series is .
2
9    

  The second term of the series is −2.    
  Find the value of r, the common ratio of the series. 
 
Part (b)  1st equation 5 marks Att 2 
               2nd equation 5 marks Att 2 
               Quadratic simplified 5 marks Att 2 
               Value r 5 marks Att 2 

4 (b)                           
r

aS
−

==∞ 12
9  

                                        ( ) ( )iar ......................219 =−  
 
                             2,, arara
                                              2−=ar

                                              ( )ii
r

a .......................2
−=  

                            
                                ( ) ( ) (ari 219: =− ) 

                                       ( ) ⎟
⎠
⎞

⎜
⎝
⎛−=−

r
r 2219  

                                          
r

r 499 −=−  

                                                 499 2 −=− rr
                                                             4990 2 −−= rr
                                                   ( )( )43130 −+= rr        

                                  
3
1

−=⇒ r         or          
3
4

=r  

                         Since sum to infinity             
3
1

−=⇒ r  

 
Blunders (-3) 
B1     Formula sum to infinity 
B2     Definition of term of a G.P. 
B3     Indices 
B4     Factors once only 
B5      Incorrect deduction root from factor 
B6      Incorrect ‘a’ 
 
Slips 
S1      Excess value or incorrect value indicated  
 
Worthless 
W1    Uses AP formula 
W2     Trial and error 
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Part (c) 20 (5, 5, 5, 5) marks Att(2, 2, 2, 2) 
4 (c) The sequence , defined by K,,, 321 uuu ,32  and  3 11 +== + nn uuu  is as follows: 
 3, 9, 21, 45, 93…… 
 (i) Find , and verify that it is equal to the sum of the first six terms of a geometric series 6u

with first term 3 and common ratio 2.   
 (ii) Given that, for all k,  is the sum of the first k terms of a geometric series with first ku

term 3 and common ratio 2, find   .
1  
∑
=

n

k
ku

Part (c)(i)   5 marks Att 2 6U
                   Verify 5 marks Att 2 
Part (c)(ii) Showing Pattern 5 marks Att 2 
                   Sum 5 marks Att 2  
4 (c) (i)         ;     31 =u 321 +=+ nn uu
                             ( ) 32 56 += uu ( ) 3932 +=        189=  
 
                        a = 3  ;    r = 2 :..PG

                            
[ ] [ ] 1891643

12
123 6

6 =−=
−
−

=s   

or 
                            18996482412636 =+++++=s  
 
Q4(c)(ii)        (3), (3+6), (3+6+12), (3+6+12+24),… 
                       (3),   (9),      (21),             (45)       

                          ( ) ( ) 323123 −=−= kk
ku  

                          32.3 −= n
nu

                       32.3 1
1 −= −
−

n
nu

                       32.3 2
2 −= −

−
n

nu
                       ………………….. 
                                       32.3 3

3 −=u
                          32.3 2

2 −=u
                         32.3 1

1 −=u  

                         ( ) nn 32........223 21 −+++=∑  

                             ( )[ ] ( ) nn nn

312633 12
122 −−=−= −
−  

 
Blunders  (-3) 
B1    Error in  6U
B2    Formula sum of G.P. 
B3    Incorrect ‘a’ 
B4     Incorrect ‘R’ 
B5     Error in kU  
B6     Indices 
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QUESTION 5 
Part (a) 10 marks Att 3 
Part (b) 20 (5, 10, 5) marks Att (2, 3, 2) 
Part (c) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
 
Part (a) 10 marks Att 3 
5 (a)  Find the value of the middle term of the binomial expansion of  

     .
8

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

x
y

y
x  

 
Part (a) 10 marks Att 3 

5 (a)   
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

44

5 4
8

x
y

y
xu                   ( ) 701

4.3.2.1
5.6.7.8

==  

or 
5(a) 

26788

2
8

1
8

⎟
⎠
⎞

⎜
⎝
⎛−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

x
y

y
x

x
y

y
x

y
x

x
y

y
x .........

44
8

3
8 4435

+⎟
⎠
⎞

⎜
⎝
⎛−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

y
y
x

x
y

y
x  

                            70
4
8 44

5 =⎟
⎠
⎞

⎜
⎝
⎛−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

x
y

y
xu   

*  Answer must be in simplest form 
 
Blunders (-3) 
B1    General term 
B2    Errors in binominal expansion once only 
B3    Indices 

B4    error value or no value  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
r
n

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
r
n

B5    x and y in answer 
B6     1≠ox
B7    Incorrect term 
 
 
 
Part (b) 20 (5, 10, 5) marks Att (2, 3, 2) 

5 (b)   (i) Express ( )( )31
2

++ rr
 in the form 

31 +
+

+ r
B

r
A .  

  (ii) Hence find ( )( )∑
= ++

n

r rr1  31
2 . 

  (iii) Hence evaluate ( )( )∑
∞

= ++1  31
2

r rr
. 
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Part (b) (i) 5 marks Att 2 
              (ii) 10 marks Att 3 
              (iii) 5 marks Att 2 

5 (b) (i)                      
31 +

+
+ r

b
r

a = ( )( )31
2

++ rr
 

    ( ) ( ) 213 =+++ rbra   
    ( ) ( )203 +=+++ rbbraar   
    ( ) ( ) ( ) 203 +=+++ rbarba  
 Equating Coefficients:  (i) baba −=⇒=+ 0  
      (ii) 3 2+ =ba  
       3 2− =aa    
       122 =⇒= aa     and  1−=b   

     ( )( ) 3
1

1
1

31
2

+
−

+
=

++ rrrr
 

 

Q5(b)(ii)              ( )( )∑
= ++

n

r rr1  31
2  

  ( )( )31
2

++
=

nn
u  n 3

1
1

1
+

−
+

=
nn

 

  ( )2
2

1 +
=− nn

u  n 2
11
+

−=
nn

 

  ( )( )11
2

2 +−
=− nn

u  n 1
1

1
1

+
−

−
=

nn
 

  M     M  M

  
6.4

2
3 =u            

6
1

4
1
−=  

  
5.3

2
2 =u      

5
1

3
1
−=  

  
4.2

2
1 =u     

4
1

2
1
−=  

       
3

1
2

1
3
1

2
1

+
−

+
−+=

nn
sn  

3
1

2
1

6
5

+
−

+
−=

nn
 

 

Q5(b)(iii)                                 ∞→n
6
5

=∞s  

 
Blunders   (-3) 
B1     Indices 
B2     Cancellation must be shown or implied 
B3     In equating coefficients not like to like 
B4     Term or terms omitted 
B5      rS
B6     limits 
 
Note:  Must show 3 terms at start and 2 terms at finish or vice versa otherwise attempt. 
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Part (c) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2)  
5 (c) (i) Given two real numbers a and b, where a>1 and  b>1, prove that 

   .211
≥+

blogalog ab
 

 (ii) Under what condition is 2
log

1
log

1
=+

ba ab

. 

Part 5(c) (i) Change of Base 5 marks Att 2 
                     Inequality 5 marks Att 2 
                     Prove 5 marks Att 2 
                (ii) 5 marks Att 2 

5 (c) (i)  2
log

1
log

1
≥+

ba ab

 

  ⇔ 2log log
1 ≥+ ba a

b    (since aa b
b log

1log = ) 

  ⇔   (since ) ( ) bb aa log21log 2 ≥+ 0log1,1 >⇒>> bba a

  ⇔  ( ) 0log21log 2 ≥−+ bb aa

  ⇔  ( ) ( ) 01log2log 2 ≥+− bb aa

  ⇔  ( ) 01log 2 ≥−ba

   True, so .2
log

1
log

1
≥+

ba ab

 

or 
Q5 (c) (i)  To prove: 2log log

1 ≥+ ba a
b  

   Let     . Then 0>x , since . xba =log 0log1,1 >⇒>> bba a

   To prove: 21 ≥+ xx     
  ⇔         xx 212 ≥+
  ⇔  0122 ≥+− xx
  ⇔  ( ) 01 2 ≥−x
   True, so 21 ≥+ xx .  That is, 2log log

1 ≥+ ba a
b  

 
Q5(c)(ii) Equality holds in above solution when ( ) 01log 2 =−ba   [or  in 20)1( 2 =−x nd version] 
   ⇔  1log =ba

   ⇔ ba =  
 
Blunders    (-3) 
B1     Log laws 
B2     Change of base 
B3     Inequality sign 
B4     Incorrect deduction or no deduction 
B5     Indices 
B6     Factors once only 
B7       ( ) ( )22 112 −≠+− xxx
 
Note : Inequality must be quadratic 
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QUESTION 6 
Part (a) 15 marks Att 5 
Part (b) 20 (10, 5, 5) marks Att (3, 2, 2) 
Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 
 
Part (a) 15 marks Att 5 

6 (a) Differentiate )2( +xx  with respect to x.  

 
Part (a) 15 marks Att 5 
6 (a)   )2.( += xxy  

       ( )22
1

+= xx   

       2
1

2
3

2xx +=     

   ( ) ⎟
⎠
⎞

⎜
⎝
⎛+= − 2

1
2
1

.
2
12

2
3 xx

dx
dy  

         ( )
2
1

2
1 1

2
3

x
x +=  

or 

6(a)   ( )2.2
1

+= xxy  

   ( ) ( )( )2
1

2
1

.21 2
1 −++= xxxdx

dy  

       
2
1

2
1

2

2

x

xx +
+=  

       
x

xx
2

2+
+=  

 
Blunders   (-3) 
B1   Indices 
B2   Differentiation 
 
Attempts 
A1   Error in differentiation formula 
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Part (b) 20 (10, 5, 5) marks Att (3, 2, 2) 

6 (b)   The equation of a curve is   .8923 234 +−−= xxxy
  (i) Show that the curve has a local maximum at the point (0, 8). 
 
  (ii) Find the coordinates of the two local minimum points on the curve. 
 
  (iii) Draw a sketch of the curve. 
 
Part (b) (i) 10 marks Att 3 
              (ii) 5 marks Att 2 
              (iii) 5 marks Att 2 
6 (b) (i)                   .8923 234 +−−= xxxy

                             xxx
dx
dy 18612 23 −−=  

                            181236 2
2

2

−−= xx
dx

yd        

Local Max/Min:   0186120 23 =−−⇒= xxx
dx
dy  

                                                  ( ) 0326 2 =−− xxx  
                                    or    0=x 032 2 =−− xx
                                                ( )( ) 0132 =+− xx  
                                                       2

3=x   or   1−=x  

Test  in 0=x 2

2

dx
yd           ( ) ( ) 18012036 −−= 18−=     < 0   ⇒  local max at x = 0. 

When :      = 8       ∴  Local max at 0=x ( ) ( ) ( ) 8090203 +−−=y ( )8,0  
 

Q6(b)(ii)  Other two turning points at 
2
3

=x  and 1−=x  

 At 
2
3

=x :        y ( ) ( ) ( ) 8923 2
2
33

2
34

2
3 +−−=    

    
16
128

16
324

16
108

16
243

+−−=      

    8.3
16
133

16
61

−≈−=−=       8.3−≈⇒ y  

 And at 
2
3

=x :    2

2

dx
yd  ( ) ( ) 181236 2

3
4
9 −−=     0181881 >−−=   ⇒  local min at ( )8.3,2

3 −  

 
 At        y :1−=x ( ) ( ) ( ) 8191213 234 +−−−−−=     
        8923 +−+=
                                       4= 4=⇒ y  

 And at :    1−=x 2

2

dx
yd  ( ) ( ) 18112136 2 −−−−=  0181236 >−+=     local min at (–1, 4). ⇒
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Q6(b)(iii) 

 
 

(–1, 4) 

(0, 8) 

(

 
Blunders  (-3) 
B1    Differentiation 
B2    Indices 
B3    Deduction from 2nd derivative or no deduction 
B4    Not 3 values from ( ) 0=′ xf  
B5    Not testing in  for max  ( )xf ′′
B6    Incorrect y values or no y values in (ii) 
B7    Factors once only 
B8    Incorrect root from factor 
B9    Not getting  ( )xf ′′
 
Attempts 
A1   Error in differentiation formula 
 
Worthless 
W1    Integration 
 

2
11 , 16

133 ) −
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Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 

6 (c)  Prove by induction that ( )  ,1  ,1 ≥= − nnxx
dx
d nn n ∈ N. 

 
6(c) P(1) 5 marks Att 2 
       P(k) 5 marks Att 2 
       P(k +1) 5 marks Att 2 

6 (c)   ( )  :)( 1−= nn nxx
dx
dnP  

 

  P(1): show that ( ) 1=x
dx
d : 

    ⇒= xxf )( ( ) ( ) 1)(
==

−+
=

−+
h
h

h
xhx

h
xfhxf . 

    
0

lim
→

∴
h

( ) ( ) 1=−+
h

xfhxf           ( )1P∴  is true. 

 

  Assume  true:  ( )kP ( ) 1−= kk kxx
dx
d  

  Deduce ( ) ( )1:1 ++ kx
dx
dkP  ( )xx

dx
d k .=  

       ( ) ( )kk x
dx
dxx += 1  (by product rule) 

       ( ) ( )11 −+= kk kxxx  (by P(k) assumption) 
        kk kxx +=
       ( )1+= kxk  
   ∴ True for  ( )1+kp
 
 As P(1) is true, and  for all k,  P(n) is true for all . )1()( +⇒ kPkP 1≥n
 
Blunders (-3) 
B1    Failure to prove case n = 1 or uses rule to prove true for n = 1 
B2    Definition of  ( )xf ′
B3    Error in  or ( )kxf + ( )xx Δ+  
B4    Indices 
B5    Limit or no limit shown or implied 
B6    Differentiation 
B7    n = 0 
 
Attempts 
A1    Error in differentiation formula 
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QUESTION 7 
Part (a) 15 (5, 5, 5) marks Att (2, 2, 2) 
Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 
 
Part (a) 15 (5, 5, 5) marks Att (2, 2, 2) 
7 (a)  Taking  as the first approximation to the real root of the equation 21 =x
     ,093 =−+ xx
  use the Newton-Raphson method to find , the second approximation. 2x

 
Part (a)  Formula 5 marks Att 2 
                Differentiation 5 marks Att 2 
                Finish 5 marks Att 2 

7 (a)   
( )
( )n

n
nn xf

xf
xx

′
−=+1  

   
( )
( )1

1
12 xf

xfxx
′

−=  

   : 21 =x ( ) ( ) 1922)2(9 33 =−+=⇒−+= fxxxf  
     ( ) ( ) 13123)2(13 22 =+=′⇒+=′ fxxf  
     13

25
13
1

2 2 =−=x  
 
Blunder  (-3) 
B1       Newton-Raphson formula once only 
B2       Differentiation 
B3       Indices 
B4                21 ≠x
 
Worthless 
W1       Incorrect answer and no work 
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Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
7 (b)   The parametric equations of a curve are:  
     θθ 3coscos3 −=x  

     where ,sinsin3 3θθ −=y .
2

0 πθ <<  

  (i) Find .  and  
θθ d

dx
d
dy  

  (ii) Hence show that .
tan

1
3θ

−
=

dx
dy  

θd
dx   5 marks Att 2 

θd
dy  5 marks Att 2 

dx
dy  5 marks Att 2 

Show 5 marks Att  2  
7 (b)   ( )3coscos3 θθ −=x  

   ( ) ( θθθ
θ

sin.cos3sin3 2 −−−=
d
dx ) 

     θθθ 2cossin3sin3 +−=
    ( )θθ 2cos1sin3 −−=  
     θ3sin3−=
 
    ( )3sinsin3 θθ −=y

   ( ) θθθ
θ

cos.sin3cos3 2−=
d
dy  

    ( )θθ 2sin1cos3 −=   
     θ3cos3=
 

   
( )
( ) ( )3cos

sin3

3 1
sin3

cos3

θ
θ

θ

θ

θ
θ

−=
−

==
d
dx
d
dy

dx
dy     

θ3tan
1

−=  

 
Blunders (-3) 
B1 Indices 
B2 Differentiation 
B3 Trig laws 
B4 Not in required form 
 
Attempts 
A1 Error in differentiation formula 
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Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 

7 (c)   Given ,
9

3ln
2 ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−

+
=

x

xy  find 
dx
dy  and express it in the form .nxb

a
−

 

dx
dy  5 marks Att  2 

Simplifying 5 marks Att  2 
Express 5 marks Att  2 

7 (c)      ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−

+
=

29
3ln

x
xy  

    ( ) 29ln3ln xx −−+=  
    ( ) ( )2

2
1 9ln3ln xx −−+=  

   ⎥⎦
⎤

⎢⎣
⎡ −

−
−

+
= )2(

9
1

2
1

3
1

2 x
xxdx

dy  

    293
1

x
x

x −
+

+
=  

    ( )( )xx
x

x +−
+

+
=

333
1  

    ( )
( )( ) 29

3
33

3
xxx

xx
−

=
+−
+−

=  

 
or 
 

Q7(c)     
( )( )xx

xy
+−

+
=

3.3
3ln  

    ( )
( )2

1

2
1

3
3ln

x
x

−

+
=  

    ( ) ( )xx −−+= 3ln3ln 2
1

2
1  

   ( )⎥⎦
⎤

⎢⎣
⎡ −

−
−

+
= 1

3
1

3
1

2
1

xxdx
dy  

    ⎥⎦
⎤

⎢⎣
⎡

−
+

+
=

xx 3
1

3
1

2
1  

    ( ) ( )
222 9

3
9

6
2
1

9
33

2
1

xxx
xx

−
=⎟

⎠
⎞

⎜
⎝
⎛

−
=⎥⎦

⎤
⎢⎣
⎡

−
++−

=  

 
or 
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Q7(c)  
( ) ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛

−

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−

+
=

2
1

22 9

3ln
9
3ln

x

x
x
xy  

   

( )

( ) ( ) ( ) ( ) ( )
( )12

2
2
12

9

3 9

2.93191 2
1

2
1

2
1

2

x

xxxx
dx
dy

x

x −

−−+−−
⋅

⎥⎦
⎤

⎢⎣
⎡

=
−

−

+

 

    ( )
( )

( )

( )2

2

2

2

9
)9(

)3(9

3
9 2

1
2
1

2
1

x
x

xxx

x
x

−
−

+
+−

⋅
+
−

=  

    ( ) ( )
( )( )2

2

9.3
39
xx

xxx
−+

++−
=  

    ( )( )2

22

93
39

xx
xxx

−+
++−

=  

    ( )( )293
39

xx
x
−+

+
=  

    ( )
( )( )293

33
xx

x
−+

+
=  

    29
3
x−

=  

*     
dx
dy and simplifying can be in any order 

 
Blunders (-3) 
B1    Differentiation 
B2    Log laws 
B3    Indices 
B4    Not simplified to required form 
B5    Factors once only. 
 
Attempts 
A1    Error in differentiation formula 
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QUESTION 8 
Part (a) 10 (5, 5) marks Att (2, 2) 
Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
Part (c) 20 (10, 10) marks Att (3, 3) 
 
Part (a) 10 (5, 5) marks Att (2, 2) 

8. (a) Find (i) dxx∫   (ii) ∫ − .2 dxe x  

 
Part (a) 10 (5, 5) marks Att (2, 2) 

Q8 (a)(i)  ∫∫ +== cxdxxdxx
2
3

2
3

2
1

.  cx += 2
3

3
2   

 
Q8 (a)(ii)  cedxe xx +−=∫ −− 2

2
12  

* If c shown once, then no penalty 
 
Blunders (-3) 
B1     Integration 
B2     Indices 
B3     No ‘c’ (penalize 1st integration) 
 
Attempts 
A1     Only ‘c’ correct 
 
Worthless 
W1    Differentiation instead of integration  
 
Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 

8 (b) Evaluate (i)   (ii) ( )∫ +
2

1

321 dxxx ∫
4

0

. 3cos 5sin

π

θθθ d  

 
Part (b)(i)  Integration 5 marks  Att 2 
                   Value 5 marks Att 2 
Part (b)(ii) Integration 5 marks Att 2 
                   Value 5 marks Att 2 

8 (b) (i)  ( )∫ +
2

1

321 dxxx

     ( )∫ + xdxx .1 32 ∫= 2
3 duu     ⎥

⎦

⎤
⎢
⎣

⎡
=

42
1 4u  

Let u  21 x+=
xdx

du 2=  
xdxdu =2  

  ( )[ ]2142
8
1 1 x+=  

  ( ) ( )[ ]44
8
1 25 −=      

8
609

=  

or 
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Q8(b)(i)   ( )∫ +
2

1

321 dxxx

  ( )∫ +++= dxxxxx 642 331  

    ( )∫ +++= dxxxxx 753 33

             642 331 xxx +++=

( ) ( ) ( ) ( ) ( )( ) ( )322222332 1
2
3

1
1
3

11 xxxx +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=+  

  
2

1

8642

824
3

2 ⎥
⎦

⎤
+++=

xxxx  

  ( ) ( )8
1

2
1

4
3

2
13232122 +++−+++=  

  8
609

8
1

8
17 7678 ==−=  

 
 

Q8(b)(ii)  ∫
4

0

. 3cos 5sin

π

θθθ d  

   ∫= θθθ d3cos5sin2
2
1  

   ( )∫ += θθθ d2sin8sin
2
1  

   
02

2cos
8
8cos

2
1 4

πθθ
⎥⎦
⎤

⎢⎣
⎡ −−=  

   ( )⎥⎦
⎤

⎢⎣
⎡ −−−⎟

⎠
⎞⎜

⎝
⎛ −−= 2

0cos
8

0cos
2

cos
8
2cos

2
1 2

π
π  

   ( ) ( )[ ]2
1

8
1

8
1

2
1 0 −−−−−=  

   [ ]2
1

8
1

8
1

2
1 ++−=  

   4
1=  

 
Blunders (-3) 
B1 Integration 
B2 Indices 
B3 Differentiation 
B4 Limits 
B5 Incorrect order in applying limits 
B6 Not calculating substituted limits 
B7 Not changing limits 
B8 Trig formula 
 
Slips 
S1 Trig value 
 
Worthless 
W1 Differentiation instead of integration except where other work merits attempt 
 
Note   Incorrect substitution and unable to finish yields attempt at most. 
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Part (c)  20 (10, 10) marks Att (3, 3) 
8 (c) The diagram shows the graphs of the 
 curves  and   ( )xfy = ( ),xgy =

 where ( )  ( ) .9  and  312 22 xxgxxf =−=
 
  (i) Calculate the area of the region  
   enclosed by the curve ( )xfy =   
   the x-axis. 
 
  (ii) Show that the region enclosed by 
   the curves  and ( )xfy = ( )xgy =  y = f(x) 

x) 

x 

y = g(
y 

   has half that area. 
 
Part (c) (i) 10 marks Att 3 
              (ii) 10 marks Att 3 
8 (c) (i)  
   ( ) 03120 2 =−⇒= xxf y 

          24 x= ⇒ 2±=x  
 

      ( )∫ ∫
−

−==
2

2

2

0

23122. dxxdxyA

     [ ]203122 xx −=
     ( )[ ]08242 −−=
     = 32     
 
 
Q8(c)(ii) 
   ( ) ( )xgxf =
                  22 9312 xx =−
                          21212 x=
                           11 2 ±=⇒= xx
 

Enclosed Area  ( ) ( )∫ ∫
− −

−=
1

1

1

1

dxxgdxxf

    ( ) ⎥
⎦

⎤
⎢
⎣

⎡
−−= ∫ ∫

1

0

1

0

22 93122 dxxdxx

    [ ]1033 3122 xxx −−=

    [ ]1034122 xx −=
   ( ) ([ ]04122 − )−=  
    16=

or 

x 
-2 2 

y = 12  23x−

y = 29x  
y 

x 

y = 2312 x−  

-2 2 
-1 1 
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Q8(c)(ii)    Enclosed Area [ ]432132 AAAA +++−=  
   ( )43232 AA +−=  

  ]∫ =−===
1

0

1
0

32
3 30339 xdxxA

  ( ) ]∫ −=−=
2

1

2
1

22
4 12312 xxdxxA

      ( ) ( 112824 )−−−=      = 5 
 ∴ ( ) ( ) 165322 43 =+=+ AA    
 
 ∴ Enclosed Area  161632 =−=

y = 29x  
y 

x 

y = 2312 x−  

-2 2 
-1 1 

A1 A2 A3 
A4 

 
Blunders (-3) 
B1      Indices 
B2      Integration 
B3      Calculating roots of  f(x)=0 
B4      Calculating    gf ∩
B5     Error in area formula 
B6     Incorrect order in applying limits 
B7     Not calculating substituted limits 
B8     Error with f(x) or g(x) 
B9     Uses  for area formula ∫ ydxπ
 
Attempts 
A1      Uses volume formula 
A2      Uses  in formula 2y
 
Worthless 
W1      Differentiation instead of integration except where other work merits attempt 
W2      Wrong area formula and no work  
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MARKING SCHEME 

 
LEAVING CERTIFICATE EXAMINATION 2006 

 
MATHEMATICS – HIGHER LEVEL – PAPER 2 

 
GENERAL GUIDELINES FOR EXAMINERS – PAPER 2 
 
1. Penalties of three types are applied to candidates’ work as follows: 

• Blunders  - mathematical errors/omissions (-3) 
• Slips - numerical errors (-1) 
• Misreadings (provided task is not oversimplified)  (-1). 

 
Frequently occurring errors to which these penalties must be applied are listed in the scheme. 
They are labelled: B1, B2, B3,…, S1, S2,…, M1, M2,…etc.  These lists are not exhaustive. 

 
2. When awarding attempt marks, e.g. Att(3), note that 

• any correct, relevant step in a part of a question merits at least the attempt mark for that 
part 

• if deductions result in a mark which is lower than the attempt mark, then the attempt mark 
must be awarded 

• a mark between zero and the attempt mark is never awarded. 
 
3. Worthless work is awarded zero marks. Some examples of such work are listed in the scheme 

and they are labelled as W1, W2,…etc. 
 
4. The phrase “hit or miss” means that partial marks are not awarded – the candidate receives all 

of the relevant marks or none. 
 
5. The phrase “and stops” means that no more work is shown by the candidate. 
 
6. Special notes relating to the marking of a particular part of a question are indicated by an 

asterisk. These notes immediately follow the box containing the relevant solution. 
 
7. The sample solutions for each question are not intended to be exhaustive lists – there may be 

other correct solutions.  Any examiner unsure of the validity of the approach adopted by a 
particular candidate to a particular question should contact his/her advising examiner. 

 
8. Unless otherwise indicated in the scheme, accept the best of two or more attempts – even 

when attempts have been cancelled. 
 
9. The same error in the same section of a question is penalised once only. 
 
10. Particular cases, verifications and answers derived from diagrams (unless requested) qualify 

for attempt marks at most. 
 
11. A serious blunder, omission or misreading results in the attempt mark at most. 
 
12. Do not penalise the use of a comma for a decimal point, e.g. €5.50 may be written as €5,50. 
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QUESTION 1 
Part (a) 15 marks Att 5 
Part (b) 20 (10, 10) marks Att (3, 3) 
Part (c) 15 (10,5) marks Att (3, 2) 
   
Part (a) 15 marks Att 5 
1 (a) a (−1, −3) and b (3, 1) are the end-points of a diameter of a circle. 
 Write down the equation of the circle. 
 
1 (a)  Mid-point of [ab] = Centre of circle c = (1, −1) 

  
( ) ( ) .811 :circle ofEquation  

.844    Radius
22 =++−∴

=+==

yx

ac
 

 
Blunders 
B1 Error in mid-point formula (apply once). 
B2 Error in distance formula (apply once) 
B3 Incorrect substitution for each formula. 
 
Slips 
S1 Arithmetic errors 
 
Attempts 
A1 Radius or midpoint only 
A2 General form of equation written down and some correct substitution 
 
Part (b) 20 (10, 10) marks Att (3, 3) 
(b) Circle C has centre (5, −1).   
 The line L: 3x – 4y + 11 = 0 is a tangent to C. 
 
 (i) Show that the radius of C is 6. 
 
 (ii) The line  is also a tangent to C. 01 =++ pyx
  Find two possible values of p. 

(5, −1) 

 
C 

L

Part (b) (i) 10 marks Att 3 
1 (b) (i)   
  Radius = Distance from centre (5, −1) to line .01143 =+− yx  

 Radius = .6
169

11415
=

+
++  

Blunders 
B1 Error in distance formula 
 
Slips 
S1  Arithmetic errors 
 
Attempts 
A1 Picks point on 3x - 4y +11 = 0 and finds distance using 2 2

2 1 2 1( ) ( )x x y y− − −  
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Part (b) (ii) 10 marks Att 3 
1 (b) (ii)  Perpendicular distance from centre (5, −1) to 01 =++ pyx equals 6. 

   
( )

( )   
35
12or    0       01235      01253  

.36366       6
1

15 

2

22
2

−==⇒=+⇒=+∴

+=−⇒=
+

+−
∴

pppppp

pp
p

p

 

 
Blunders 
B1 Error in perpendicular distance formula 
B2 Error in squaring or fails to square 
B3 Error in solving quadratic 
 
Slips 
S1 Arithmetic 
 
Attempts 
A1 Attempts to substitute and solve for p 
 
 
 
Part (c)  15 (10,5) marks  Att (3,2) 

1 (c) S is the circle  and K is the line 0174422 =−+++ yxyx .1234 =+ yx  
 (i) Show that the line K does not intersect S. 
 (ii) Find the co-ordinates of the point on S that is closest to K. 
Part (c) (i) 10 marks Att 3 
1 (c) (i) 
  Centre = (−2, −2),  radius .5174422 =++=−+= cfg  

  Distance from line to centre = .5
5
26

5
1268

>=
−−−   ∴ K does not intersect S. 

 
Blunders 
B1 Error centre or radius formula (each formula) 
B2 Error in perpendicular distance formula (mod omitted) 
B3  Error in squaring 
B4 No conclusion 
 
Slips 
S1 Arithmetic 
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Part (c) (ii) 5 marks  Att 2 
1 (c) (ii) Required point is on line containing centre and perpendicular to  .1234 =+ yx

  ( ) .243    2
4
32 =−⇒+=+ yxxy   Required point is .    243 Syx ∩=−  

  .0174
3
424

3
42    

3
42 2

2
=−+⎟

⎠
⎞

⎜
⎝
⎛ +

++⎟
⎠
⎞

⎜
⎝
⎛ +

⇒
+

= yyyyyx   

  

( )( )
( ) ( ) ( ) ( ) .1 2Solution    point.closest  is 1 2But      .5 6or    1 2,

.5or    1     051   054  

.012510025    0153364824916164

.0174
3
168

9
16164  

2

222

2
2

,,,
yyyyyy

yyyyyyy

yyyyy

=∴−−∴
−==⇒=+−⇒=−+∴

=−+⇒=−++++++

=−+
+

++
++

∴

  

 
Blunders 
B1 Error in equation of line 
B2 Error in substitution 
B3 Error in squaring 
B4 Error in forming quadratic 
B5 Error in solving quadratic 
B5 No conclusion 
 
Slips 
S1 Arithmetic 
 
Attempts 
A1 Writes down the centre or the  radius 
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QUESTION 2 
Part (a) 10 marks Att 3 
Part (b) 30 ([5,5],10,10) marks Att (2,2,3,3) 
Part (c) 10(5,5)marks Att (2,2) 
 
Part (a) 10 marks  Att 3 

2 (a)    Express  in terms of  and  .3
→→→

+−= jix
⊥⊥→

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
x

→
i .

→
j

 
Part (a) 10 marks  Att 3 
2(a) 

 .3    33    3
→→

⊥

⊥→→→
⊥

→→⊥→→→→
−=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⇒−−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−=⇒+−= jixjijixjix   

 
Blunders 
B1 Incorrect sign 
B2 Incorrect scalar 
 
Attempts 
A1 Correct formula 
 
Part (b) 30 (5, 5, 10, 10) marks  Att (2, 2, 3, 3) 

(b)  .5  and  6  ,25
→→→→→→→→→

+−=−=+−= jirjiqjip

 (i) Express  and  in terms of and  
→−

pq
→−

pr
→
i .

→
j

 (ii) Given that
→−→−→−→−→

+= prpqpqprs   10 , express in terms of  and  
→
s

→
i .

→
j

 (iii) Find the measure of the angle between  and  
→
s .

→−
pr

(i) Express  5 marks Att 2 
→−

pq

     Express  5 marks Att 2 
→−

pr

2 (b) (i)  6 5 2 6 8 .

5 5 2 4 3 .

pq q p i j i j i j

pr r p i j i j i j

→−→ → → → → → → →

→ → → → → → → →−→

= − = − + − = −

= − = − + + − = +

 

 
Blunders 

B1  or 
→−

pq ≠ q p
→ →

−
→−

pr ≠ r p
→ →

−  
B2 Error in signs 
 
Slips 
S1 Arithmetic 
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Part (b) (ii) 10 marks Att 3 
2 (b) (ii) 

  

4 3 16 9 5  and  6 8 36 64 10.

  10 5 6 8 10 4 3     2 6 8 8 6 14 2

   7 .

pr i j pq i j

s i j i j s i j i j i

s i j

→ →→ →−→ −→

→→ → → → → → → → → → →

→ → →

= + = + = = − = + =

⎛ ⎞ ⎛ ⎞ .j∴ = − + + ⇒ = − + + = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∴ = −

 

 
Blunders 

B1 Error in pq
→

 or in pr
→

 
Slips 
S1 Arithmetic 
 
 
Part (b) (iii) 10 marks Att 3 
2 (b) (iii) 

   
.

4
       .

2
1

225
25

2550

328cos  

.cos34.7347.

πθθ

θ

=∴==
−

=∴

+−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⇒

→→→→→→→→→−→
jijijijiprs

 

 
Blunders 
B1 Error in form of scalar product each time 

B2 Error in calculating 1 1cos
2

−  

Slips 
S1 Arithmetic 
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Part (c) 10 (5, 5) marks Att (2, 2) 
 
(c) The origin o is the circumcentre of the triangle abc.  
 

 If  show that  ,    
→→→→

++= cbah .
→−→−

⊥ bcah
 
 
 

h 

o b 

a

. 

. 
c 

Simplify ah  and bc  5 marks Att 2 
Finish 5 marks Att 2 
2 (c) 

 

2 2

. .

But since  is the circumcentre, .     . 0     .

ah bc h a c b b c c b c b

o b c ah bc

−→ → → → → → → → → → →−→

→ → −→ −→ −→−→

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞= − − = + − = −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠

= ∴ = ⇒ ⊥ah bc
 

 
Blunders uu
B1  ah h a≠ −

r r r

r

B2  bc c b≠ −
uur r r

B3 Error in vector multiplication 
 
Slips 
S1 Arithmetic errors 
 
Attempts 
A1 States condition for perpendicular vectors correctly 

uu r r
A2  ah h a= −
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QUESTION 3 
Part (a) 15 marks Att 5 
Part (b) 10 marks Att 3 
Part (c) 25 (10, 15) marks Att 3,5 
Part (a) 15  marks  Att 5 
3 (a) Show that the line containing the points (3, −6) and (−7, 12) is perpendicular 
 to the line .0695 =+− yx  

Part (a) 15  marks  Att 5 

3 (a)  Slope of line containing points (3, −6) and (−7, 12) is .
5
9

10
18

37
612

1 −=
−

=
−−
+

=m   

  The line  has slope 0695 =+− yx .
9
5

2 =m   

  But ∴−=   ,1. 21 mm lines perpendicular. 
Blunders 
B1 Error in finding either slope 
B2 Product of slopes not shown = -1 
B3 No conclusion 

Slips 
S1 Arithmetic  
 
Part (b) 10 marks  Att 3 
3 (b) The line K has positive slope and passes through the point p (2, −9). 
 K intersects the x-axis at q and the y-axis at r and .1:3: =prpq  
 Find the co-ordinates of q and the co-ordinates of r. 
 
3 (b)  

   q is ( ) .29 :  ofEquation −=+ xmyK ⎟
⎠
⎞

⎜
⎝
⎛ + 0 ,29

m
 and r is ( ).92 ,0 −− m  

 

( ) ( ).12 0  is    and  0 8  is    

.
2
3    69    829    2

4

029

  

−∴

=⇒=⇒=+⇒=
++

∴

,r,q

m
mm

m  

 
 

 1 

  q 

r 
.p(2, −9) 

 3 

Blunders 
B1 Error in finding equation of line  
B2 Error in finding q or r each time 
B3 Error in ratio formula 
B4 Error in simplification if not a slip 

Slips 
S1 Arithmetic errors 

Attempts 
Correct formula for K for ratio for distance with some correct substitution 
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Part (c) 25(10, 15) marks  Att (3, 5) 
3 (c) (i) Prove that the measure of one of the angles between two lines 

  with slopes  and  is given by 1m 2m .
1

tan
21

21
mm
mm

+
−

=θ  

 (ii) L is the line  and K is the line xy 4= .4yx =   
  f is the transformation ( ) ( ),y,xy,x ′′→  where yxx −=′ 2  and  .3yxy +=′
  Find the measure of the acute angle between ( )Lf  and ( ),Kf  correct to 
  the nearest degree. 
Part (c) (i) 10 marks Att 3 
3 (c) (i) 
 Slope L1 = m1= tan θ 1. 
 Slope L2 = m2= tan θ 2. 

 ( )

.
1

  tan

tantan1
tantantan tan

.      

21

21

21

21
21

2121

mm
mm

+
−

=∴

+
−

=−=∴

−=⇒+=

θ

θθ
θθ

θθθ

θθθθθθ

 

θ θ 1 θ 2 
L1 L2  

x axis 

Blunders 
B1 Error in expressing q  in terms of  1 2 andq q
B2 Error in tan ( 1 2θ θ− ) 
 
Part (c) (ii) 15 marks Att 5 
3 (c) (ii)  yxx 363 −=′
   yxy 3+=′

  
( ) ( )

( ).2
7
1  

.33
7
1    3But     .3

7
1     37

yxy

yyxyyxyyxxyxx

′+′−=∴

+′+′=′⇒+=′′+′=⇒′+′=
 

  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

.54      
11
15

2
131

1
2

13

tan 

.1 slope      :    .2
7
43

7
1: 

.
2

13 slope      132 :     .3
7
42

7
1 :

o=⇒=
−

−−
=

=⇒′=′∴′+′−=′+′

−=⇒′−=′∴′+′=′+′−

θθ

KfxyKfyxyxKf

LfxyLfyxyxLf

 

Blunders 
B1 Error in setting up/solving simultaneous equations each time 
B2 Error in calculating slope for F(L) and F(K) each time for different blunder 
B3 Error in applying formula 

B4 Error in calculating 1 15tan
11

−  

Slips 
S1 Arithmetic errors  
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QUESTION 4 
Part (a) 15 marks Att 5 
Part (b) 20 (10, 10) marks Att (3,3) 
Part (c) 15 (10,5) marks Att (3,2) 
 
Part (a) 15 marks Att 5 

4 (a)  Write down the values of A for which ,
2
1cos =A  where  .3600 oo ≤≤ A

 

4 (a)  .300 ,60      
2
1cos oo=⇒= AA  

 
Blunders 
B1 Each incorrect or omitted value 
 
 
Part (b) 20 (10, 10) marks Att (3,3) 

4 (b) (i) Express ( ) xx sin603sin o −+  as a product of sine and cosine. 
 (ii) Find all the solutions of the equation 
    ( ) ,0sin603sin o =−+ xx  where  .3600 oo ≤≤ x

 
Part (b) (i) 10 marks Att 3 
4 (b) (i) ( ) ( ) ( ).30sin302cos2sin603sin ooo ++=−+ xxxx  
 
Blunders 
B1 Error in simplifying the expression  
 
Part (b) (ii) 10 marks Att 3 
4 (b) (ii) 

  

( ) ( ) ( )
( ) ( )

o o

o o

o o o o o o o

o o o 0 o o

o o

sin 3 60 sin 0      2cos 2 30 sin 30 0

  cos 2 30 0   or   sin 30 0

2 30 90 , 270 , 450 ,630    or   30 180 , 360 .
  30 , 120 ,  210 ,300    or   150 , 330 .   
  Solution {30 , 120 ,

o

x x x x

x x

x x
x x

+ − = ⇒ + + =o

∴ + = + =

+ = + =

∴ = =

∴ = o o o o 150 , 210 ,300  330 }.

 

 
Blunders 
B1 Error in solving 
B2 Each incorrect or missing solution 
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Part (c) 15 (10, 5) marks Att (3, 2) 
4 (c) The diagram shows a sector (solid line) circumscribed by a circle (dashed line).  
 
  (i)  Find the radius of the circle in terms of k. 
 
 (ii) Show that the circle encloses an area 
  which is double that of the sector.  
 
 
 
 

o60  
k k 

 
Part (c) (i) 10 marks Att 3 
4 (c) (i) 
 

   
0 32cos30       

2 2

     .
3

k
r k

r
kr

= ⇒ =

⇒ =

   

 

r 

k 

o60  

2
k  

o90  

o30  

 
Blunders 
B1 Incorrect use of cosine rule or sine rule or area of triangle. 
B2 Error in cos from right-angled triangle 
 
 
Part (c) (ii) 5 marks Att 2 
4 (c) (ii) 

  Area of circle .
3
  

2
2 kr ππ ==  

  Area of sector .
6
 

3
.

22
1 22

2 kkk ππθ ===  

  ∴ Area of circle = 2× area of sector. 
 
Blunders 
B1 Error in area of sector 
B2 Error in area of circle 
B3 No conclusion 
 
Slips 
S1 Arithmetic 
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QUESTION 5 
Part (a)  25 (10, 5, 5, 5) marks Att (3, 2, 2, 2) 
Part (b)  25 (15, 10) marks Att (5, 3) 
 
Part (a) 25 (10, 5, 5, 5) marks Att (3, 2, 2, 2) 

5 (a) (i) Copy and complete the table below for   ,  tan  : 1xxf −→
  giving the values for  in terms of ( )xf .π   
 
 
 
 
 
 (ii) Draw the graph of  in the domain ( )xfy = ,22 ≤≤− x    

x 3−  −1 
3

1
− 0 

3
1

1 3

( )xf       
4
π   

  scaling the y-axis in terms of .π  
 (iii) Draw the two horizontal asymptotes of the graph. 
 (iv) For some values of k∈R, but not all values, ( ) .tan tan 1 kk =−  

  State the range of values of k for which ( ) .tan tan 1 kk =−  
  Show, by means of an example, what happens outside the range. 
 
Part (a) (i) 10 marks Att 3 
5 (a) (i) 
 
 
 
 
 

x 3−  −1 
3

1
− 0 

3
1

1 3

( )xf  
3
π

−  
4
π

−  
6
π

−  0 
6
π  

4
π  

3
π  

 
Mark as follows: 

No. of values correct 1 2 3 4 5 6 

Mark Att Att 7 8 9 10 

 
Part (a) (ii) 5 marks Att 2 
Part (a) (iii) 5 marks Att 2 
5 (a) (ii) & (iii) 
 
 
 
 
 
 
 
 
 
 
 
 
 

-2 -1 1 2 

2
π−  

3
π−  

6
π−  

6
π  

3
π  

2
π  

4
π  

4
π−  

3  - 3  -
3

1  
3

1  

2
π

=y  

2
π

−=y  
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Blunders 
B1 Asymptotes not horizontal  

B2 Asymptotes do not contain 
2
π

−  and 
2
π   

Slips 
S1 Each incorrectly plotted point 
 
Part (a) (iv) 5 marks Att 2 

5 (a) (iv)  Range of values: .
22
ππ

<<− k  

   e.g. if 
4

5π
=k , then .

4
5

4
1tan

4
5tantan 11 πππ

≠==⎟
⎠
⎞

⎜
⎝
⎛ −−  

 
Blunders 
B1 Incorrect endpoint of range each time 
B2 No example given 
 
 
 
 
 
Part (b) 25 (15, 10) marks Att (5, 3) 
5 (b) The great pyramid at Giza in Egypt has a square base and four triangular faces. 
 The base of the pyramid is of side 230 metres and the pyramid is 146 metres high. 
 The top of the pyramid is directly above the centre of the base. 
 
 
 
 
 
 
 
 
 
 
 
 (i) Calculate the length of one of the slanted edges, correct to the nearest metre. 

slanted edge 

 (ii) Calculate, correct to two significant figures, the total area of the four 
  triangular faces of the pyramid (assuming they are smooth flat surfaces). 
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Part (b) (i) 15 marks Att 5 

5 (b) (i) Diagonal of square base .105800230230 22 =+== d   
  Let length of slant edge = s and height of pyramid = h. 

  metres. 219   .5218477662645021316        
2
1 2

22 ===+=⇒⎟
⎠
⎞

⎜
⎝
⎛+= sdhs  

 
Blunders 
B1 Incorrect application of Pythagoras each time or incorrect trig ratio 
 
Slips 
S1 Error in calculations 
 
 
 
Part (b) (ii) 10 marks Att 3 
5 (b) (ii) 
 

                     
.37.18634736

1322547961115219 22

==

−=−=

h

h  

 
 

900 

230 m 

219 m 219 m 

115 m 

h 

         Total surface area = ( ) .m  860002.8573037.186.230
2
14 2==×  

 
Blunders 
B1 Error in Pythagoras or in area of triangle formula 
 
Slips 
Arithmetic errors or failure to round off. 
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QUESTION 6 
Part (a) 10 (5, 5) marks Att ( - , 2) 
Part (b) 25 (5, 5, 5, 5,5) marks Att (2, 2, 2, 2,2) 
Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 
 
Part (a) 10 (5, 5) marks Att ( - , 2) 
6 (a)  (i) How many different teams of three people can be chosen from a panel 
   of six boys and five girls? 
  (ii) If the team is chosen at random, find the probability that it consists 
   of girls only? 
 
Part (a) (i) 5 marks Hit/Miss 
6 (a) (i)  Answer   .165C 3

11 ==

 
Part (a) (ii) 5 marks Att 2 
6 (a) (ii)  3 girls to choose from 5  .10C Solution    3

5 ==⇒

      P(all girls) = 10 2
165 33

=  

 
Blunders 
B1 Incorrect total possible 
B2 Incorrect total favourable 
 
Slips 
S1 Arithmetic errors 
 
Part (b) 25 (5, 5, 5, 5, 5) marks Att (2, 2, 2, 2, 2) 
6 (b)  (i) Solve the difference equation ,076 12 =+− ++ nnn uuu  where   ,0≥n
   given that .3 and 8 1o == uu  
  (ii) Verify that the solution to part (i) also satisfies the difference equation  

.0106 1 =−−+ nn uu       

(b) (i) Char. Eqn. 5 marks Att 2 
           Roots 5 marks Att 2 
           Sim. Eqns. 5 marks Att 2 
           Finish 5 marks Att 2 
6 (b) (i) 

   

( )( )

( )

.
6
12

6
162      .2  and  6      5

6
5

.3
6
1      3   and   8     8

.
6
1

6
11   

.
6
1or     1      0161       0176  

.076 

1

1o

2

12

−

++

⎟
⎠
⎞

⎜
⎝
⎛+=⎟

⎠
⎞

⎜
⎝
⎛+=∴==⇒=

=+⇒==+⇒=

⎟
⎠
⎞

⎜
⎝
⎛+=⎟

⎠
⎞

⎜
⎝
⎛+=∴

==⇒=−−⇒=+−∴

=+−

nn

n

nn
n

n

nnn

ulmm

 mlumlu

mlmlu

xxxxxx

uuu
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Blunders 
B1 Error in characteristic equation 
B2 Error in factors or quadratic formula 
B3 Incorrect use of initial conditions 
 
Slips 
S1  Arithmetic errors 
 
Attempts 
A1 Char equation 
A2 Eqn in l and m 
 
Part (b) (ii) 5 marks Att 2 
6 (b) (ii) 

  
solution.       .010

6
12

6
11210

6
12

6
126  

.0106  and  
6
12      

111

1

1

∴=−⎟
⎠
⎞

⎜
⎝
⎛−−⎟

⎠
⎞

⎜
⎝
⎛+=−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+∴

=−−⎟
⎠
⎞

⎜
⎝
⎛+=

−−−

+

−

nnnn

nn

n

n uuu

 

Blunders 
B1 Error in  1  orn nU U+

B2 Error in indices 
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Part (c) 15 (5, 5, 5) marks Att (2, 2, 2) 
6 (c) There are thirty days in June.  Seven students have their birthdays in June. 
 The birthdays are independent of each other and all dates are equally likely. 
 (i) What is the probability that all seven students have the same birthday? 
 (ii) What is the probability that all seven students have different birthdays? 
 (iii) Show that the probability that at least two have the same birthday is greater that 0⋅5. 
 
Part (c) (i)  5 marks Att 2 

6 (c) (i)  P= 6

total favourable 30 1 1 1 1 1 1 1
total possible 30 30 30 30 30 30 30 (30)

× × × × × ×
= =

× × ×× × × ×
 

Blunders 
B1 Incorrect total possible 
B2 Incorrect total favourable 
B3 No fraction 
 
 
Part (c) (ii) 5 marks Att 2 

6 (c) (ii) P= total favourable 30 29 28 27 26 25 24 2639
total possible 30 30 30 30 30 30 30 5625

× × × × × ×
= =

× × ×× × × ×
 

Blunders 
B1 Incorrect total possible 
B2 Incorrect total favourable 
B3 No fraction 
 
 
Part (c) (iii) 5 marks Att 2 
6 (c) (iii) 

   
( )6

Probability    1 P(all seven have different birthdays)
29 28 27 26 25 24 1 1 0.4691 0.5309 0.5.

30

= −
× × × × ×

= − = − = >  

 
Blunders 
B1 Error in correct total possible 
B2 Error in correct total favourable 
B3 No conclusion 
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QUESTION 7 
Part (a) 10 (5, 5) marks Att (2, 2) 
Part (b) 25 (5,10, 5, 5) marks Att ( - , 3, 2, 2) 
Part (c) 15 marks Att 5 
 
Part (a) 10 (5, 5) marks Att (2, 2) 
7 (a)  The password for a mobile phone consists of five digits. 
  (i) How many passwords are possible? 
  (ii) How many of these passwords start with a 2 and finish with an odd digit? 
 
Part (a) (i) 5 marks Att 2 
7 (a) (i)  Number of possible passwords  510   100, 000= =
 
Slips 
S1 Gives  59 59049=
 
 
Part (a) (ii) 5 marks Att 2 
7 (a) (ii)  Number of passwords  .000,5  5101 3 =××=
 
Blunders 
B1 Adds 1 + 310 5+  
 
 
Part (b) 25 (5, 10, 5, 5) marks Att ( - , 3, 2, 2) 
7 (b)  For a lottery, 35 cards numbered 1 to 35 are placed in a drum. 
  Five cards will be chosen at random from the drum as a winning combination. 
  (i) How many different combinations are possible? 
  (ii) How many of all the possible combinations will match exactly four 
   numbers with the winning combination? 
  (iii) How many of all the possible combinations will match exactly three   
   numbers with the winning combination? 
  (iv) Show that the probability of matching at least three numbers with the     
   winning combination is approximately 0·014. 
 
Part (b) (i) 5 marks Hit/Miss 
7 (b) (i)  Number of different possible combinations  .632324 C 5

35 ,==

 
 
Part (b) (ii) 10 marks Att 3 
7 (b) (ii)  Match four   .150  CC  1

30
4

5 =×=
 
Blunders 
B1 Addition for multiplication 
B2 31 for 30 
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Part (b) (iii) 5 marks Att 2 
7 (b) (iii)  Match three  .4350  CC  2

30
3

5 =×=

 
Blunders 
B1 Addition for multiplication 
B2 32 for 30 
 
 
Part (b) (iv) 5 marks Att 2 
7 (b) (iv)  P(of matching at least three numbers) 
   = P(matching three) + P(matching four)+ P(matching five)  

   = .014.001386493.0
324632

4501
324632

11504350
===

++   

 
Blunders 
B1 Error in total favourable 
B2 Error in total possible 
B3 No fraction 
B4 Incorrect or no conclusion 
 
 
 
Part (c) 15 marks Att 5  
7 (c)   The mean of the integers from −n to n, inclusive, is 0.   

  Show that the standard deviation is ( ).
3

1+nn  

Part (c) 15 marks Att 5  
7 (c) 

    

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( )

2 2 2 2 2 2 2 2 2
2

2 2 2 2
2

1 ...... 2 1 0 1 2 ..... 2 1
 .

2 1
2 1 2 3 ...... 12            1 2 1 .

2 1 2 1 6 3
1

                                        .
3

n n n n n
n

n n nn n n
n n

n n

σ

σ

σ

− + − + + − + − + + + − + − +
=

+
⎡ ⎤+ + + + +⎣ ⎦

2

∴ = = × + + =
+ +

+
∴ =

 

 
Blunders 
B1 Not squared 
B2 No square root 
B3 Mean not found or incorrect denominator 
B5 Error in sum to n terms 
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QUESTION 8 
Part (a) 15 marks Att 5 
Part (b) 15 (10, 5) marks Att (3,2) 
Part (c) 20 (10, 10) marks Att (3, 3) 
 
Part (a) 15 marks Att 5 

8 (a)      Derive the Maclaurin series for ( ) xexf =  up to and including the term containing x3. 

 
8 (a) 

  

( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )
( ) ( )
( ) ( )

( )

2 3

0

2 3

0 0 0
0 ..............

1! 2! 3!
         0 1.

       0 1.

      0 1.

      0 1.

 1 ..............
2! 3!

x

x

x

x

f x f x f x
f x f

f x e f e

f x e f

f x e f

f x e f

x xf x x

′ ′′ ′′′
= + + + +

= ⇒ = =

′ ′= ⇒ =

′′ ′′= ⇒ =

′′′ ′′′= ⇒ =

∴ = + + + +

 

 
Blunders 
B1 Error in differentiation each time if error not consistent 
B2 Error in evaluating ( )  (0)nf
B3 Each term missing 
 
 
Part (b) 15 (10, 5) marks Att (3,2) 
8 (b) A line passes through the point (4, 2) and has 
 slope m, where m < 0.  The line intersects the  
 axes at the points a and b.   
 
 (i) Find the co-ordinates of a and b, in terms of m. 
 
 (ii) Hence, find the value of m for which the 
  area of triangle aob is a minimum. 
 

b 

   a 

x 

(4, 2) 

o 

y 

 
Part (b) (i) 10 marks Att 3 
8 (b) (i) Equation of line ( ) .24      42 −=−⇒−=− mymxxmy  

  ( ) .0 ,24   and  24 ,0     ⎟
⎠
⎞

⎜
⎝
⎛ −+−∴

m
bma  

 
Blunders 
B1 Error in finding the equation of the line 
B2 a and b coordinates must have 0 in correct position 
B3 Not in coordinate form 
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Part (b) (ii) 5  marks Att2  
8 (b) (ii) 

   ( ) .0 ,24   ,24 ,0 ⎟
⎠
⎞

⎜
⎝
⎛ −+−

m
bma  

  Area of triangle = ( ).2424
2
1

+−⎟
⎠
⎞

⎜
⎝
⎛ −= m

m
A   

  

( )

( )

1 1

2

2
2

1 4 116 8 8 16 16 4 8 8 2 .
2 2

8 2 0,   for minimum.

1 1 4 0      4 1       as 0.
2

.
2 8 0.5 8 4 8 4 16, minimum area.
0.5

A m m m m
m

dA m
dm

m m m
m

A

m− −

−

⎛ ⎞= − + + − = − + − = − + −⎜ ⎟
⎝ ⎠

= − + =

∴ − + = ⇒ = ⇒ = − <

∴ = − − + − = + + =
−

 

 
Blunders 
B1 Error in formula for area of a triangle 
B2 Error in derivative 
B3 Error in solving equation 
 
Slips 
S1 Arithmetic errors  
 
 
Part (c)  20 (10, 10) marks Att (3, 3) 
8 (c)   Use the ratio test to test each of the following series for convergence.   
 In each case, specify clearly the range of values of x for which the series     
 converges, the range of values for which it diverges, and the value(s) of x  
 for which the test is inconclusive. 

 (i)   (ii) n

n

n xn∑
∞

=1  

3 ( )
( ) .

! 2
! ! 1

1  

n

n

x
n

nn∑
∞

=

+   

 
Part (c) (i) 10 marks Att 3 

   

( )
( )

.
3
1   i.e.    13for   veInconclusi

.
3
1or    

3
1       13for    Diverges

.
3
1

3
1     13for   Converges

.3    113Lim    
3
31Lim    Lim

.31       3
11

1

11
1

±==

−<>⇒>

<<−⇒<

=⎟
⎠
⎞

⎜
⎝
⎛ +=

+
=

+=⇒=

∞→

++

∞→

+

∞→

++
+

xx

xxx

xx

x
n

x
xn

xn
u

u

xnuxnu

nnn

nn

nn

n
n

nn
n

nn
n
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Blunders 
B1 Error in  1nU +

B2 Error in evaluating 1n

n

U
U

+  

B3 Error in evaluating limit  
B4 Range incorrectly or not applied 
 
Misreading (-1) for each case omitted 
 
 
Part (c) (ii)  10 marks Att 3 

8 (c) (ii) ( )
( )  1

1  !  !
.

2  !
n

n

n n
x

n

∞

=

+
∑  

 

   

( )
( )

( ) ( )
( )

( ) ( )
( )

( )
( )

( )( )
( )( )

1
1

1
1

2

2

1 !  ! 2 ! 1  !
       .

2  ! 2 2  !

2 ! 1  ! 2  !
Lim     Lim  

2 2  ! 1 !  !

3 212 1
 Lim  Lim   .6 22 2 2 1 44

Converges for 1        4 4.
4

n n
n n

n
n

nn n
n

n n

n n n n
u x u x

n n

n n x nu
u n n

xn n x

n x

xn n
n n

n n

x x

+
+

+
+

→∞ →∞

→∞ →∞

+ + +
= ⇒ =

+

+ +
= ×

+ +

⎛ ⎞+ +⎜ ⎟+ + ⎝ ⎠= =
+ + + +

< ⇒ − < <

=

Dirverges for 1        4  or  4.
4

Inconclusive for 1    i.e.  4.
4

x x x

x x

> ⇒ > < −

= = ±

 

 
Blunders 
B1 Error in  1nU +

B2 Error in evaluating 1n

n

U
U

+  

B3 Error in evaluating limit  
B4 Range incorrectly or not applied 
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QUESTION 9 
Part (a) 10 marks Att 3 
Part (b) 20 (5, 5, 5,5) marks Att (2, 2, 2, 2) 
Part (c) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
 
Part (a) 10 marks Att 3 
9 (a)  z is a random variable with standard normal distribution.  
  Find the value of  for which 1z ( ) => 1zzP 0⋅0808. 

Part (a) 10 marks Att 3 
9 (a) 

   
( ) ( )
( ) .4.1      9192.0  

.0808.0-1      0808.0

11

11

=⇒=<∴
=<⇒=>

zzzP
zzPzzP

 

Blunders 
B1 Incorrect reading of tables or incorrect area each time 
 
 
Part (b) 20 (5, 5, 5, 5) marks Att (2, 2, 2, 2) 
9 (b) A bag contains the following cardboard shapes: 
 10 red squares, 15 green squares, 8 red triangles and 12 green triangles. 
 One of the shapes is drawn at random from the bag. 
 E is the event that a square is drawn. 
 F is the event that a green shape is drawn. 
 (i) Find  ( ).FEP ∩
 (ii) Find  ( ).FEP ∪
 (iii) State whether E and F are independent events, giving a reason for your answer. 
 (iv) State whether E and F are mutually exclusive events, giving a reason for your answer. 
 
Part (b) (i) 5 marks Att 2 

9 (b) (i)  ( ) .
45
15

=∩ FEP  

 
Blunders 
B1 Incorrect total possible 
B2 Incorrect total favourable 
B3 No fraction 
 
 
Part (b) (ii) 5 marks Att 2 

9 (b) (ii)  ( ) ( ) ( ) ( ) 25 27 15 37 .
45 45 45 45

P E F P E P F P E F∪ = + − ∩ = + − =  

 
Blunders 
B1 Incorrect total possible 
B2 Incorrect total favourable 
B3 No fraction 
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Part (b) (iii)   5 marks Att 2 

9 (b) (iii)  ( ) ( ) ( )25 27 15. . .     Independent events.
45 45 45

P E P F P E F= = = ∩ ∴  

 
Blunders 
B1 reason not given  
 
Part (b) (iv) 5 marks Att 2 
9 (b) (iv)   hence not mutually exclusive ( ) 0P E F∩ ≠
 
 
 
 
Part (c)  20 (5,5, 5,5) marks Att (2,2,2,2) 
9 (c)  The marks awarded in an examination are normally distributed with a mean mark of 60 

and a standard deviation of 10. 
  A sample of 50 students has a mean mark of 63. 
  Test, at the 5% level of significance, the hypothesis that this is a random sample from 

the population. 
 
Part (c)  20 (5,5, 5,5) marks Att (2,2,2,2) 
9 (c) 

   
sample. random aNot    .96.112132

4142.1
6063

1.4142.
50

10        10  ,60

∴>=
−

=
−

===⇒==

−

−

−

−

.xx

n
x

x

x

σ

σσσ

 

 
Blunders 
B1 Error in standard error of mean  
B2 Error in finding Z value 
B3 Error in confidence interval 
 
Slips 
S1 Arithmetic errors  
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QUESTION 10 
Part (a) 30 (10, 5, 10, 5) marks Att (3, 2, 3, 2) 
Part (b) 20 (10, 10) marks Att (3, 3) 
 
Part (a)  30 (10, 5, 10,5) marks Att (3, 2, 3,2) 
10 (a)  G is the set of rotations that map a regular hexagon onto itself. 
   is a group, where o  denotes composition.  ( o ,G )
  The anti-clockwise rotation through  is written as   o60 .o60R
 
  (i) List the elements of G.  
  (ii) State which elements of the group, if any, are generators. 
  (iii) List all the proper subgroups of ( ). , oG  

a                 f 

                        e 
 
 
         c               d

  b 

  (iv) Find , the centre of ( )GZ ( ). , oG   Justify your answer. 

 
Part (a) (i) 10 marks Att 3 
10 (a) (i)  { } . ,,  , , ,  009000 300240180120600 RRRRRRG =  

 
Blunders 
B1 Each one omitted or incorrect 
 
 
Part (a) (ii)  5 marks Att 2 
10 (a) (ii)   .  and   are Generators 00 30060 RR

 
Blunders 
B1 Each one omitted 
 
 
Part (a) (iii)  10 marks Att 3 
10 (a) (iii)  ( ) { } { }0 0 0 0 00 180 0 120 240

Proper subgroups of ,   are  , ,   and  , , .G R R R R Ro  

 
Blunders 
B1 Each one omitted or incorrect 
 
 
Part (a) (iv) 5 marks Att 2 
10 (a) (iv)  Each element of G commutes with each of the elements of G. 
   ( ) .   GGZ =∴  
 
Blunders 
B1 Z(G) not found 
B3 Error in justification 
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Part (b)   20 (10, 10) marks Att (3, 3) 

10 (b) (i) Show that the group  under matrix multiplication is isomorphic to 
⎭
⎬
⎫

⎩
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
10

01
 ,

10
01

the group {0, 1} under addition modulo 2. 
 (ii) Prove that any infinite cyclic group is isomorphic to ( )+ Z, . 

 
Part (b) (i)   10 marks Att 3 

10 (b ) (i) Let  and 
1 0
0 1

I ⎛
= ⎜
⎝ ⎠

⎞
⎟

1 0
.

0 1
A

−⎛ ⎞
= ⎜ ⎟−⎝ ⎠

 Let { },G I A=  under matrix multiplication. 

   2 1 0 1 0 1 0
0 1 0 1 0 1

A I
− −⎛ ⎞⎛ ⎞ ⎛ ⎞

= =⎜ ⎟⎜ ⎟ ⎜ ⎟− −⎝ ⎠⎝ ⎠ ⎝ ⎠
=

 
Thus I is of order 1 and A is of order 2. 
 
   Let { }0, 1H =  under addition modulo 2. 
   1 1  mod(2). 2 0+ = =
   Thus 0 is of order 1 and 1 is of order 2. 
 
   As G and H both have one element of order 1 and one element of 
   order 2, they are isomorphic. The isomorphism  is G H→
       0I →
       1.A→
 
Blunders 
B1 Any property of isomorphism not included 
 
Attempts 
A1 Elements of H found 
 
 
Part (b) (ii) 10 marks Att 3 
10 (b) (ii)  Let G = <g> be any infinite cyclic group generated by g under ∗ . 
   Define  ( ) ( ) . :   ,     , : kgZG k →+→∗φ

   
( ) ( )

( ) ( ).                      

        
ba

baba

gg

bag gg

φφ

φφ

+=

+==∗ +

 

 
   ∴φ  is an isomorphism ( ) ( )+∗⇒  ,  and   ,  ZG  are isomorphic.  
 
Blunders 
B1 Error with indices 
B2  No conclusion  
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QUESTION 11 
Part (a) 10 (5, 5) marks Att (2, 2) 
Part (b) 20 (10, 10) marks Att (3, 3) 
Part (c) 20 marks Att 6 
 
Part (a)  10 (5, 5) marks Att (2, 2) 
11 (a) (i) Find the image of a(−1, 2) and b(0, 4) under the transformation 

      .
4

2
20
02

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
′
′

y
x

y
x

  (ii)  Show that ab is parallel to .ba ′′  
 
Part (a) (i)  5 marks Att 2 
11 (a) (i) 

    
.

4
2

    
4

2
 

8
0

    .
4

2
4
0

20
02

.
0
0

    
4

2
 

4
2

 .
4

2
2
1

20
02

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛−
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

Blunders 
B1 Error in matrix multiplication 
B2 Error in addition 
 
Part (a) (ii)  5 marks Att 2 

11 (a) (ii) Slope ab = .  toparallel is     .2
02
04 slope  and  2

10
24 baabba ′′∴=

−
−

=′′=
+
−  

Blunders 
B1 Error in slope formula 
B2  No conclusion 
 
 
Part (b)  20 (10, 10) marks   Att (3, 3) 
11 (b) p (x, y) is a point such that the distance from p to the point (2, 0) is half 
  the distance from p to the line .8=x   
  (i) Find the equation of the locus of p. 
  (ii) Show that this locus is an ellipse centred at the origin, by expressing  

    its equation in the form .12

2

2

2
=+

b
y

a
x  

 
Part (b) (i) 10 marks Att 3 
11 (b) (i) 

  

( ) ( ) ( ) ( )2 2

2 2

1, ,   2, 0 .     2 0 .
2

8Distance from p( ,  )  to line  8  is  .
1

 Locus of  :   3x 4 48.

p x y s ps x y

xx y x

p y

∴ = − + −

−
=

∴ + =

 

Blunders 
B1 Error in each distance formula 
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Part (b) (ii)  10 marks Att 3 
11 (b) (ii) 

2 2

2 2

2 2

3 4 48
3 4 1
48 48

1
16 12

x y
x y

x y

+ =

⇒ + =

⇒ + =

 

Blunders 
B1 Error in format of ellipse equation  
B2 Error in squaring 
 
 
Part (c)   20  marks Att 6 
11 (c)  Prove that the areas of all parallelograms circumscribed about a given ellipse at the 

endpoints of conjugate diameters are equal. 
 
Part (c)   20  marks Att 6 
11 (c) 
     
     
                                                                            f  −1

           
 
                                                                            
                                             f 
 
  are conjugate diameters of ellipse E. [ ] [ ]vu ′′ andzw ′′  
 Tangents at their end-points form the parallelogram .srqp ′′′′  

 Under an affine transformation f −1, the ellipse maps to the circle  122 =+ yx
 and p  is mapped to pqrs.. srq ′′′′
  are conjugate diameters of the circle and [ ] [ ]wzuv  and wzuv ⊥ .  
 The square pqrs has fixed area 4 sq units.  
 Area pqrs=2 area pqr  ⇒  area srqp ′′′′ = 2 area rqp ′′′   as ratio is an invariant map. 
 Area pqrfsrqp  Δ area det.2=′′′′

               . area det. pqrsf=  
 But det. f is constant and area pqrs is also constant  ⇒ area srqp ′′′′ is constant. 
 ∴Areas of all parallelograms at end points of conjugate diameters are equal. 
 
Blunders 
B1 Error in mapping  
B2 No statement regarding constant area of square 
B3 No statement of ratio being  invariant and det f being constant 
B4  No conclusion 
 

p′  

q′  

r ′

s′  p 

q 

s 
w 

u

′

 

w

r z 

u 

v 

′

 v′  

z′  
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BONUS MARKS FOR ANSWERING THROUGH IRISH 
 
Bonus marks are applied separately to each paper as follows: 
 
If the mark achieved is less than 226, the bonus is 5% of the mark obtained, rounding down. 
(e.g. 198 marks × 5% = 9.9 ⇒ bonus = 9 marks.) 
 
If the mark awarded is 226 or above, the following table applies: 
 

Marks obtained Bonus 

226 – 231 

232 – 238 

239 – 245 

246 – 251 

252 – 258 

259 – 265 

266 – 271 

272 – 278 

279 – 285 

286 – 291 

292 – 298 

299 – 300 

11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 
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