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Cayley 2018

The positive integelN  has six digits in increasing order. For example, 124 689 is s
number.

However, unlike 124 689, three of the digitd\bare 3, 4 and 5, ard is a multiple of 6.

How many possible six-digit integelsare there?

Solution

The digits ofN increase, so the known, consecutive digits 3, 4 and 5 must be adja
and in increasing order.

SinceN has six digits, and they increase, the final digit must be at least 5.

SinceN is a multiple of 6, it is even, so the final digit is even and must be 6 or 8. Tt
means that 3 (as the start of 345) must be one of the first three digits of

This gives the following possible valuesif
345678, 134568, 134578, 234568, 234578, 123456 and 1234

SinceN is a multiple of 3, the sum of the digitsif must be a multiple of 3.

The possibilities 134578, 234568, 234578 and 123458 have digit sums 28, 28, 29
respectively so cannot be values for

But 345678, 134568, 123456 have digit sums 33, 27 and 21 respectively.
Therefore these are the three possible six-digit intdgers

[An alternative interpretation of the question allows digits in the solutions to repeat
since such a number would have digits that are in increasing order, even though tt
digits themselves do not always increase. This interpretation yields 19 solutions.]

A circle lies within a rectangle and touches three of its edges, as shown.

The area inside the circle equals the area inside /
the rectangle but outside the circle.

What is the ratio of the length of the rectangle to k
its width?

Solution

Let the radius of the circle be and the length of the rectangle be
Therefore the width of the rectangle2is
The area inside the circleas?.
The area inside the rectangle but outside the cirdesis- 2.
These quantities are equal so
ar? = 2rs — ar’.
Addingzr? to each side gives
27r? = 2rs
Sincer is not zero, division bgr is permissible and gives
ar = s

Therefore the ratio of the length of the rectangle to the width is 2r , Which
simplifies tozr : 2.
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The addition sunXCV + XXV = CXXis true in Roman numerals.

In this question, however, the sum is actually the letter-

sum shown alongside, in which: each letter stands for one XCV
of the digits 0 to 9, and stands for the same digit each + XXV
time it occurs; different letters stand for different digits; CXX

and no number starts with a zero.

Find all solutions, and explain how you can be sure you
have found every solution.

Solution

First, sinceC is the leading digit of a three-digit numb€r,> 0.

From the tens column we see tRat+ X results iIKan . 8ince cannot be 0, the
must be a carry digit of 1 from the units column, @he 1 = 10. ThereforeC = 9
andV is at least 5.

Now from the hundreds colum$ = 4 , so from the units colMnma 7.

Thus the unique solution 497 + 447 = 944

Prove that the difference between the sum of
the four marked interior anglés B, C, D and
the sum of the four marked exterior angles

E, F, G, H of the polygon shown i360°.

Solution
Let the sum of the four marked interior anglessbe

The four remaining interior angles 8@0 — E, 360 — F,360 — G and360 — H since
the angles at a point add up to 360 degrees.

The polygon has eight sides so its interior angles add up to 1080 degrees. Hence
1080= S+ 360- E + 360- F + 360 - G + 360 — H.

This equation simplifies th080 = 1440+ S- (E + F + G + H), which is
equivalenttle + F + G + H - S = 360.

Hence the difference between the sum of the four marked interior angles and the f
marked exterior angles is 360 degrees, as required.
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In the expression below, three of the + signs are changed sims so that the
expression is equal to 100:

0+1+2+3+4+45+6+7+8+9+10

+11+ 12+ 13+ 14+ 15+ 16 + 17 + 18 + 19 + 20.
In how many ways can this be done?

Solution

The given expression is equal to 210.

Changing three signs from + to — will decrease the expression by double the sum
three affected terms. So the sum of the three terms must be Ba-of.00 , Whic
55.

The three terms must be distinct integers that are less than or equal to 20. The lar
possible total for three such termd &+ 19 + 20, which is 57. To achieve a total of
55, we need to decrease the sum of the three terms by 2. This can be done by rec
the 18 by 2 or reducing the 19 by 2 (which is equivalent to taking one off each of tt
and 19).

Hence, the expression can be changed to give a total of 100 in two ways — either |
changing the signs on the 16, 19 and 20 or on the 17, 18 and 20.
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In the puzzlesuko, the numbers from 1 to 9 are to
be placed in the spaces (one number in each) so @
that the number in each circle is equal to the sum

of the numbers in the four surrounding spaces. @’@

How many solutions are there to tRé&ko puzzle
shown alongside?

Solution

Using the labelling shown in the diagrath;+ e + g + h = 11whered, e,g andh are
distinct positive integers. The smallest four positive distinct integers (1, 2, 3 and 4
total 10. To give a total of 11, the only integer that can increase by one and remai
distinct is the 4, which means thhte, g andh must be 1, 2, 3 and 5, in some order.
Similarly,b + ¢ + e + f = 28, which means thdt, c, e andf must be 5, 6, 8 and 9,
in some order, or 4, 7, 8 and 9 in some order.

Sincee is the only variable in both lists and 5 is the only number in bothdistsist be
5, andb ¢ and must be 6, 8 and 9 in some order.

The only numbers from 1 to 9 not accounted for so far are 4 and 7 so these must t
values ofa andi, in some order.

If a = 4andi = 7, consider the value ¢f . Sinbec, e andf must be 5, 6, 8 and 9, in
some order, and = f,f must be at least 6.

Bute+f+h+i=5+f+h+7=18 which would makén less than or equal to O,
which is impossible.

Hencea = 7andi = 4.

Consider the value ¢f Iff = 9,e+f + h+i =5+9+ h+ 4 =18 so

h = 0, which is impossible.

If f = 8, itfollows thath = 1andd = 2 or 3, and henge= 3 or 2 respectively.
This would mearb = 8 or 7 respectively, both of which are impossible.

If f = 6, it follows thath = 3andd = 1 or 2, and henge= 2 or 1 respectively.
This would meaf = 9 or 8, respectively. These values are possible and give the
complete solutions:

There are two solutions.
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H1. The positive integemn andn satisfy the equatioBOm + 18n = 2018
How many possible values of are there?

Comment

There are many approaches to this question. It is straightforward to show that, givi
solutionm = M andn = N, the paim = (M - 9k) andn = (N + 10K) is also a
solution for any integer value &f . This allows one to ‘spot’ a solution and generatst
of solutions from that one.

However, if we use this approach, it is important to show that there aren't any othe
solutions which are not in this set. (Indeed, in any question where we are trying to
all possible solutions, finding them is only half the battle — a key step is to show th.
have found therall.)

The first of these solutions shows a way to complete the argument introduced abo
second demonstrates a slightly different approach.

Solution 1

Let M andN be a solution to the given equation28M + 18N = 2018

For any integek , the pain = (M — 9k) andn = (N + 10K) is also a solution, since
20(M - 9k) + 18(N + 10Kk = 20M - 180k + 18N + 180k = 2018.

It is easy to verify (and not too difficult to spot) timat= 100, n = 1is a solution.
This quickly leads us to the following twelve solutions, which are all of the form

m= 100- 9%,n = 1 + 10kfork = 0O, 1, 2, ..., 11
m | 100 | 91| 82| 73 64| 55 46 37 28 19 10 1

n 1 11| 21| 31| 41| 51| 61 71 81 91 101 111
We will now show thaany solution to the given equationust be of the form
m = 100 - %, n = 1 + 10k
Let (M, N) be a pair of integers for whi@®M + 18N = 2018
Since20 x 100 + 18 x 1 = 2018 we can subtract to give

20(100 - M) + 18(1 - N) = O.

Then
10(100- M) = 9(N - 1). (%)

Since 10 an® have no common factor greater tha00,— M) must be a multiple of
9, so we can writd00— M = 9k for some integek . This leadsb= 100- 9k.

Then we have, fromx}, 90k = 9(N - 1), which leadstiN = 1 + 10k

So we have now shown that any pair of integktsN) which are a solution to the
equation must be of the for¢(h00 — 9k, 1 + 10k) for some integek.

For100 — 9k to be positive we nedd< 11land forl + 10kto be positive we need
k > 0, so the twelve solutions listed above are the only twelve.
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Solution 2
If 20m + 18n = 2018then
10m + 9n = 1009
10m = 1009 - 9n
10m = 1010- (9n + 1)
m = 101 — On + 1
10

Sincemis an integer9n + 1 must be a multiple of 10, which means thaimust be
one less than a multiple of 10. For this to be true, the final di§ih of must be 9, wt
happens exactly when the final digitrof is 1.

Every value oh with final digit 1 will produce a corresponding valumof . No othe
value ofn is possible (and hence no other possible valuagpossible either).

So now we just need to count the number of positive values of with final digit 1 w
also give a positive value af.

. . . 9N+ 1 . :
Sincem is posmve% can be at most 100, with equality when= 111.

HenceO0 < n < 111 There ard 2 values ofi in this range which have final digit 1,
and so there arE2 possible values on.

[Note that we have not found any of the solutions to the given equation; we did not need
to do thisin order to answer the question.]
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Hamilton 2018

H2. How many nine-digit integers of the forpgrpgrpar’ are multiples of 24?
(Notethat p, g and r need not be different.)

Comment

When attempting to solve questions like this one, it is natural to turn to divisibility t
(which are often learned right at the start of secondary school). One key property ¢
these tests is that they work in both directions: for example, all numbers which are
divisible by 8 have their final three digits divisible by 8, and conversely all numbers
with final three digits divisible by 8 are themselves divisible by 8. In the first solutio
below, this property is essential — without it we would not be able to guarantee tha
have found all results.

Solution 1

In order to be a multiple of 24, any number must be both a multiple of 3 and a muli
of 8. Conversely, since 8 and 3 aoprime (i.e. they have no common factor greater
than 1), any number which is a multiple of both 3 and 8 must be a multiple of 24. I
therefore sufficient for us to count all the numbers of the required form which are
multiples of both 3 and 8.

The digit sum of pgrpgrpgr’ is 3(p + g + r), which is always a multiple of 3, so all
numbers of the formpgrpgrpgr ° are divisible by 3 (by the divisibility test for 3).

So now all we need to do is to count all the numbers of the required form which ar.
multiples of 8, since they will also be a multiple of 3 and hence a multiple of 24.
By the divisibility test for 8, we need the three-digit numlipgr * ’ to be divisible by ¢
and each three-digit multiple of 8 will give us a nine-digit number divisible by 8. So
that remains is to count the three-digit multiples of 8.

The smallest of these 194(= 13 x 8) and the largest 892(= 124 x 8), so there are
112 three-digit multiples of 8 and therefore 112 numbers of the‘faqrpgr pgr " wi
are multiples of 24.

Solution 2

As in Solution 1, we can establish that we n'ggedpgr pgr’ to be a multiple of botr
and 8.

Notice that pgrpgrpgr’ = 1001001x pgr. 1001001 is divisible by 3 so every numb
of the form ispgrpgrpgr’ divisible by 3. Since 1001001 is odd, we need the three-
number pgr’ to be divisible by 8.

There are 124 multiples of 8 less than 1000; of these 12 are less than 100, so ther
112 three-digit multiples of 8 and hence 112 numbers with the properties given in i
question.
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H3. The diagram shows a regular dodecagon
and a square, whose vertices are also
vertices of the dodecagon.

What is the value of the ratio
area of the square : area of the dodecagon?

Comment

There are several ways to attempt this question. If you know the fofafutan C for
the area of a triangle, the result can be arrived at very quickly (see Solution 2). Thu
majority of candidates offered a method similar to that described in Solution 1.

Solution 1
Let the side length of the dodecagorxb€onsider one of the four trapezia created b
the edge of the square and the edges of the dodecagon.

The interior angle of a dodecagorls0° , which quickly leads to the fact that the &
at the base of the trapezium are both equa0to

We can then split the trapezium up into a rectangle and two right-angled triangles:
X

\ 30° 30°

Then, by recognising that each of the triangles in the trapezium is half an equilater
triangle (or by using the well-known valuessi 30° andcos30°), we can establish tha
the height of this trapezium g 2 and the base is + xv/3.

The area of the square is thereforer xv3)° = 2x%(2 + v3) and the area of the
dodecagon is equal to (the area of the square) + (4 x the area of the trapezium) w

22(2 4 3) + 4 x XFEKEXE X oen ).

2 2
We can divide through by the common factoxd2 + /3) to show that the requir
ratio is 2: 3.
Solution 2

Since the dodecagon is regular, all its diagonals intersect at the same point (its ce
Call this pointO. Since the diagonals of the square are two of the diagonals of the
dodecagon, they intersect@t . Hefre is also the centre of the square.

Let each diagonal have leng2h

Then the dodecagon comprises 12 congruent isosceles triangles radiati@y from
with two sides equal to and vertex ang(g:

AP A
%
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The area of the dodecagon is equal to 12 x the area of one of these triangles, whit
equal to

12 x [3 x r x r x sin30°].
Sincesin30° = 1, this simplifies to
Area of dodecagoa 3r2

The square can be split into four congruent isosceles right-angled triangles, with
perpendicular sides of length

PN

The area of the square is equal to 4 x the area of one of these triangles, which is ¢
4x[3xrxr],

which simplifies to
Area of square: 2r2,
The required ratio is therefoBe? : 3r>  which is equat to 3.
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H4. The diagram shows a circle and a trapezium A D
ABCD in whichAD is parallel taBC and
AB = DC. All four sides ofABCD are
tangents of the circle. The circle has radius
4 and the area &BCD is 72.

What is the length oAB ? B C

Comment

The solution to this question is dependent on the circle theorem which states that
tangents to a circle from any external point are equal in length. The proof of this is
straightforward (join the point to the centre of the circle and find two triangles whic
congruent) — if you haven't seen it before you may want to work it through to satist
yourself that it is indeed true.

Solution

Note that the height of the trapezium is equal to the diameter of the circle = 8.
Since the area of the trapezium is 72, we h’?Be;L'C x 8 = 72and so

AD + BC = 18.

LetE, F, G andH be the points 0AB, BC, CD andDA respectively where the circle is
tangent to the sides of the trapezium, as shown in the diagram below.

A  H D

E G

B F C

Since the two tangents to a circle from any external point are equal in length, we k
thatAE = AH.

Similarly,BE = BF,CF = CG andDG = DH .

ThenAB+ DC = (AE + BE) + (CG + DG) = AH + BF + CF + DH = AD + BC, which we
know is equal to 18.

SinceAB = DC, we haveAB + DC = 2AB = 18and hencé&B = 9 .
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H5. A two-digit number is divided by the sum of its digits. The result is a number betwe
2.6 and 2.7.

Find all of the possible values of the original two-digit number.

Solution

Let the number beab ’ (whera = O ), which can be writteri@a + b.

. 10a+ b
The value we are concerned Wlth—lés+—.

10a+ b b
a+td 57
+Db

Sincea + b must be positive (since bottandb are positive), we can multiply througfr
by (a + b) without changing the direction of the inequality signs, to give:

26(a+ b) < 10a+ b < 27(a + b).
The first of these two inequalities leads to

1.6b < 7.4a,
which can be rearranged to give

We are given thd.6 <

b < %7a = 43a oy
The second inequality leads to
7.3a < 1.7b,
which can be rearranged to give
73
b > 1—7a = 42a (2

From (2), we can deduce that- 4a , so (sibhdg a single digitp can be at most 2.
If a = 1, combining (1) and (2) give$> < b < 43, which is impossible (sinde is a
digit and hence an integer).
If a = 2 combining (1) and (2) giveBY < b < 9%, which givesh = 9.
These values a andb give the number 29.
We must check that 29 does have the property we are looking for, which we can d
dividing directly:
29 = 21 = 2.6363.. ,
11 11

which is indeed between 2.6 and 2.7, so the only possible value of the two-digit nL
is 29.
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H6. The figure shows seven circles joined by three
straight lines.

The numbers 9, 12, 18, 24, 36, 48 and 96 are to be
placed into the circles, one in each, so that the
product of the three numbers on each of the three
lines is the same.

Which of the numbers could go in the centre?

Comment

It is possible to argue that, once the centre number has been selected, the other s
be paired ‘largest with smallest’ etc. — but a complete convincing argument can be
difficult to assemble. The method below demonstrates an alternative way (which w
chosen by the majority of successful candidates) to show the only possible solutio
It is worth remembering that showing that 12 and 96 are the only centre numbers 1
could possibly work does not fully answer the question — we must show that
arrangements are indeed possible (and this is easily done by direct construction).

Solution

Since we are interested in the products of various numbers, it seems natural to fin
prime factorisations of the seven numbers we are given:

Number 9 12 18 24 36 48 96
Prime Factorisation 3° 22x3 | 2x3 | B2x3 | 2x3F | 2*x3 | x3

Let the six numbers around the edge of the figura bec, d, e andf, and the central
numberx (as in the diagram below).
@

Thenweneed x x x d = b x x x e = c x x x f. Sincex # 0, we can divide by
X, givingad = be = cf.

Now consider the numbabcdef . This argugte]cbe a cube (since it is equal to, for exa
(ad)®). This number can also be Writtenascx—x , Which is useful sipodefx is just

217 % 310

the product of the seven numbers we have been given. ldecds =

we writex a2™ x 3", we haveabcdef = 217" x 310-n,

Note that, sinc& must be one of the given numbers, there are only a few possible
for mandn; in particularm < 5andn < 2.

Sinceabcdef is a cube2!’~™Mand3°~ " must both be cubes too, which means that bc
17 — mand10 — n must be multiples of 3. Henoe could be equal to 2 or 5nand
must be equal to 1.

Hence(m, n) = (2, 1) which givesx = 12 or(m, n) = (5, 1)which givesx = 96.
As mentioned in the comment above, we must now check that each of these case:
enables the shape to be filled as required by the question:

Whenx = 12, we haveabcdef = 2'°x 3°, so each pair of outside numbers must
multiply to 2° x 3%,

,and, if
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Whenx = 96, we haveabcdef = 212 x 3°, so each pair of outside numbers must
multiply to 2% x 3,

In each case, a small amount of experimentation quickly leads to arrangements th
work in each case, such as:

© ©
D 19 D 1)

2] %6)
@) @) D) (18

%9 “3

Hence both cases are possible and there are two numbers that could go in the cer
space; namely 12 and 96.
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M 1. The sum of the squares of two real numbers is equal to fifteen times their sum. Th
difference of the squares of the same two numbers is equal to three times their
difference.

Find all possible pairs of numbers that satisfy the above criteria.

Solution
Let the numbers beandb . Thera? + b? = 15(a+ b) anda® — b? = +3(a - b).

We do not know whethexr andb are positive or negative, so if, for instanges 4 and
b = 3, the expressior&® — b? anda — b are both positive, butd& = —4andb = 3
the first is positive and the second is negative. #he sign is to take care of all
alternatives. In fact, we haw + b?> > 0in the first equation, so we know that

a + b > 0. Now, by difference of two squares, we can wafte- b as

(a — by(a + b) in the second equation. Henceaif b # 0O , we can cancel this te
to obtaina + b = +3, and so we know that the positive sign is appropriate.

We now havea + b = 3 and® + b? = 45 Writingb = 3 — a, we obtain the
quadratica® — 3a — 18 = 0 and solutiong6, —3) and(-3, 6), so the numbers are 6
and-3in either order.

However, there is also the possibility that b = 0 , but if that is the case the firsi
equation becomeza® = 30a andaoc= 0  or 15. Hence the pair of numbers is ei
and 0, 15 and 15 or 6 ar@
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M 2. The diagram shows a circle that has been
divided into six sectors of different sizes.

Two of the sectors are to be painted red, two
of them are to be painted blue, and two of
them are to be painted yellow. Any two sectors
which share an edge are to be painted in
different colours.

In how many ways can the circle be painted?

Solution
Label the sectors as in the diagram.

Suppose A is allocated a colour, which we call X. This can be done in three ways.
neither B nor F can be coloured with X.

» If Cis coloured with X, then B can be allocated a second colour in two ways.
E must have the same colour as B since otherwise either D and E or E and F
would have the same colour. Hence F and D have the third colour. This leac
to 6 colourings.

e Similarly, if E is coloured with X, then F and C share a colour and B and D
share the third. Again there are 6 colourings.

» If D is coloured with X, then E and F have different colours and,
independently, so do B and C. This leads to a further 12 colourings.

The total number of colourings is 24.
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M 3. Three positive integers have sum 25 and product 360.
Find all possible triples of these integers.

Solution

Let the integers ba, b, c. Thena+ b + ¢ = 25andabc = 360= 23 x 32 x 5. We must
split this factorised product up into parts so that the sum of the resulting numbers i

It is possible, of course, to make a list of all the different ways of doing this, but the
are 32 possibilities and ensuring that no alternatives are missing is difficult. Such ¢
approach depends on the list being exhaustive and so omissions result in it being
However, there are several methods which avoid making such a list.

Method 1:

This focuses on the fact that one of the three numbers is divisible by 5. Without lo
generality, take this to s . It is either 5, 10, 15 or 20, since 25 is too large to obta
required sum.

If a = 5thenb + ¢ = 20andbc = 72 It is possible to list all the factorisations of -
and show that none of them produce a sum of 20. However, a better approach is t
consider the quadrati¢ — 20x + 72 = 0. The sum of its roots is 20 and the produc
72, so the roots will bk andc. However, the discriminant of this quadratic is negativ
so there are no real roots.

This approach is useful in checking all such cases.

If a = 1Q the quadratic ix> — 15x + 36 = 0, which has roots 3 and 12. Hence the
is a solution 10, 3, 12.

If a = 15 the quadratic i* — 10x + 24 = 0, which has roots 4 and 6, and so ther:
is a solution 15, 4, 6.

If a = 2Q the quadratic is> — 15x + 18 = 0, and again the discriminant is negativ
and there are no roots.

Hence there are exactly two triples of numbers, namely 4, 6, 15 and 3, 10, 12.

Method 2:

This focuses on the largest number of the three. Since their sum is 25, this is grea
8 and smaller than 24. Since it is also a factor of 360, the only possible values are
12, 15, 18 and 20. The approach in Method 1 can now be used to eliminate 9, 18
20. The values 10 and 12 result in the same triple.

Method 3:
This focuses on the 2s in the factorisation of 360. Saneeb + ¢ = 25 they cannot
be all even, nor can two be odd and one even, andabice 360 , they cannot |

odd. It follows that two are even and one is odd. The factor of 8 is split between tt
even numbers.

Without loss of generality, le&t = 2a, andb = 4b,, with a;, b;, ¢ formed from the
factors 3, 3 and 5. Notw,  is not a multiple of 5 or 9, since the sum would be great
than 25, so it is either 1 or 3.

If b, = 1, thenb = 4and2a; + ¢ = 21. Using the factors 3, 3 and 5, the only
possibility isa; = 3,¢ = 15and sa = 6.

If b, = 3 thenb = 12and2a; + ¢ = 13 Using the factors 3 and 5, the only
possibility isay = 5, ¢ = 3and sa = 10.

Hence there are two triples of numbers, namely 4, 6, 15 and 3, 10, 12.
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M4. The squares on each side of a right-angled scalene triangle are
constructed and three further line segments drawn from the
corners of the squares to create a hexagon, as shown. The
squares on these three further line segments are then
constructed (outside the hexagon).

The combined area of the two equal-sized squar231i8cr?.

What is the total area of the six squares?

Solution

Label the lengths as in the diagram below. Notezhatc since it is the hypotent
a right-angled triangle with sidesandb. By chasing angles = = — Aand

= 117 — b. encecosa = —— ahndcosp = ——. e are told t c- = SO
B B. H i dcosg = —2. W Id tha2c? = 2018
& = 1009

z

We havex’ = b? + ¢® — 2bc cosa = 3b? + ¢ by the cosine rule, and similarly
Yy = 3a° + C2
Now the sum of the six squares is
2+ +P+ B+ + (3% + D)+ = 4(a®+ b)) + 4
By Pythagoras®® + b?> = ¢? so the sum i8¢, which is 8072.

Note that the cosine rule can be avoided

by the construction shown. This b "\a
produces a right-angled triangle whose b £

sides are and2b whose hypotenuse is X y
X.

It follows thatx? = a + 4b® and

Y2 = b? + 42,
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16(n? — n - 1)y
2n -1

For which integers is also an integer?

Solution
We setm = 2n — 1, son = 3(m + 1). Now the expression becomes

el(me 2 (mryy o]

1 2 2
a[(m+ 1% - 2(m+ 1) - 4]

=1[mz—5]2=m4_1?nn?+25-

This is an integer if, and only ifp  is a factor of 25. Hence the values of are
+1, +5, +25and the corresponding valuesof af, -2, 0, 1, 3and 13.

Instead of using the substitution, the numerator can be rewrit{¢pnas 1)> — 5)2 to
obtain the same result.
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M 6. The diagram shows a triang8C and c
pointsT, U on the edgéB , poin3 Q on
BC, andR ,SonCA, where:

(i) SP andAB are parallelURandBC are R N
parallel, andQT andCA are parallel;
(i) S°, URandQT all pass through a point S v\
Y; and
(iii) PQ = RS = TU. A \
A T U B

Prove that
1 1 1 1
— = — + —= + —.
PQ AB BC CA

Solution
LetTU = PQ = RS= k,AB =¢,BC = aandCA =b.
C
R Q
S P
AY \
A T U B
TrianglesARSY andACAB are simiLar, SINC&S is parallel @A, SY is parallel toAB
andYRis parallel toBC, soSY = %

Similarly YP = CT:. Now

AT + K+ UB = SY + k + YP
ck

c

g(_ab+bc+ca
B ab

+ Kk +

Kk

ab

(ab + bc + ca)k’

If three such expressions are added, the fatior bc + ca cancels and we obtain the
desired result.

and so1 =
c
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