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Subject: Numerical Computing 
 

Code: C-09/T-09 (June 2003) 

 

1. (a) Let Nx =     or  x
2
 = N.  

We take ( ) ( ) .2  ,2 xxfNxxf =′−=  Newton-Raphson method becomes 
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  Answer: A 

 

     (b) [ ] ( ) ( )[ ] ( ) hfxxxfxfxxf // , 0010110 ∆=−−=  

 [ ] ( ) ( )[ ] ( ) hfxxxfxfxxf // , 1121221 ∆=−−=  

 [ ] [ ] )/(] ,[] ,[ , , 021021210 xxxxfxxfxxxf −−=  

  = [ ] )2/()2/( 2

0

22

01 hfhff ∆=∆−∆     Answer: C 
 

    (c) Iteration matrix associated with the Gauss-Jacobi iteration method is  

   

  H = - D
-1

 (L + U). From the given matrix A, we get 
 

  H = 







=
















−

0        2-

4-        0

0        2

4        0

1        0

0        1
 

 Eigen values of H are  .22±  

 Since the spectral radius of H is 22 >1, the method diverges. Answer: D 
 

    (d) We first construct the forward difference table from the given data. We have  
 

  x f(x) f∆  f2∆  f3∆  

  1 -1  

  2 -1 0 

  3 1 2 2 

  4 5 4 2 0  

 Using Newton forward difference interpolation and the given data,  we get for h = 1 
 

( )( ) ( )2
2

21
)0)(1(1)(

−−
+−+−=

xx
xxp    = x

2
 – 3x + 1  Answer: B 

 

   (e) For the Simpsons rule  ( ) ( ) ( )[ ] 3/4)(
2

0

 

 
210∫ ++=

x

x
xfxfxfhdxxf  

 

 we obtain h = 1/2, x0 = 0, x2 = 1, x1 = 1/2 ,  f0 = 1, f1 = 4/5, f2 = 1/2 
 

 I =  [1 + 4 (4/5) + 1/2]/6 = 47/60     Answer: D 
 
 

   (f) We need the approximation f(x) = ax + b, where a and b are to be determined so that 
 

 ( )[ ]∑
=

=−−=
4

1

2
),(

i

ii baxxfbaI minimum. We obtain the normal equations 
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 ( )( ) 0 2
4

1

∑
=

=−−−=
∂

∂

i

iii xbaxxf
a

I
    or   ( )∑ ∑ ∑ =−− 02

iiii xbxaxfx  

 

 ( )( ) 0 2
4

1

∑
=

=−−−=
∂

∂

i

ii baxxf
b

I
       or   ( )∑ ∑ =−− 04bxaxf ii  

 

 We have  ( ) ( ) 30  ,30  ,8 ,10 2 ==== ∑∑ ∑ ∑ iiiii xfxxxfx  
 

 Substituting in the normal equations, we get 
 

  30a + 10b = 30,  10a + 4b = 8 
 

 Solving, we get a = 2, b = -3     Answer : A 
 

   (g) The truncation error associated with the given method is given by  

 

  ( ) ( )[ ] )2/()()( hhxfxafhxfxfTE −−++−′=  
 

  ( ) ( ) ( ) ( )[ ] )2/(.............3/2 3 hxfhxfhxafxf +′′′+′+−′=  

   ( ) .........6/2)( 2 +′′′−−= xfhhxaf  
 

The method will be of the highest order, if the coefficient of f(x) is zero. 

 We get a = 0.                    Answer: B 
 

   (h) Make the method exact for  f(x) = 1 and x. We get  

          ( ) 222/32/1     :1
1 

1 
=⇒+== ∫−

dxxf which is true  

         ( ) ( ) 3/1132102/32/1     :
1 

1 
=⇒−=⇒+−== ∫−

aaadxxxxf . 

Answer: C 
 

2. (a) We have ( ) .cos322 xxxxf −−=  We find that f(-2) = 9.2484, f (-1) = 1.3791, 

 f(0) = - 3  ,  f(1) = -2.6209, f(2) = 1.2484. 
 

          Hence, the smallest root in magnitude lies in the interval (- 1, 0). 

 

          Using  the secant method   ,........2,1    ,
1

1

1 =








−

−
−=

−

−
+ nf

ff

xx
xx n

nn

nn

nn , we get for  

 

           ( ) ( )  3   ,3791.1     ,0    ,1 110010 −=====−= xffxffxx  

           ( )     4836.0  ,6851.0   :1 221

01

01

12 −==−=








−

−
−== xfff

ff

xx
xxn  

 

 ( )    2468.0  ,8167.0   :2 332

12

12
23 ==−=









−

−
−== xfff

ff

xx
xxn  

 

 ( )    0081.0  ,7723.0   :3 443

23

23

34 −==−=








−

−
−== xfff

ff

xx
xxn  
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 ( )    0001.0  ,7737.0   :4 554

34

34

45 ==−=








−

−
−== xfff

ff

xx
xxn  

 

  7737.0   :5 5

45

45

56 −=








−

−
−== f

ff

xx
xxn , which is correct to three decimal places. 

 

   (b) We have x = N 
¼

. Take f(x) = x
4
 – N = 0. Let ξ be the exact root. Therefore, ξ 4

 = N. 
 

 Substituting 4

11    ,  , ξξξ =∈+=∈+= ++ Nxx nnnn  in the given formula, we get 

 ( ) ( ) ( )7834

1 // nnnn cba ∈++∈++∈+=∈+ + ξξξξξξ  

  = ( ) [ ] [ ] 73
/1/1

−−
∈++∈++∈+ ξξξξξ nnn cba  

 

 

Expanding in binomial series and simplifying, we get 

..../)8410(/)286()73()1( 232

1 +∈+−∈++∈−−++++−=∈ + ξξξ nnnn cbcbcbacba  
 

For the method to be of highest order, we have 
 

  a + b + c = 1,  a – 3b – 7c = 0,  6b + 28c = 0 
 

 Solving these equations, we get   a = 21/32,  b = 14/32,  c = -3/32 and  
 

 ( ) ( )423423

1 )2/(7/)8410( nnnnn OOcb ∈+∈=∈+∈+−=∈ + ξξ   

 Hence, the method is of third order. 
 

3. (a) We have ( ) 83.1252),(   ,51.223, 2222 −−+=−++= xyyxyxgxyyxyxf . 

          We obtain the Jacobian matrix 
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D 22           )54(

)26 (            5211J  

 

 )54)(26()52)(22( nnnnnnnn yxxyxyyxD −+−−+=  
 

 Using  Newton’s method  
( )
( )

,.......1,0 ,
,

,
1

1

1
=








−







=







 −

+

+
n

yxg

yxf

y

x

y

x

nn

nn

n

n

n

n

n
J ,  we get 

 

 5.23   ,17.0   ,26.0    ,1     ,5.1        :0 0000 ==−=−=== Dgfyxn  
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1

1

y

x
 

 

   (b) We write the given coefficient matrix A as 
 

 A = LL
T
   where  

















=

333231

2221

11

           

0            

0         0      

lll

ll

l

L  . We obtain  
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2
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2

11
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 Comparing element by element, we get,  
 

 First row: 24 11

2

11 =⇒= ll , 

           1/21    0,0 313111212111 =⇒==⇒= llllll    
 

 Second row: 2    44 22

2

22

2

22

2

21 =⇒=⇒=+ llll ,  

        3/23 3232223121 =⇒=+ lllll  
 

 Third row: 4   162/37 33

2

33

2

33

2

32

2

31 =⇒=⇒=++ lllll  
 

 

 Hence, we obtain 

















=

4      /23     /21

0         2        0

0         0        2

L  

 

 Write the given system of equations A x = b as  L L 
T 

x = b 
 

 or L
T
 x = z,     L z = b 

    

 From L z = b, that is  

















=

































59

13

5

4      /23     /21

0         2        0

0         0        2

3

2

1

z

z

z

 

 

 we obtain using forward substitution 12      ,2/13      ,2/5 321 === zzz  
 

 From  L
T
 x = z, that is  

















=

































12

2/13

2/5

4          0       0

/23         2        0

1/2         0        2

3

2

1

x

x

x

 

 we obtain using back substitution 2/1      ,1       ,3 123 === xxx  
 

4. (a) We obtain from the augmented matrix 

  1 -3 2 3  4 -3 1 4.25 

   [A   b] =  2 6 8 -1  R1 ≈ R3 ≈  2 6 8 -1       R2 – R1/2 

  4 -3 1        4.25  1 -3 2 3        R3 – R1/4 

 

  4 -3 1 17/4 

 ≈  0 15/2 15/2 -25/8       R3 + 3R2/10 

  0 -9/4 7/4 31/16 
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  4 -3 1 17/4 

 ≈  0 15/2 15/2 -25/8 

  0 0 4 1 

 Using back substitution, we get  ,3/2    ,4/1 23 −== xx 2/1  1 =x  
 

   (b) We obtain from the augmented matrix 

 

    [A   I] =  2 1 2 1 0 0 

   1 2 -1 0 1 0 R2 – R1/2 

   2 4 3 0 0 1        R3 – R1 
 

                  

   2 1 2 1 0 0 

  ≈  0 3/2 -2 -1/2 1 0 R1 – 2R2/3 

   0 3 1 -1 0 1     R3 – 2R2 

               

 

   2 0 10/3 4/3 -2/3 0  

  ≈  0 3/2 -2 -1/2 1 0 R1 – 2R3/3 

   0 0 5 0 -2 1      R2 + 2R3/5 
 

                

   2 0 0 4/3 2/3 -2/3 

  ≈  0 3/2 0 -1/2 1/5 2/5  

   0 0 5 0 -2 1         R1/2, 2R2/3, R3/5 

 

   1 0 0 2/3 1/3 -1/3 

  ≈  0 1 0 -1/3 2/15 4/15 

   0 0 1 0 -2/5 1/5 
 

 

   2/3 1/3 -1/3    10 5 -5 

  Hence,   A
-1

 = -1/3 2/15 4/15 = 
15

1
   -5 2 4 

    0 -2/5 1/5    0 -6 3 

 

5. (a) From the given system of equations, we obtain 
 

 ( ) [ ] 4/24 )(

3

)(

2

1

1

kkk
xxx −+=+ ,  ( ) [ ] 2/75.0 )(

3

)1(

1

1

2

kkk
xxx −−= ++  

 

 ( ) [ ] .,.........1,0   ,5/335.5 )1(

2

)1(

1

1

3 =+−= +++
kxxx

kkk  
 

     We have 5.0       ,2.0        ,6.0 )0(

3

)0(

2

)0(

1 =−== xxx . From the above equations, we obtain 
 

 ( ) ( ) ,2625.02/5.0775.075.0    ,775.04/5.04.04     :0 )1(

2

)1(

1 −=−−==−−== xxk  
 

 ( ) ( )[ ] 4775.05/2625.03775.035.5)1(

3 =−+−=x  
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[ ]
[ ]

[ ] 507313.05/)238438.0(3)749375.0(35.5             

,238438.02/4775.0)749375.0(75.0              

   ,749375.04/)4775.0()2625.0(24     :1

)2(

3

)2(

2

)2(

1

=−+−=

−=−−=

=−−+==

x

x

xk

 

 

 

[ ]
[ ]

[ ] 494248.05/)255632.0(3)753953.0(35.5             

,255633.02/507312.0)753953.0(75.0              

    ,753953.04/)507312.0()238438.0(24     :2

)3(

3

)3(

2

)3(

1

=−+−=

−=−−=

=−−+==

x

x

xk

 

 

 

[ ]
[ ]

[ ] 502966.05/)246436.0(3)748622.0(35.5             

,246435.02/494249.0)748622.0(75.0              

    ,748621.04/)494249.0()255632.0(24     :3

)4(

3

)4(

2

)4(

1

=−+−=

−=−−=

=−−+==

x

x

xk

 

 

 After four iterations, we obtain the solution 
 

  502966.0        ,246435.0     ,748621.0 321 =−== xxx  
 

 The iteration matrix associated with the Gauss-Seidal method is given by 
 

  H = - (D + L)
-1

 U . We have 

 

   4 0 0   0 -2 1 

 D + L =          1 2 0 ,     U = 0 0 1 

   3 -3 5   0 0 0 

 

    1/4  0 0 

 (D + L)
-1

= -1/8 1/2 0              . We obtain 

   -9/40 3/10 1/5  
 

  

  1/4 0 0 0 -2 1  0 1/2 -1/4 

     H =    -  -1/8 1/2 0 0 0 1 = 0 -1/4 -3/8 

  -9/40 3/10 1/5 0 0 0  0 -9/20 -3/40 

 

   Characteristics equation of the matrix H is given by 
 

 0

-(3/40)          20/9         0

3/8     (1/4)         0

1/4              1/2       

=

−−

−−−

−−

=−

λ

λ

λ

λIH  =   )61340( 2 −+ λλλ  

 

   The eigen values of H are 0, 0.2575, 5825.0−  
 

   Since spectral radius is ,15825.0)( <=Hρ  the method converges.  

Rate of convergence = v = 2347.0))((log10 =− Hρ   

   (Note that rate of convergence can also be written as v = )5404.0))(ln( =− Hρ  
 

  (b) The largest off diagonal element in magnitude in A is a13 = 2. We obtain  
 

 4/)/(22tan 331113 πθθ =⇒∞=−= aaa  
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 Define  S1 = 

















=















 −

21/          0           21/

0           1                 0

21/-        0          2/1

cos            0          sin

0             1               0

sin         0         cos

θθ

θθ

  and 















 −



































−

==

2/1           0        2/1

0            1               0

2/1           0        2/1

2         2        2

2           4       2

2           2        2

2/1           0      2/1

0            1               0

2/1           0        2/1

111 ASSA
T  

 =    

















=

































− 0          0         0

0          4         2

0           2        4

0         2       22

0           4            2

0           2       2 2

2/1           0      2/1

0            1               0

2/1           0        2/1

 

 

Now the largest off-diagonal element in magnitude in A1 is a12 = 2. We obtain 

 

4/)/(22tan 221112 πθθ =⇒∞=−= aaa  

 Define  S2 = 

















 −

=















 −

1                0                    0

0          21/              21/

0          21/          2/1

1               0                 0

0          cos           sin

0         sin         cos

θθ

θθ

 and  

    

















 −



































−==

1            0               0

0       2/1           2/1

0       2/1        2/1

0           0        0

0           4        2

0           2        4

1            0               0

0       2/1     2/1

0       2/1        2/1

2122 SASA
T  

 =    

















=

















 −



















−

0          0         0

0          2        0

0           0        6

0            0                0

0           2         2 3

0           2      2 3

1            0               0

0       2/1     2/1

0       2/1        2/1

 

 

Hence, the eigen values of A are 6, 2 and 0. 
 

6. (a) We have 

 

  4 1 0    11 -4 1 

 A =  1 3 1 ⇒      A
-1

 = 
40

1
 -4 16 -4 

  0 1 4    1 -4 11 

 

 and    V0 = [0.4, - 0.9, 0.4]
T 

 

We have kk VAY
1

1

−
+ = , and  

        ,/ 111 +++ = kkk mYV   ( 1+km  is largest element in magnitude in 1+kY ) 
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 We obtain   

    11 -4 1 0.4  0.21 

 k = 0 : Y1 = 
40

1
 - 4 16 -4 -0.9 = -0.44 

    1 -4 11 0.4  0.21 

 

  m1 = 0.44  and  V1 = Y1/m1 = [0.4773, - 1, 0.4773]
T
 

  

    11 -4 1 0.4773  0.2432 

 k = 1 : Y2 = 
40

1
 - 4 16 -4 -1 = -0.4955 

    1 -4 11 0.4773  0.2432 
 

  m2 = 0.4955  and  V2 = Y2/m2 = [0.4908, - 1, 0.4908]
T
 

   

    11 -4 1 0.4908  0.2472 

 k = 2 : Y3 = 
40

1
 - 4 16 -4 -1     = -0.4982 

    1 -4 11 0.4908  0.2472 

    

  After three iterations, we obtain the ratios as 
 

 ( ) ( ) [ ]0.5037  0.4982,  ,5037.0/ 23 ==
rr

VYµ  
 

    Therefore, 21/   and     5.0 ==≈ µλµ  
 

     Hence, the smallest eigen value in magnitude of A is 2. 

 

   (b)  From the given matrix, we obtain  4/1/2tan 1213 πθθ −=⇒−== aa  
 

 Define  S1 = 

















−

=

















−

21/      21/          0

21/           21/        0

0               0          1

cos           sin        0

sin         cos        0

0               0         1

θθ

θθ  and  

 

















−















−

−

















−==

21/      21/         0

21/       21/           0

0             0             1

1            2     4

2             1       4

4          4        1

21/      21/         0

21/       21/        0

0             0          1

111 ASSA
T  

 =    



















−

−

















−

2/3          21/         4

23/          21/        4

0               28/        1

21/      21/         0

21/       21/        0

0             0          1

 

 = 

















=



















−

32

221

11

                          0

                       

0                       

3                  0               0

0                 1       24

0              24              1

bc

cbc

cb
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 This is the required tri-diagonal form. We obtain the sturm sequence as  
 

 10 =f ,    111 −=−= λλ bf  

 3332)1)(1()( 2

0

2

1122 −=−−+=−−= λλλλ fcfbf , 

 )33)(3()( 2

1

2

2233 −−=−−= λλλ fcfbf  

Eigen values are the roots of f3 = 0. Hence, the eigen values are .33  ,3 ±=λ   

Therefore, the smallest eigen value in magnitude is 3=λ . 

7. (a) The maximum error in linear interpolation is given by ,8/2

2 Mh  where 

  ( )xfM
I

′′= max2  ( ) 540120max
3

21
=+=

≤≤
x

x
 

 

 We choose h such that 42 105)8/540( −×<h . We get h < 0.00272 

 Hence, the largest step size that can be used is h ≈ 0.0027. 

 

   (b) Let the polynomial be  ( ) 32

2

1

3

0 axaxaxaxf +++=  

 From f(0) = 1,  we get 3a = 1;  f(1) = 5, we get  a0 + a1 + a2 + a3 = 5 

         ,2)0( =′f  we get a2 = 2; 423get   we,4)1( 210 =++=′ aaaf  
 

 Solving the above equations, we get  a0 = - 2, a1 = 4, a2 = 2, a3 = 1 

 and the polynomial is 
 

  ( ) 1242 23 +++−= xxxxf  

8. (a) We have [ ] ( ) ( )[ ] ( ) ( ) ( ) ( )[ ]0011

01

01

01

10

11
, xvxuxvxu

xx
xfxf

xx
xxf −

−
=−

−
=  

 

  = ( ) ( ) ( ){ } ( ) ( ) ( ){ }[ ]010011

01

1
xvxvxuxuxuxv

xx
−+−

−
 

 

  = ( )
( ) ( )

( )
( ) ( )










−

−
+









−

−

01

01

0

01

01

1
xx

xvxv
xu

xx

xuxu
xv  

 

  = ( ) [ ] ( ) [ ].,, 100101 xxvxuxxuxv +  

   (b) We have 1−=∆ E  and ∇ = 1 – E
-1

. We get  

 L.H.S. = ∆ + ∇ = E – 1 + 1 – E
-1

 = E – E
-1

 

 R.H.S. = 
( )

1

1

1

)1(

1

1

1

1
1

1

11

1 −

−
−

−

−
=

−

−
−

−

−
=

∆

∇
−

∇

∆ −

−

−−

− E

EE

E

EE

E

E

E

E
 =−= −1EE  L.H.S. 

 

   (c) Since the points are equispaced with h = 0.1, we can use Newton difference 

interpolation. We first construct the forward difference table. We have 

 x  f(x) ∆  f(x)  ∆ 2
 f(x)  ∆ 3

 f(x) 

 0.1 0.93    

 0.2 0.92 - 0.01   

 0.3 0.97 0.05  0.06 

 0.4 1.08 0.11  0.06  0 

 0.5 1.25 0.17  0.06  0 

 0.6 1.48 0.23  0.06  0 
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 using the Newton forward difference interpolation and the given data, we obtain 
   

 ( ) ( )( )
)06.0(

)01.0(2

2.01.0
)01.0(

1.0

1.0
93.0

−−
+−

−
+=

xxx
xf 13 2 +−= xx  

 

9. (a) We need an approximation of the form y + a + (b/x). We determine a and b such that 

 ( ){ }[ ]∑
=

=+−=
5

1

2
/),(

i

ii xbaybaI  minimum.  We obtain the normal equations 

 

 ∑ =







−−−=

∂

∂
02

i

i
x

b
ay

a

I
    or    ∑ ∑ =−− 0

1
5

i

i
x

bay  

 

 ∑ =







−−−=

∂

∂
0

1
2

ii

i
xx

b
ay

b

I
    or    ∑ ∑∑ =−− 0

11
2

iii

i

x
b

x
a

x

y
 

 

 From the given data, we obtain 

 ( ) ( ) ( )∑ ∑∑ ∑ ==== 925.8/  ,4636.1/1  ,2833.2/1  ,7.16 2

iiiii xyxxy  
 

 Hence, we have the normal equations 
 

  5 a + 2.2833 b = 16.7,    2.2833 a + 1.4636 b = 8.925 
 

 Solving these equations, we obtain a = 1.9305 and b = 3.0863 
 

   (b) Using the given formula and the given data, we get for x = 0.4 and  
 

 [ ] 0825.4)2.0/()6.0()4.0(2)2.0()4.0(      :2.0 2 −=+−=′′= yyyyh  
 

 [ ] 1600.4)1.0/()5.0()4.0(2)3.0()4.0(      :1.0 2 −=+−=′′= yyyyh  
 

 Using the Richardson extrapolation scheme, we obtain the improved value of   

 ( )hy ′′ as          [ ] 3/)()2/(4 hyhy ′′−′′ . We get 
 

  [ ] 1858.43/)0825.4()1600.4(4)4.0( −=−−−=′′y  
 

10. (a) The method is exact for f(x) = 1 and f(x) = x. Making the method exact for f(x) = x
2
, 

we get  ∫
1

0

 

 

2
x

x
dxx ( ) =−= 3/3

0

3

1 xx [ ] [ ]10

22

1

2

0 222/ xxphxxh −++  

 

 Writing x1 = x0 + h, we obtain 
 

 ( ) ( ) 32

1

2

0

3

0

22

0 222
2

33
3

1
phhhxx

h
hxhhx −++=++ ,  which gives p = 1/12. 

 

 We write the integral ( )∫
b

a
dxxf

 

 
  as 

 

 ( ) ( ) ( ) ( ) ( )∫∫∫∫∫
−

+++==
n

n

n x

x

x

x

x

x

x

x

b

a
dxxfdxxfdxxfdxxfdxxf

 

 

 

 

 

 

 

 

 

 1

2

1

1

00

 .......     

 

 Replacing each integral on the right side by the given formula, we get 
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 ( ) ( ) ( ) ( ) ( )







′−′+++








′−′++=∫ 21

2

2110

2

10

 

 122122
 

0

ff
h

ff
h

ff
h

ff
h

dxxf
nx

x
 

 

           ( ) ( )







′−′++++ −− nnnn ff

h
ff

h
1

2

1
122

.........  

  ( )[ ] ( )nnn ff
h

fffff
h

′−′+++++= − 0

2

1210
12

..........2
2

 

 which is the required composite rule. 
 

   (b) Using 2/)5( += tx  we change the limits of integration from [2, 3] to [-1, 1]. Hence, 

we get ( ) ( )∫− 








++

+
==

1 

1 )2/)5sin((1

)5(2cos

2

1
       where,

t

t
tfdttfI  

 

 Using Gauss two-point formula ( ) )3/1()3/1(
1 

1 
−+=∫−

ffdxxf  
 

 we get [ ] 173323.02/464401.0117755.0 −=−=I  
 

 Using Gauss three-point formula  ( ) ( ) ( )[ ] 9/5/35)0(85/35
1 

1 
fffdxxf ++−=∫−

 
 

 we get  [ ] 200688.018/)420090.0(5)524921.0(8)302693.0(5 −=+−+−=I  
 

11. (a) Taylor series second order method is given by 
 

     2/2

1 nnnn yhyhyy ′′+′+=+  

     ..,.........1,0   ,2/2

1 =′′′+′′+′=′
+ nyhyhyy nnnn  

 

     We have   yyxyyyxy ′−′′−−=′′′−′−=′′ 23sin   ,23cos  and h = 0.2. We get  
 

     10    ,4   ,1   ,1  ,0    :0 00000 =′′′−=′′=′=== yyyyxn  and  

                   12.12/)2.0()2.0()2.0( 0

2

001 =′′+′+=≈ yyyyy  

       4.02/)2.0()2.0()2.0( 0

2

001 =′′′+′′+′=′≈′ yyyyy  
 

     3811.6    ,4599.2   ,4.0   ,12.1  ,2.0    :1 11111 =′′′−=′′=′=== yyyyxn  and  

                   1508.12/ )2.0()2.0()4.0( 1

2

112 =′′+′+=≈ yyyyy  

       0356.02/)2.0()2.0()4.0( 1

2

112 =′′′+′′+′=′≈′ yyyyy  
 

   (b) We have x0 = 1, y0 = 2, h = 0.2 and f(x, y) = (y + 2x) / (y + 3x).  

         Using the given method, we get for  
 

 ( ) 16.0)2  ,1(2.0  ,    :0 001 ==== fyxhfkn  

   ( ) ( ) 1591.008.2  ,1.12.02/ ,2/ 1002 ==++= fkyhxhfk  

   ( ) ( ) 1583.01582.2 ,2.12.02 , 21003 ==+−+= fkkyhxhfk  

   ( ) 1591.26/4)2.1( 32101 =+++=≈ kkkyyy   
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Subject  NUMERICAL COMPUTING 
 

Code  C-09 / T-09 (December 2003) 
 

1. (a) Absolute error =  valueeapproximat -  valuetrue  
 

            = 0012645.01428571.31415926.3 =−  
 

          Relative error = 000402.0
 valuetrue

error Absolute
=                           Answer: A  

 

     (b) The rate of convergence of Newton-Raphson method is 2. Hence 2=s  
 

          Answer: A 
 

    (c) Using Gerschgorin theorem, we find that  
 

  1
6

5

4

3
,

6

5
,

12

7
max <=





≤λ ,  Hence, 1  )( <Aρ   Answer: D 

            

    (d) The maximum error in linear interpolation is ( ) 2

2 8/ Mh   

           where  ( ) .2/1sinmaxmax
4/0

2 =−=′′=
≤≤

xxfM
xI π

 

 We choose h  such that  

  00075.0or      00000005.0
2

1

8

2

<<







h

h
 

 

 Hence, largest value of h is 0.00075     Answer: D 

(e) Jacobian matrix  = 








−−

−−
=









∂∂∂∂

∂∂∂∂

12             2

12        12
  

 /       /

/        /

22

11

yx

yx

yfxf

yfxf
 

 At the point (1, 1), we get,  Jacobian matrix = 








3-     2

1       1
  Answer: B 

 

    (f) Since f is a polynomial of degree k, all the divided differences of order k are equal and 

divided differences of order greater than k are zeros.  Answer: C 

 

    (g) Trapezoidal rule is exact for polynomials of degree upto one.  Answer: C 
 

    (h) Mid-point rule is given by : ( )nnnn yxhfyy ,211 += −+  
 

       For ,1=n  we get ( )1102 ,  2 yxfhyy +=  

 We calculate ( ) 2.0 =1 yy from the exact solution ( )21/1)( xxy +=  

 We obtain 9615.0))2.0(1/(1 2

1 =+=y  

 Hence, from the given formula, we get for h = 0.2, 2.0 and 1 10 == xy  
 

  8520.0)2(2)4.0( 2

1102 =−+=≈ yxhyyy    Answer: B 
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2 (a) Substituting ,n

n Ax ξ= we obtain the characteristic equation 
 

  09920100or      099.02.0 22 =−+=−+ ξξξξ  
 

         The roots of the characteristic equation are -1.1 and 0.9 
 

         The general solution is written as nn

n ccx )9.0()1.1( 21 +−=  
 

         Using the given conditions, we obtain 
 

     1          :0 21 =+= ccn ,       9.09.01.1          :1 21 =+−= ccn  
 

          Solving, we get n

nxcc )9.0( and 1 and 0 21 ===  
 

          Since one root of the characteristic equation is greater than 1 in magnitude, 

computation will not be stable. 
 

    (b) We have 1cos3)( −−= xxxf , we find the f (x) < 0 for all x < 0. We obtain  
 

  f(0) = -2 < 0 and f(1) = 3 – cos1 - 1 = 1.46 > 0. 
 

          Therefore, the smallest root in magnitude lies in (0, 1). 
 

Using the Newton-Raphson method,  we obtain 

( )
( )

..,.........1,0,
sin3

1cos3
1 =

+

−−
−=

′
−=+ n

x

xx
x

xf

xf
xx

n

nn

n

n

n

nn  

   

 ( ) ( ) 479426.3 ,377583.0 ,5.0   :0 000 =′−=== xfxfxn   and  608519.01 =x  
 

 ( ) ( ) 571653.3 ,005060.0 ,608519.0   :1 111 =′=== xfxfxn  and   607102.02 =x  
 
 

3. (a) Without pivoting 

 

 (A    b) =    ∈  1 1  ∈  1       1  

       ≈  
   1 1 2    0 1-1/∈        2-1/∈  
 

 Using back substitution, we get 
 

     [ ]
1

1
1

1
    ,

1

12

11

12
212

−∈
−=−

∈
=

−∈

−∈
=

∈−

∈−
= xxx  

 With pivoting 

 

 (A    b) =    ∈       1        1  1       1           2         1    1   2 

          ≈     ≈  
   1     1         2    ∈       1           1         0    1-∈    1-2∈   
 

 

 Using back substitution, we get 
 

      
1

1

1

1
2 ,

1

21
212

−∈
−=

∈−
=−=

∈−

∈−
= xxx  

 

 Results in both cases are same, since we are using exact arithmetic. 
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    (b) The iteration matrix in the Jacobi method is given by ( ).
1

ULDM +−=
−

 We obtain 

from  the given matrix A, .
0   2-

-      0

0     2

       0

1      0

0      1








=
















−=

k

k

k

k
M  

 

 The eigen values of M  are obtained from 

  .2or       02
     2

       
 22

kk
k

k
±==−=

−−

−−
=− λλ

λ

λ
λIM  

 For convergence of Jacobi method, we have 

  1 2)( <= kMρ .    Hence, 21<k  

 

4. (a) We obtain from the augmented matrix 
 

 ( ) =bA   4 1 1 5 

   2 5 -2 9 

       R2 – R1/2 

   2 3 6 13   R3 – R1/2 

 

         ≈   4 1 1 5 

   0 9/2 -5/2 13/2 

   0 5/2 11/2 21/2 R3 – 5R2/9 

 

        ≈   4 1 1 5 

   0 9/2 -5/2 13/2 

   0 0 62/9 62/9 

 

 Using back substitution, we get 

  [ ]
2

1
5

4

1
 ,2

2

5

2

13

9

2
 ,1 =−−==





+== zyxzyz  

 
 

    (b) The Gauss-seidel iteration method in matrix form is given by 
 

  ( ) ( ) bLDxULDx
11

1  
−−

+ +++−= nn   = cxH +n  

 From the given system of equations, we have 

    4 0 0  0 0 2 

  LD + = 0 5 0   U = 0 0 2 

    5 4 10 , 0 0 0  

 We obtain  

( ) ULDH
1−

+−= =     

0      0      0

2      0      0

2      0      0

  

20  16-    25-

0    40        0

0      0      50

  
200

1
=

































−
















 41/100        0     0

2/5-      0      0

1/2-      0      0

   

 

 Now eigen values of H  are 41.0 ,0 ,0=λ    
 

 Since ( ) ,141.0 <=Hρ the method converges. The rate of convergence is given by 
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  ( )( ) 3872.0log10 =−= Hρv    or    ( )( ) 8916.0 =−= Hρnv l  

 

Q5. (a) We have  ( ) ( ) 14,    ,4, 1
2
2121

2
2

2
121 −−=−= xxxxxgxxxxf    

 

  












−

−
=









∂∂∂∂

∂∂∂∂
==

21
2
2

21

21

21

8     14

2         8

/       /

/        /
matrix Jacobian 

xxx

xx

xgxg

xfxf
J  

 

  ( )14264    ,
8      41

2        81 2

222

2

1

1

2

2

2211 −+=








−
=−

xxxxD
xx

xxx

D
J  

 

 Using Newton’s method :  
( )

( )

( )

( )

( ) ( )( )
( ) ( )( )

,.......1,0  ,
,

,

21

211

2

1

1
2

1
1

=













−













=














−

+

+

n
xxg

xxf

x

x

x

x

nn

nn

nn

n

n

n

J  

 

 we obtain 

  ( ) ( )
6  ,1  ,1  ,1  ,0    :0 00

0
2

0
1 =−=−==== Dgfxxn  

 

  

( )

( ) 







=









−

−









−
−







=















2/1

3/1

1

1

 0     3

2        0

6

1

1

0

1

2

1

1

x

x
 

 

  
( ) ( )

9/32  ,1  ,36/7  ,2/1  ,3/1    :1 11

1

2

1

1 =−===== Dgfxxn  
 

  

( )

( ) 







=









−







−







=















25.1

541667.0

1

36/7

 8/3        0

1      /34

32

9

2/1

3/1

2

2

2

1

x

x
 

 

    (b) We write  

















==

333231

2221

   11

         

0          

0       0    

    where          , 

lll

ll

l
T LLLA   

 We obtain 
 

  =

















1-         2      1-

2          1        3

1-        3        2

















333231

2221

   11

         

0          

0       0    

lll

ll

l

= 

















33

3222

3121   11

        0       0

              0

           

l

ll

lll

 

 

                                               3111       2111
2

11 lllll  

  =                                      32223121
2
22

2
212111 ll llllll ++  

                                   2
33

2
32

2
313222 31213111 lllllllll +++  

 

 Comparing element by element, we obtain 
 

 first row: 
2

11l = 2 ,2/233   ;2 21211111 =⇒==⇒ llll  

   3111ll = -1 2/231 −=⇒ l  
 

 second row: 2/71
2

22

2

22

2

21 −=⇒=+ lll  which is not possible. 
 

 Hence, we cannot use the Choleski method. 
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    Note: For the use of Choleski method, the given coefficient matrix must be positive 

definite. The given matrix A  is not positive definite matrix since first leading 

minor = 2  > 0 and second leading minor = 07
1        3

3        2
<−=  

 

Q6. (a) The largest off-diagonal element in magnitude in A  is  a13 = 2. We obtain   

  tan 2
4

or      ,
2

3311

13 π
θθ =∞=

−
=

aa

a
 

 

 Now define   

















=

















=

21/             0            21/

0              1                  0

21/-           0           2/1

cos             0             sin

0               1                  0

sin-          0            cos

1

θθ

θθ

S  

 and    



















































==

2/1      0     2/1

0       1            0

2/1-    0     2/1

 

1        2         2

2          3      2

2         2        1

 

 2/1         0    2/1-

0          1            0

2/1       0      2/1

 111 SASA
T

 

 

       = 

















 2/1         0    2/1-

0          1            0

2/1       0      2/1

















=

















1-           0        0

0           3        2

0           2        3

 2/1-     2       2/3

0          3              2

2/1       2      2/3

 

 

Now, largest off diagonal element in 1A  is a12 =2. We obtain  

  tan 2
4

or     ,
2

2211

12 π
θθ =∞=

−
=

aa

a
 

 

 Now define  



















=

















=

1               0                   0

0          2/1           2/1

0          2/1-         2/1

1             0                 0

0        cos           sin

0         sin-        cos

2 θθ

θθ

S   

and 





















































==

1             0                0

0          2/1      2/1

0       2/1-       2/1

 

1-        0         0

0         3        2

0         2        3

 

 1           0                    0

0       2/1         2/1-

0       2/1           2/1

 2122 SASA
T

 

       = 



















 1                0              0 

0          2/1      2/1-

0          2/1        2/1

















=



















1-           0        0

0           1        0

0           0        5

    

 1-            0                 0

0          21/      2/5

0           21/-     2/5

 

which is the diagonal matrix. The eigen values of A  are 5, 1, -1. 
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The eigen vectors are obtained from 



















=



































==

2/1          1/2-         1/2

0       2/1      2/1

21/-         1/2-       2/1

 

1              0               0

0         2/1       2/1

0         21/-      2/1

 

21/            0         21/

0              1               0

21/-          0         2/1

21SSS

 

Hence, eigen vectors are 

[ ] [ ] [ ]

. 

) 1 ,1 ,5  toding(correspon

   ly.respective  2/1  ,0  ,2/1, 2/1  ,2/1  ,2/1, 2/1  ,2/1  ,2/1

−===

−−−

λλλ

TTT

 

6. (b) We obtain using Given’s method and the given matrix A  

 ,1tan
12

13 ==
a

a
θ  or 

4

π
θ =  

 

 Define  

















=

















=

 21/        21/       0

21/-      21/       0

0            0        1

cos       sin       0

sin-     cos       0

0            0        1

1

θθ

θθS  

and 

















































==

2/1      21/            0

  21/-     21/            0

0              0             1

 

1         2        2

2          1        2

2         2         1

 

 2/1      2/1-          0

2/1       2/1           0

0              0            1

 111 SASA
T

 

 



















=



































=

1-          0              0

  0            3       22

0        22             1

 

2/1-        23/        2

2/1         23/        2

0         24/        1

 

 2/1      2/1-          0

2/1       2/1           0

0              0            1

 

 

 which is the required tridiagonal form 
 

 From 

















=



















=

32

221

11

1

               0

             

0              

1-           0           0

0            3      22

0         22          1

bc

cbc

cb

A ,  

we obtain the Strums sequence 

 

 f0 = 1 

( ) ( )( )

( ) ( )( ) ( )( )( )511541

54813

1

2

1

2

2233

2

0

2

1122

11

−++=−−+=−−=

−−=−−−=−−=

−=−=

λλλλλλλ

λλλλλ

λλ

fcfbf

fcfbf

bf

 

 

The eigen values of A  are -1, -1 and 5. The largest eigen values in magnitude of A  is 5. 
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7. (a) We are given that ( ) .9 xxxf −−=  We obtain 

  x 0 0.5 1 

  f(x)  -1 1/6 8/9 
 

 We now construct the Newton’s forward difference table  

  x f(x) ∆ f ∆ 2
f 

  0 -1 

  0.5 1/6 7/6 

  1 8/9 13/18 -4/9 
 

 Using Newton’s forward difference interpolation  

  ( ) ( )
( )( )

0

2

2

10

0

0

0
!2

f
h

xxxx
f

h

xx
xfxf ∆

−−
+∆

−
+=  

 

 we obtain for h = 1/2 

  ( ) 















−+








+−=≈

9

4
)(

2

1
2

6

7
21)( xxxxpxf  = 1

9

25

9

8 2 −+− xx  

 Setting p(x) = 0, we obtain the solutions  x = 2.7098 and x = 0.4152 
 

 

(b) Let p(x) = )2)(1)(1( )1)(1(2)1()1(2 −−++−+−+++− xxxxaxxxxxx  

 This polynomial interpolates the first four points in the given table. We determine  a 

so that this polynomial interpolates at the last point also. We get 
 

 p(3) = 2 – 4 + 12 – 48 + 24a = 10, or  a = 2 
 

 Hence, the required polynomial is 
 

p(x) = )2)(1)(1(2)1)(1(2)1()1(2 −−++−+−+++− xxxxxxxxxx  
 

8. (a) We want an approximation of the form ( )xbay /+=  where a and b are constants to 

be determined such that 

  ( ) =−−=∑
=

5

1

2
/),(

i

ii xbaybaI minimum 

 We obtain the normal equation 
 

 ∑ ∑∑ =−−=







−−−=

∂

∂
0

1
5or      ,02

i

i

i

i
x

bay
x

b
ay

a

I
 

 ∑ ∑∑∑ =−−=















−−−=

∂

∂
0

11
or      ,0

1
2

2

iii

i

ii

i
x

b
x

a
x

y

xx

b
ay

b

I
 

 From the given data, we obtain 

 5333.31/   ,4636.1/1   ,2833.2/1   ,65 2 ====∑ ∑ ∑ ∑ iiiii xyxxy  
 

 Hence, we obtain the normal equations 
 

  5a + 2.2833b = 65 
 

  2.2833a + 1.4636b = 31.5333 
 

 Solving these equations, we get a = 10.9918 and b = 4.3972. 
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      (b) We have  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) 







++′′′+′′+′+−−

++′′′+′′+′+=

+′′−′′−+−−+=

...........
2462

           

.......
2462

       

)(

0

4

0

3

0

2

000

0

44

0

33

0

22

00

0

2

0

2

000

xy
h

xy
h

xy
h

xyhxybxya

xy
hs

xy
hs

xy
hs

xyhsxy

hxydhxychhxbyxayshxyTE

iv

iv  

        ( ) ( ) ( ) ( ) ..........
2

 0

2

00

2

0

2









++′′′+′′−′′− xy

h
xyhxydhxych

iv  

                 ( ) ( ) ( ) ( ) ( )0

2
2

00
22

1 xyhdc
bs

xyhbsxyba ′′







−−−+′−+−−=  

( ) ( ) ........
2242466

0

4
4

0

3
3

+







−−+′′′








−−+ xyh

dbs
xyhd

bs iv  

 Setting the coefficients of y
(r) ( )0x , r = 0, 1, 2, 3, equal tozero, we obtain 

  1 – a – b = 0,      s  - b = 0 

  0
66

   ,0
22

32

=−−=−−− d
bs

dc
bs

 

 Solving these equations, we get 
 

 ( ) ( )( ) ( ) .6/1  and  /62-s1 , ,1 2 −=−−==−= ssdsscsbsa  
 

9. (a) Let ( )∫=
b

a
dxxfxg

 

 
)(  be the quantity which is to be obtained and ( )rhg 2/  denote the 

approximate value of )(xg obtained by using the given method with step length  

h/2
r
, r = 0, 1, 2, ………. Thus we have  

 

 ............)()( 8

3

6

2

4

1 ++++= hchchcxghg  
 

 ( ) .............
25664162

8

3

6

2

4

1 ++++=






 hchchc
xg

h
g  

 

 ( ) ............
6553640962562

8

3

6

2

4

1

2
++++=







 hchchc
xg

h
g  

                         M  

 Eliminating c1 from the above equations, we get 
 

 ..........
16

1

20

1
)(

14

)()2/(4
)( 8

3
62

2

2
)1( −−−=

−

−
= hch

c
xg

hghg
hg  

 

 ..........
4096

1

1280

1
)(

14

)2/()2/(4
)

2
( 8

3
62

2

22
)1( −−−=

−

−
= hch

c
xg

hghgh
g  

       M  

 Eliminating c2 from the above equations, we get 
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 ..................
1344

1
)(

14

)()2/(4
)( 8

33

)1()1(3
)2( ++=

−

−
= hcxg

hghg
hg  

                          M  

 Thus successive higher order results can be obtained from the formula 
 

 
( ) ( )

( )   ,
14

)()2/(4
)( 42

1

111
)( +

+

−−+

+
−

−
= m

m

mmm
m

hO
hghg

hg ( )hghg =)()0(  

 

 Now we evaluate the given integral   ∫ ++
=

1 

0 21

 

xx

dxx
I  

 

 Using Simpson’s rule, we get 
 

 3/1      ,7/2     ,0     ,1     ,2/1        ,0     :2/1 210210 ======= fffxxxh  

 

     [ ] 246032.0
3

1

7

8
0

6

1
4

3
)( 210 =





++=++= fff

h
hI  

 
3/1   ,37/12  ,7/2    ,21/4    ,0      

   ,1   ,4/3  ,4/2  ,4/1    ,0   :4/1

43210

43210

=====

======

fffff

xxxxxh
 

  

( )[ ]

246997.0
3

1

7

2
2

37

12

21

4
40

12

1
            

24
3

)2/( 42310

=







+







+







++=

++++= fffff
h

hI

 

 Using Romberg integration, we obtain 247061.0
15

)()2/(16
=

−
=

hIhI
I  

 

9. (b) The method is exact for f (x) = 1 and x. Making the method exact for f (x) = x
2
, we get 

 [ ] ( )10

22

1

2

0

 

 

2 22
2

1

0

xxphxx
h

dxx
x

x
−++=∫   

   or  ( ) ( ) )(2
23

1
10

22

1

2

0

3

0

3

1 xxphxx
h

xx −++=−  

 

 Since x1 = x0 + h, we get 
 

  ( ) ( ) 32
0

2
0

3
0

22
0 222

2
33

3

1
phhhxx

h
hxhhx −++=++  

 Simplifying, we obtain .12/1 Therefore, .3/241 ==− pp  

 The error of integration is given by :Error = ( ) 10 ,
!3

xxf
c

<<′′′ ξξ  

 where,  ( ) ( ) 033
122

2

1

2

0

2
3

1

3

0

 

  

31

0

=−−+−= ∫ xx
h

xx
h

dxxc
x

x
 

 Therefore error is written as :Error = ( )ξivf
c

!4
 

 

 where ( ) ( )
30

44
122

5
3

1

3

0

2
4

1

4

0

 

  

41

0

h
xx

h
xx

h
dxxc

x

x
=−−+−= ∫ . 
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 Hence, Error = ( )ξv
f

h 1
5

720
. 

 

 We can now write ( ) ( ) ( ) ( )∫∫∫∫
−

+++==
N

N

x

x

x

x

x

x

b

a
dxxfdxxfdxxfdxxfI

 

 

 

 

 

 

 

 1

2

1

1

0

...........  

 

 Replacing each integral by the above integration formula, we get 

 

( ) ( ) ( ) ( )

( ) ( )







′−′+++

+







′−′+++








′−′++=

−− NNNN ff
h

ff
h

ff
h

ff
h

ff
h

ff
h

I

1

2

1

21

2

2110

2

10

122
        

........
122122

 

 

     = ( )[ ] ( )NNN ff
h

fffff
h

′−′++++++ − 0

2

1210
12

........2
2

  

 

 which is the required composite rule. 

 

10. (a) ( ) ( ) ( ) ( )hxfhxfxfxfTE 20201000 +−+−−′= ααα  
 

 Expanding each term in Taylor series about x0 and collecting terms of various order 

derivatives we get 
 

 ( ) ( )[ ] 0210210 21 fhfTE ′+−+++−= ααααα  

( ) ( ) ............8
6

4
2

021

3

021

2

f
h

f
h

′′′+−′′+− αααα  

 

 We choose 0α , 1α , 2α  such that  
 

  210 ααα ++ =0 
 

  h/12 21 =+ αα  
 

  04 21 =+ αα  
 

 Solving the above system of equations ,we get 
 

  0α = )2/(1  ,/2  ),2/(3 21 hhh −==− αα  
 

 Hence, we obtain the differentiation method 
 

  [ ])()(4)(3
2

1
)( 2100 xfxfxf

h
xf −+−=′  

 

 The error term is given by ( ) ( ) ( ) 20

2

21

3

,
3

8
6

xxf
h

f
h

TE <<′′′=′′′+−= ξξξαα  

 

    (b) We write  
( ) ( )

∫∫ −− −
=

−

−
=

1 

1 2

1 

1 2

2

11

sin1
dx

x

xf
dx

x

xxx
I , where f (x) = x (1 – x

2
) sin x  

 

 Using Gauss-Chebyshev two point method 
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( )

∫− 















+







−=

−

1

1 2 2

1

2

1

21
ffdx

x

xf π
,  we get 

 

 























+







−








−=

2

1
sin

2

1

2

1

2

1
sin

2

1

2

1

2

π
I   7215652.0

2

1
sin

2

1

2
=
















=

π
 

 

 Using Gauss-Chebyshev three point formula 
 

 
( ) ( )∫− 






















++










−=

−

1 

1 2 2

3
0

2

3

31
fffdx

x

xf π
,  we get 

 

 








































++










−


















−=

2

3
sin

4

1

2

3
0

2

3
sin

4

1

2

3

3

π
I  

 

    345420.0
2

3
sin

4

3

3
=























=

π
 

 

11. (a) Euler’s method is given by : 4,3,2,1,0 ,2 2

1 =−=+=+ iyhxyhfyy iiiiii  
 

 We obtain for h = 0.2 
 

 i = 0 :     x0 = 0,  y0 = 1, 
 

        ( ) 1)2.0(22.0 2

0001 =−=≈ yxyyy  
 

 i = 1 :      x1 = 0.2,  y1 = 1, 
 

        ( ) 92.0)2.0(24.0 2

1112 =−=≈ yxyyy  
 

i = 2 :      x2 = 0.4,  y2 = 0.92, 
 

        ( ) 784576.0)2.0(26.0 2

2223 =−=≈ yxyyy  
 

i = 3 :       x3 = 0.6,  y3 = 0.784576, 
 

         ( ) 636842.0)2.0(28.0 2

3334 =−=≈ yxyyy  
 

 i = 4 :       x4 = 0.8,  y4 = 0.636842, 
 

         ( ) 507060.0)2.0(20.1 2

4445 =−=≈ yxyyy  

   (b) Expanding in Taylor series about the point ( ),, nn yx  we get 

 ( ) nnn hfyxhfk == ,1  

 ( ) ( )nnnnn hfayhcxhfkayhcxhfk 221222 ,, ++=++=  
 

      ( ) ( )











++++++= ............ 2

2
 

22
222

2
2

2

22 nyyxyxxnyxn ffaffacfc
h

ffafchfh  

 

 Substituting in the given method, we get 
 

 ( ) [ ]
nyxnnn ffawfcwhhfwwyy  2222

2

211 ++++=+  
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          [ ] (1)               .........2
2

22
222

2
22

3

++++
nyyxyxx ffaffacfcw

h
 

 

 We also have, 

 ............
62

32

1 +′′′+′′+′+=+ nnnnn y
h

y
h

yhyy  

                   [ ]
nyxnn fff

h
hfy  

2

2

+++=                   

( ) ( )[ ] (2)              ............  2
6

2
3

++++++
nyxyyyxyxx fffffffff

h
 

 

 Comparing the coefficients of h and h
2
 in (1) and (2), we get, 

 

  
2

1
  ,

2

1
  ,1 222221 ===+ awcwww  

 

 Solving these equations, we get 
 

   






 −
===

2

2
1

2
222

2

12
 ,

2

1
 ,

c

c
w

c
wca  and 02 ≠c  is arbitrary. 

 

 Hence, we obtain the method 
 

 2
2

1
2

1
2

1

2

1
1 k

c
k

c
yy nn +








−+=+  

 
( )
( )1222

1

 ,

,

kcyhcxhfk

yxhfk

nn

nn

++=

=
 

 

 The truncation error is given by 
 

 ( ) 11 ++ −= nn yxyTE   

( ) ( ) )( 
6

1
 2

46

1 4223
hOfffffffff

c
h

nyxyyyxyxx +







++++








−=  

 Hence, the method is of second order for all values of c2. 
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Subject: Numerical Computing 
 

Code: C-09/T-09 (June 2004) 
 

1. (a) For one application of Simpson’s rule, we require three nodal points. Since we have   

2n +1, (odd) nodal points, the number of sub-intervals n must be even.   Answer: A 
 

    (b) We have ( ) . / dxxydy =  Integrating, we get ( ) .2/ln 2 cxy +=  Using the given 

condition, we obtain c = 0. Hence, ( )2/1 22/2

xey
x +≈= .                 Answer: C  

 

    (c) The method produces exact results for polynomials of degree upto 1. The order of 

convergence is 2.                              Answer: D 
 

    (d) ( ) ( ) ( )( )   .01121222 22234 =++−=+−+−= xxxxxxxxp Hence roots are x = 1, 1 

and x = .i±  These roots form a complex pair.        

Answer: C 
 

   (e) Using Gerschgorin theorem, we find that  
 

  
6

5

4

3
,

6

5
,

12

7
max =





≤λ  

 

         Hence, spectral radius < 1.           Answer: D 
 

   (f) An n-point Gauss-Legendre method is exact for polynomials of degree upto 2n – 1. 

Hence, for n = 4, the method will produce exact results for polynomials of degree 

upto 7.             Answer: D 
 

   (g) The error term of the method is given by 
 

  ( ) ( ) ( ) ( ) ( )43 3/      2 hOxyhxyhhxyhxyTE nnnn +′′′=′−−−+=  
 

 Hence, order of the method is 2.        Answer: A 
 

   (h) We have ( ) ( ) ( ) ( ) ( ) ( ) ( )xfExfxEfxfhxfxf 1−=−=−+=∆  
 

 Hence, ∆ = E – 1. The result ∆ = E + 1 is wrong.                                  Answer: B 
 

2. (a) We obtain from the augmented matrix 

 

    1 1 2 1 

  (A   b) =  2 1 -3 0 R2 – 2R1 

    -3 -1 8 A R3 + 3R1 

 
 

    1 1 2 1 

  ≈   0 -1 -7 -2 R3 + 2R2 

    0 2 14 A + 3  

 

    1 1 2 1 

  ≈   0 -1 -7 -2 

    0 0 0 A-1 
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 For consistency of the system A = 1.  For other values of A, the system is 

inconsistent. 
 

 

   (b). We obtain from the augmented matrix 

 

    1 1/2 1/3 1 

  (A   b) =  1/2 1/3 1/4 0 R2 –R1/2 

    1/3 1/4 1/5 0 R3 - R1/3 

 
 

 

    1 1/2 1/3 1 

  ≈   0 1/12 1/12 -1/2 R3 - R2 

    0 1/12 4/45 -1/3  

 

    1 1/2 1/3 1 

  ≈   0 1/12 1/12 -1/2 

    0 0 1/180 1/6 

 

 Using back substitution, we obtain  x3 = 30,  x2 = -36, x1 = 9.  
 

3.     Gauss-Legendre two-point method is written as 
 

  ( ) ( ) ( )1100

1 

1- 
 xfxfdxxf λλ +=∫  

 

 where 0λ , 1λ , 0x , 1x  are to be determined. Making the method exact for  

             ( )xf =1, x, x
2
 and x

3
, we get 

 

 ( )xf =1 : , 10

1 

1- 
λλ +=∫ dx             or        210 =+ λλ     (1) 

 

 ( )xf =x : , 1100

1 

1- 
xxdxx λλ +=∫       or      1100 xx λλ + = 0 (2) 

 

 ( )xf =x
2
 : ,2

01

2

00

21 

1- 
xxdxx λλ +=∫    or       2

01

2

00 xx λλ + =2/3 (3) 
 

 ( )xf =x
3
 : ,3

01

3

00

31 

1- 
xxdxx λλ +=∫    or       3

01

3

00 xx λλ + = 0 (4) 

 

 From (2) and (4) we obtain on eliminating 0λ ,     01xλ ( 0)2

1

2

0 =− xx  

 Since 1λ  100   ,0  ,0 xxx ≠≠≠  (system becomes inconsistent). 

 we get x0 = -x1. From (3) we obtain ( 10 λλ + ) 2

0x =2/3 or 2

0x =1/3 

 We obtain .1   ,3/1   ,3/1 1010 ==−== λλxx  

 Hence, the method becomes   

( ) ( ) ( )3/13/1 
1 

1- 
−+=∫ ffdxxf  

            To evaluate the given integral using this method, we first change the limits of    

integration from [-2, 2] to (-1, 1). Using the substitution x =2t, we obtain     
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             [ ] 685392.422
1 

1 

3/13/1
2 

2 

2/ =+=== ∫∫ −

−−

−

−
eedtedxeI

tx  

 

 

4. (a) We have ( ) ( ) ( ) .4  ,2  ,2  ,3  ,1 1100

2

10 ==−==−−=== xffxffxxxfxx  
 

 Since 0f ( ). ,  ,0 101 xxf ∈< ξ  Using the method of false position, we get 
 

 First iteration:    ( ) 8888.0    ,6667.1 22

10

1001

2 −===
−

−
= xff

ff

fxfx
x  

 

 Since 1f ,02 <f  ( ). , 21 xx∈ξ  we get 
 

 Second iteration: ( ) 2644.0  ,9091.1 33

21

2112
3 −===

−

−
= xff

ff

fxfx
x  

 

 Since 1f ,03 <f  ( ). , 31 xx∈ξ  we get 
 

 Third iteration:    9767.1
31

3113

4 =
−

−
=

ff

fxfx
x  

 

 After three iterations, we obtain the root as 1.9767. 

 

   (b) Using Lagrange interpolation and the given data, we obtain 

 

  ( ) ( ) ( )( )( )
( )( )( )

( )( )( )
( )( )( )

)7183.1(
312101

320
)0(

302010

321
3

−−−

−−−
+

−−−

−−−
=≈

xxxxxx
xpxf  

 

   
( )( )( )
( )( )( )

( )( )( )
( )( )( )

)0855.19(
231303

210
)3891.6(

321202

310

−−−

−−−
+

−−−

−−−
+

xxxxxx
 

          ( ) ( ) ( ) )0855.19( 23
6

1
)3891.6( 34

2

1
)7183.1( 65

2

1 232323
xxxxxxxxx +−++−−+−=  

 

 = 0.8455 x
3
 – 1.0603 x

2
 + 1.9331 x 

 

 We obtain f (1.5) 3675.3≈ . 

 

5 (a) We have ( ) 1.0  ,2  ,1  ,, 00

2 ===+= hyxyxyxf  

 Using the classical fourth order Runge-Kutta method, we get 
 

 ( ) ( ) 5.02 ,11.0 , 001 === fyxhfk  

 ( ) 0.611252.25) ,05.1(1.02/  ,2/ 1002 ==++= fkyhxhfk  

 ( ) 0.6365912.305625) ,05.1(1.02/  ,2/ 2003 ==++= fkyhxhfk  

 ( ) ( ) 805161.02.636591 ,1.11.0 , 3004 ==++= fkyhxhfk  

 ( ) 633474.26/22)1.1( 432101 =++++=≈ kkkkyyy  
 

 Now, x1 = 1.1,  y1 = 2.633474. We get 

 

 ( ) ( ) 803518.02.633474 ,1.11.0 , 111 === fyxhfk  
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 ( ) 036264.13.035233) ,15.1(1.02/  ,2/ 1112 ==++= fkyhxhfk  

 ( ) 108263.13.151606) ,15.1(1.02/  ,2/ 2113 ==++= fkyhxhfk  

 ( ) ( ) 520060.13.741737 ,2.11.0 , 3114 ==++= fkyhxhfk  

 ( ) 735579.36/22)2.1( 432112 =++++=≈ kkkkyyy  
 

   (b) We first write the given method in the form 
 

  
( ) ( )

( )
k

k

k

kk xf
xfxf

xx
xx 









−

−
−=+

0

0

1  

         Substituting kkx ∈+= ξ  and ,00 ∈+= ξx  we get 
 

 
( ) ( )

( )
k

k

k

kk f
ff

∈+








∈+−∈+

∈−∈
−=∈∈ + ξ

ξξ 0

0

1  

 

  
[ ] ( ) ( )[ ]

( ) ( ) ( ) ( ) .....2/

.............2/ 
2

0

2

0

2

0

+′′∈−∈+′∈−∈

+′′∈+′∈∈−∈
−=∈

ξξ

ξξ

ff

ff

kk

kkk

k  

 

 since ( ) .0=ξf  Cancelling ( ),0∈−∈k  we get 
 

 [ ] ( ){ }[ ] 1

20

2

21 ........1 ...............
−

+ +∈+∈++∈+∈−=∈∈ CC kkkkk  
 

       = [ ] ( )[ ].........1  ............... 20

2

2 +∈+∈−+∈+∈−∈ CC kkkk  

 

 where C2 = ( ) ( ))2/( ξξ ff ′′′  

               Therefore, we get  1+∈k =  ( )[ ]2

00

2

02 ∈∈+∈∈+∈∈−∈−∈ kkkkk OC  

      =  ( )2

00

2

02 ∈∈+∈∈+∈∈ kkk OC  
 

 Hence, 021    where, ∈=∈=∈ + Ccc kk  
 

 Therefore, the method has linear rate of convergence.  
 

6. (a) We have ( ) ( ) .1)sin/(lim0 and sin/
0

===
→

xxfxxxf
x

 
 

 From the trapezoidal rule, we get 
 

 h = 1/2 : x0 = 0,   x1 = 1/2,        f0 = 1,   f1 = 1.042915 and 
 

   [ ] 510729.02/10 =+= ffhI  
 

 h = 1/4 :    x0 = 0,   x1 = 1/4,   x2 = 1/2,   f0 = 1,   f1 = 1.010493,    f2 = 1.042915 and 
 

  [ ] 507988.02/2 210 =++= fffhI  

           h = 1/8 :    x0 = 0,   x1 = 1/8,    x2 = 2/8,  x3 =3/8,  x4 = 1/2,   f0 = 1,   f1 = 1.002609,   
 

 f2 = 1.010493,   f3 = 1.023828,    f4 = 1.042915 and   
 

  [ ] 507298.02/)(2 43210 =++++= fffffhI  
 

 

 Using Romberg integration 
 

  ( ) ( )
( ) ( ) ( )

,,.........2,1 ,
14

)(2/4 11

=
−

−
=

−−

m
hIhI

hI
m

mmm
m  ( ) ( ) ( ).0 hIhI =  
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 we obtain the following Romberg table: 
 

 h   0(h
2
), m=0 0(h

4
), m=1  0(h

6
), m = 2 

         

 1/2   0.510729  

 1/4  0.507988 0.507074 

 1/8  0.507298 0.507068  0.507068 
 

 Hence, .507068.0≈I  
 

   (b) (i) 
1

11

1

1

+

++

+

+ −
=−=








∆

ii

iiii

i

i

i

i

i

i

gg

gffg

g

f

g

f

g

f
   = ( ) ( )[ ]iiiiii

ii

ggfffg
gg

−−− ++

+

11

1

1
 

 = [ ]iiii

ii

gffg
gg

∆−∆
+1

1
 

      (ii) 
1

1

1

111

+

+

+

−
=−=








∆

ii

ii

iii ff

ff

fff
.    =  .

11

1

++

+ ∆
−=

−
−

ii

i

ii

ii

ff

f

ff

ff
 

7. (a) If λ is an eigen value of a matrix A, then 1/ λ  is an eigen value of A
-1

. Thus the 

smallest eigen value in magnitude of A is the largest eigen value in magnitude of  A
-1

. 

Thus, we use the power method on A
-1

 to obtain its largest eigen value µ  in 

magnitude. Then λ = 1/ µ  is the smallest eigen value in magnitude of A. 
 

 We take an arbitrary vector V0 (non-zero) and generate 
 

 Yk+1 = A
-1

 Vk  
 

 V k+1 = Yk+1/ mk+1, (where mk+1 is the largest element in magnitude in Yk+1) 
 

 Then  
( )
( )

µλµ 1/ and  lim
1 == +

∞→
rk

rk

k V

Y
 

 Since V0 = [0, 0, 0]
T
 is zero vector, we cannot use V0 to obtain µ . 

 

 Hence, in this case solution cannot be obtained. However, if take any other vector 

V0 say V0 = [1, 1, 1]
T

, solution can be found. (The question in the present form is 

wrong). 
 

8.     Let A be a given real symmetric matrix. The eigen values of A are real. There exists a  

real orthogonal matrix S such that S
-1

 A S is a diagonal matrix D. The elements on the 

diagonal of D are the eigen values of A. This diagonalization is done by applying a 

sequence of orthogonal transformations, S1, S2, ….., Sn, …….. as follows: 
 

 Among the off diagonal elements, let ika  be the largest element in magnitude.  

We define  
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     1   …  0 0 ….. 0 

    

   S  =   cosθ  -sinθ    ith row 

       M       

sinθ      cosθ  

 

     0   ...   0  ….. 1 

      kth column 

 Thus S is an identity matrix in which the elements in positions (i, i) , (i, k) , (k, i) and 

(k, k) are written as cosθ , - sinθ , sinθ  and cosθ  respectively. It can be verified that 

S in an orthogonal matrix ( ).1

1

1

TSS =−  
 

 We consider the 2x2 matrix  
 

    cosθ   -sinθ  

  S1 =  sinθ   cosθ  
 

 Now obtain the matrix (since A is symmetric, aik = aki)  

 

  A1 = 1

1

1 ASS −  =     cosθ       sinθ  aii aik   cosθ      -sinθ  

       -sinθ       cosθ  aik akk   sinθ       cosθ  

 

    =      11p   12p  

          21p   22p  
 

  where,  θθθθ cossin2sincos 22

11 ikkkii aaap ++=  

   ( ) ( )θθθθ 22

2112 sincoscossin −+−== ikiikk aaapp  

   θθθθ cossin2cossin 22

22 ikkkii aaap −+=  
 

 We choose θ  such that the matrix A1 becomes the diagonal matrix.  

Setting 12p =0, we get  

    )/(22tan kkiiik aaa −=θ  
 

 where θ  is called the angle of rotation. To obtain the smallest rotation, we take 

.4/4/ πθπ ≤≤−  Now, we find the largest off-diagonal element in A1 and the 

procedure is repeated. After r such rotations, we obtain  

 

   ASSSSSASSSA 1

21

1

1

1

1

1 .......    ....... −−−
−

− == rrrr  

 

 where,  S = 21SS ……Sr. 
  

 As rr A ,∞→  tends to a diagonal matrix D having eigen values on its diagonal. 
 

 The columns of S give the eigen vectors corresponding to the elements on the 

diagonal of D in that order. 
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 In the given matrix, the largest off-diagonal element in magnitude is either a12 or a23. 

We take this element as a23 (since a22 = a33 and exact arithmetic can be performed).     

From   ∞=−= )/(22tan 332223 aaaθ ,  we get .4/πθ =  Now define 

 

 

 

    1 0 0   1 0 0 

        S1 =  0 cosθ  -sinθ   = 0 1/ 2  -1/ 2  

    0 sinθ  cosθ    0 1/ 2     1/ 2  

  

   

   1 0 0  2 1 0 1 0 0 

 

A1 = 1

1

1 ASS −  0 1/ 2  1/ 2   1 4 1 0 1/ 2  -1/ 2  

   0 -1/ 2  1/ 2   0 1 4 0 1/ 2  1/ 2  
 

   

   1 0 0  2 1/ 2  -1/ 2       2   1/ 2  -1/ 2  

 =  0 1/ 2  1/ 2   1 5/ 2  -3/ 2      1/ 2     5 0 

   0 -1/ 2  1/ 2   0 5/ 2  3/ 2      -1/ 2    0 3 

 

Now, the largest off-diagonal element in magnitude in A1 is a12 (or a13). We find  
 

   2203.03/2)/(22tan 221112 −=⇒−=−= θθ aaa  
 

We obtain sinθ  = -0.2184, cosθ  = 0.9758. Now, define 

 

   cosθ  -sinθ  0   0.9758  0.2184  0 

 S2 = sinθ  cosθ  0    =          - 0.2184             9578  0 

   0 0 1   0  0  1 

 

 

A2 = 21

1

2 SAS −  

 

 0.9758 -0.2184        0  2 1/ 2  -1/ 2      0.9758        0.2184          0 

= 0.2184 0.9758          0  1/ 2  5 0     -0.2184 0.9758         0 

 0  0          1  -1/ 2  0 3       0  0         1 

 

 

 0.9758 -0.2184 0 1.7971  1.1268  -1/ 2  

= 0.2184 0.9758  0 -0.4020 5.0334  0 

 0  0  1 -0.6900 -0.1544 3 

 

 

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


 31

 

 1.8414 0.0002  -0.6900 

= 0.0002 5.1577  -0.1544 

 -0.6900 -0.1544 3 
 

Since A2 is not a diagonal matrix, we need more iterations. If we neglect the off-diagonal 

elements, then eigen values after two iterations are obtained as  
 

  .3      ,16.5     ,84.1 === λλλ  
 

9. (a) We need an approximation of the form y = a + bx + cx
2
. We determine a, b, c such 

that  
 

  ( ) ( )∑
=

=−−−=
6

1

22 , ,
i

iii cxbxaycbaI  minimum 

 

 We get the normal equations as 
 

  ( )∑ =−−−−=
∂

∂
02 2

iii cxbxay
a

I
,   ( )∑ =−−−−=

∂

∂
02 2

iiii xcxbxay
b

I
 

 

  ( )∑ =−−−−=
∂

∂
02 22

iiii xcxbxay
c

I
 

 Hence, we obtain 
 

  ∑ ∑∑ =−−− 06 2

iii xcxbay ,   ∑ ∑ ∑ ∑ =−−− 032

iiiii xcxbxayx  
 

  ∑ ∑ ∑ ∑ =−−− 04322

iiiii xcxbxayx  
 

 From the given data, we obtain   

  ∑ ∑ ∑ ∑ ==== ,2275       ,441     ,91      ,21 432

iiii xxxx   

  ∑ ∑ ∑ ===        17950    and        6450      ,3060 2

iiiii yxyxy  
 

 Substituting these values in the normal equations, we get 

  6a + 21b + 91c = 3060 

  21a + 91b + 441c = 6450 

  91a + 441b + 2275c = 17950 
 

 We write these equations as 

  a + 3.5b + 15.66667c = 510 

  a + 4.333333b + 21c = 307.142857 

  a + 4.846154b + 25c = 197.252747 
 

 Subtracting, we obtain 
 

  0.833333b + 5.833333c = -202.857143 

  0.512821b + 4c = -109.890110 

 

 Solving these equations, we obtain 
 

  b = -498.434243, c = 36.429357  and       a = 1702.007924 
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(b) We have .21 xyy −=′  Differentiating, we get yxyyyxyy ′′−′−=′′′′−−=′′ 24  ,22 , 

yxyy v ′′′−′′−= 261 . Taylor’s series method of order four is given by 

..,.........1,0,24/6/2/ 432

1 =′+′′′+′′+′+=+ nyhyhyhyhyy n
v

nnnnn  
 

 We have h= 0.1. We obtain  

 n =0        :         x0 = 0,         y0 = 0,     0      ,4       ,0     ,1 000 =−=′′′=′′=′ iv
yyyy  

 

 099333.024/6/2/)1.0( 0

4

0

3

0

2

001 =+′′′+′′+′+=≈ iv
yhyhyhyhyyy  

 

 n =1    :          x1 = 0.1,         y1 = 0.099333,     

841593.3      ,841593.3       ,394693.0     ,980133.0 1111 −=−=′′′−=′′=′ iv
yyyy  

 

 194746.024/6/2/)2.0( 1

1

4

1

3

1

2

112 =+′′′+′′+′+=≈ vyhyhyhyhyyy  
 

10. (a) Taking the limit as ∞→n  and noting that  

  ξξ == +
∞→∞→

1lim   ,lim n
n

n
n

xx , where ξ  is the exact root. We get 
 

 (i) ξ  = a
a

=⇒+ 2

2
)1(

2

1
ξ

ξ
ξ ,      (ii) ξ = a

a
=⇒− 2

2

)3(
2

1
ξ

ξ
ξ  

 Hence, both the methods determine a , where a is a positive real constant. 

 

 (i) ( )
( ) 












∈+
+∈+=∈+ + 2

2

1 1 
2

1

n

nn
ξ

ξ
ξξ      = ( )n∈+ξ

2

1
 



















 ∈
++

−2

11
ξ

n  

     = ( )n∈+ξ
2

1
 





















−
∈

+
∈

−+ ............3211
2

2

ξξ
nn    = ( )n∈+ξ

2

1
 








 ∈
+

∈
− ...........322

2

2

ξξ
nn  

 We obtain, ( ).)2/( 32

1 nnn O ∈+=∈∈ + ξ     Error constant = ξ2/1=c   (1) 

 Hence, the method has second order convergence. 

 

 (ii) ( ) ( ) 







∈+−∈+=∈+ +

2

21

1
3

2

1
nnn ξ

ξ
ξξ      = ( ) 







 ∈
−

∈
−∈+

2

22
2

2

1

ξξ
ξ nn

n  

 

 Simplifying, we obtain, ( ).)2/(3 32

1 nnn O ∈+∈−=∈ + ξ  

 Error constant = ξ2/3* =c    (2) 

 Hence, the method has second order convergence. Comparing (1) and (2), we find 

that error in the first method is about one third of that in the second method. If we 

multiply the fist method by 3 and add to the second method, we obtain the method 
 

  







−++=+

a

x

x

ax
x n

n

n

n

2

21 3
3

3
2

4     or =+1nx 







−+

a

x

x

ax n

n

n

2

2
3

3
6

8
 (3) 
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 The error of this method is given by 
 

   1+∈n = 3 (error in first method) + (error in second method) 
 

   = ( ) ( ) ( )332)2/(3)2/(3 nnn OO ∈=∈+∈+− ξξ  

 Hence, the new method (3) has third order convergence. 
 

11. (a) ( ) ( ) ( ) ( )[ ] )2/(243 0000 hhxfhxfxfxfTE +−++−−′=  
 

 Expanding each term in Taylor series about 0x  and simplifying, we get 
 

  ( ) .  ,3/ 20

3
xxfhTE <<′′′= ξξ Therefore, ( )xfMhMTE ′′′=≤ max  where3/ 3

3

3 . 

 Let 210  , , ∈∈∈  be the round-off errors in evaluating 210  , , fff  respectively. We obtain 

  ( ) hRE 2/43 210 ∈−∈+∈−= .  If [ ]210  , , max ∈∈∈∈=  

 then     ./42/8 hhRE ∈=∈≤  We choose h such that  

  ( ) 4/1

33

3 /12  gives  which /3/4 MhMhhTERE ∈==∈⇒= . 

 

   (b)       l11 0 0 

  From A = LL
T
 where   L = l21 l22 0 ,  we obtain 

      l31  l32 l33  

 

 

 1  2 1  l11 0 0 l11 l21 l31 

 2  5 0 = l21 l22 0 0 l22 l32 

 1  0 13  l31 l32 l33 0 0 l33 

 

   2

11l   l11l21   l11l31 

  = l11l21  2

22

2

21 ll +   l21l31 + l22l32 

   l11l31  l31l21+l32l22  2

33

2

32

2

31 lll ++  
 

 Comparing element by element, we get 
 

 First row: 11  ;22    ;11 31311121211111

2

11 =⇒==⇒==⇒= llllllll   
 

 Second row: 20     ;1or    15 323222312122

2

22

2

22

2

21 −=⇒=+==⇒=+ lllllllll  
 

 Third row: 22or    813 33

2

33

2

33

2

32

3

31 ==⇒=++ lllll  
 

 Hence, we obtain  

  

    1 0 0 

  L =   2 1 0  

    1 -2 2 2  

  

    We write the given system of equations A x = b as  

    L L 
T
 x = b, or L

T
 x = z  and L z = b 
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     1 0 0 z1  0 

       From L z = b, that is, 2 1 0 z2 = -3 

     1 -2      2 2  z3  14  

 

 We obtain using forward substitution 

   

  z1 = 0,  z2 = -3, z3 = [ 14 - z1 + 2 z2]/2 2  = 2 2  

 

 

     1 2 1 x  0 

    From L
T
 x = z  , that is, 0 1 -2 y = -3 

     0 0       2 2  z  2 2  

 

 We obtain using back substitution   z = 1,  y = -3 + 2z = -1,  x = - 2y – z =1 
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Subject  NUMERICAL COMPUTING 

 

Code  C-09 / T-09 (December 2004) 

 
 

1. (a)  We are given 9.1 ,8.1 ,10)( 10

4 ==−−= xxxxxf  

 We obtain ( ) ( ) 1321.1 ,3024.1 1100 ==−== xffxff  
 

 Using the secant method, we obtain 

 First iteration : 8535.11

01

01

12 =








−

−
−= f

ff

xx
xx , ( ) 0511.022 −== xff  

 

 Second iteration : 8555.12

12

12
23 =









−

−
−= f

ff

xx
xx    Answer: B 

 
 

   (b) The characteristic equation of the iteration matrix is  
 

  ( )[ ] ( ) 02/1or      ,016/14/1 22
=−=−−− λλλλ  

 

 The roots are λ = 0, 0, 1/2. Spectral radius is 1/2.    Answer: C 
 

   (c) Since the points are not equispaced, we use Newton’s divided difference  

interpolation. We have  
 

  x f(x)  First d.d Second  d.d Third d.d               

 -3 7 
 

 -1 1  -3 
 

  0 1  0     1 
 

  1 3  2     1    0 
 

  2 7  4     1    0 
 

 Using Newton’s divided difference interpolation formula 
 

 ( ) ( ) ( ) [ ] ( )( ) [ ]210101000 ,,, xxxfxxxxxxfxxxfxf −−+−+= , we get 
 

 ( ) ( )( ) ( )( )( ) 1113337 2 ++=+++−++= xxxxxxf  

 Hence,  f (-2) = 3        Answer: B 
 

(d) We write the truncation error as  
 

  ( ) ( ) ( ) ( ){ } ( ) ( ){ }[ ]22112
1630

12

1
+−+− +−++−−′′= kkkkkk xfxfxfxfxf

h
xfTE  

 

 Expanding each term in Taylor series about xk and simplifying, we obtain  
 

  ( ) ( ) .  ,90/ 22

64

+− <<−= kk xxfhTE ξξ   Hence, p = 4.   Answer: 

D 
 

 

 

   (e) Make the method exact for f(x) = 1, x and x
2
. We get  
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( )

( )

( ) 2/3  2a     or   0   :

0  0or           0    :

22or                  2     :1

1 

1 

22

1 

1 

1 

1 

=++==

=++−==

=++==

∫

∫

∫

−

−

−

aadxxxxf

aaxdxxxf

babadxxf

 

 

 Hence, we get 3/4  ,3/1 == ba      Answer: D 

   (f) Write the integral as 
( ) ( ) .1)(  where,

1

2
1 

1 

2

2∫−
−=

−
= xxfdx

x

xf
I  

 

 Using the Gauss-Chebyshev two-point method 
 

  
( )

,
2

1

2

1

21

1 

1 2∫−
















+







−=

−
ffdx

x

xf π
  we get 

44

1

4

1

2

ππ
=





+=I  

 

           Answer: A 
 

   (g) We need the approximation ( ) .baxxf +=  We determine a and b such that 
 

  ( ) ( )[ ] =+−= ∫ dxbaxxbaI
21 

0 

31, minimum. We obtain the normal equations 
 

  ( ) 0  2
1 

0 

31 =−−−=
∂

∂
∫ dxxbaxx

a

I
      or       0

237

3
=−−

ba
  (1) 

 

  ( ) 0 2
1 

0 

31 =−−−=
∂

∂
∫ dxbaxx

b

I
        or       0

24

3
=−− b

a
  (2) 

 

 Solving (1) and (2), we get 14/6  ,14/9 == ba    Answer: A 

 

   (h) Euler’s method ( )nnnn yxfhyy , 1 +=+  when applied to the given problem gives 
 

  .,.........1,0 ,1 =++=+ nyxhyy nnnn  

 We have h =0.1. We obtain 
 

 2  ,1         :0 00 === yxn , 1732.2 0001 =++= yxhyy  
 

 1732.2  ,1.1         :1 11 === yxn , 3541.2 1112 =++= yxhyy  Answer: C 
 

2. (a) Let ξ  be the exact root. Since ξ  is a root of multiplicity 3, we have 
 

  ( ) ( ) ( ) ( ) 0 and  0 ≠′′′=′′=′= ξξξξ ffff  
 

 Writing nnnn xx ∈+=∈+= ++ ξξ  ,11  in the given method, we get 

  
( )
( )







∈+′

∈+
−∈+=∈+ +

n

n

nn
f

f

ξ

ξ
αξξ 1  

 

 or, 
( ) ( )
( ) ( ) 









+∈+′′′∈

+∈+′′′∈
−=∈∈ +

......6/2/

.......24/6/
132

143

1
ξξ

ξξ
α

v

nn

v

nn

nn
ff

ff
 

    [ ] { }[ ] 1

44

2 .......3/1   ........12/3/
−

+∈++∈+∈−=∈ cc nnnn α  
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 where ( ) ( )./4 ξξ ffc iv ′′′=  Using binomial expansion, we obtain 
 

 [ ][ ]........3/1 ......12/3/ 44

2

1 +∈−+∈+∈−=∈∈ + cc nnnnn α  

  





+∈−∈−=∈ .........

36

1

3

1
4

2
cnnn α   = ( )3

4

2

363
1 nnn Oc ∈+∈+∈








−

αα

 Setting the coefficient of n∈  to zero, we get .3=α  

 The error becomes Ocn +∈ 12/4

2 ( )3

n∈ . 
 

 The method has second order rate of convergence and the error constant is 1/12. 

 

       (b) We have ( ) ( ) 123    ,4 223 ++=′+++= xxxfxxxxf . We obtain 
 

 75.4       ,375.1         ,5.1         : 000 =′=−== ffx0n  
  

( ) 3177.0   ,7895.1/ *

0000

*

0 −=−=′−= xfffxx , ( ) .7226.1/ 0

*

0

*

01 −=′−= fxfxx  

 4569.6       ,1332.0         ,7226.1         : 111 =′=−== ffx1n  
  

 ( ) ,0016.0   ,7432.1/ *

1111

*

1 −=−=′−= xfffxx  ( ) .7430.1/ 1

*

0

*

12 −=′−= fxfxx  

 

3. (a) We have ( ) ( ) 2154,  ,2042, 2233 −+=−+= yxyxgyxyxf and  

 









=









∂∂∂∂

∂∂∂∂
==

nn

nn

n

n
yx

yx

ygxg

yfxf

10           8

12         6

/          /

/          /
 matrix Jacobian 

22

J  

 .9660   ,
6        8

12      101 22

2

2

1

nnnn

nn

nn

n yxyxD
xx

yy

D
−=













−

−
=−

J  

 Using Newton’s method   ,
2154

204 2

22

33

1

1

1















−+

−+
−







=







 −

+

+

nn

nn

n

n

n

n

n

yx

yx

y

x

y

x
J we obtain  

 

 196.47           ,9.0      ,9.1      : 00 ==== Dyx0n  
 

 







=









−

−









−

−
−







=









9678.0

0249.2

51.2

366.3

66.21       2.15

72.9              9

196.47

1

9.0

9.1

1

1

y

x
 

 

 0184.56           ,9678.0      ,0249.2      :1 11 ==== Dyxn  
 

 







=

















−

−
−







=









9917.0

0019.2

0841.0

2310.0

4.60132          1992.16

2396.11              678.9

0184.56

1

9678.0

0249.2

2

2

y

x
 

 

   (b) The iteration matrix associated with the Gauss-Jacobi iteration method is given by 

 

 ( )ULDH +−= −1   =       

































−

−

0         3-         1

1-         0       4-

2         6-        0

 7           0         0

0           1         0

0           0         3
1
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=

0         3      1-

1          0       4

2 -        6        0

 1/7           0         0

0            1         0

0           0       /31

















=

0            3/7         1/7-

1             0               4

2/3-          2               0

 

 

 The eigen values of H  are obtained from 0

           3/7       1/7-

1                        4

2/3-            2        

=

−

−

−

=−

λ

λ

λ

λIH  

 

 We obtain ( )( ) 01063213or         03017921 23 =+−+=+− λλλλλ  
 

 The eigen values of H  are -3,   2.8318,  0.1682 
 

 The spectral radius is 13)( >=Hρ . Hence, the method diverges. 
 

4. (a) Let get  we,  From .

           0           0

                  0

                

33

2322

131211

TUUAU =

















=

u

uu

uuu

  

 

































=

















332313

2212

11

33

2322

131211

                 

0                 

0            0        

           0           0

                  0

                

25        10-         15

10-         5          7-

15          7-         41

uuu

uu

u

u

uu

uuu

 

 

  

















++

+++

=

                                                         

                                      

                            

2

3333233313

3323

2

23

2

2223132212

331323132212

2

    13

2

12

2

11

uuuuu

uuuuuuuu

uuuuuuuuu

 

 

 Comparing element by element, we get 
 

 third column:  525 33

2

33 =⇒= uu ,  210 233323 −=⇒−= uuu  

    515 133313 =⇒= uuu  
 

 second column: 1or      15 22

2

22

2

23

2

22 ==⇒=+ uuuu  

      -1-7 1223132212 =⇒=+ uuuuu  
 

 first column:   2or    4 14 11

2

11

2

    13

2

12

2

11 ==⇒=++ uuuuu  
 

 Hence, 

















=

5            0           0

2-           1           0

3           1-          2

U  and 1−
U = 

















1/5                0                0

2/5                1                0

1/10-            1/2            2/1

 

 

 Now,     ( ) ( ) ( ) . 111111 −−−−−− === UUUUUUA
TTT  We obtain 
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 =−1A

































1/5                0                0

2/5                1                0

1/10-            1/2            2/1

1/5         2/5        1/10-

0             1             1/2

0             0            2/1

 

 

  

















=

















=

21            35         5-

35          125         25

5-          25          25

100

1

21/100          7/20        1/20-

7/20            5/4            1/4

1/20-         1/4            4/1

 

 

(b) From the augmented matrix, we have 
 

 [ ] =bA   1 1 -1 2 

   2 3 5 -3 R1  ≈   R3,    (pivoting)  

   3 2 -3 6  

   

  ≈   3 2 -3 6 

   2 3 5 -3 R2 – 2R1/3 

   1 1 -1 2 R3 – R1/3 

 

  ≈  3 2 -3 6 

   0 5/3 7 -7 

   0 1/3 0 0         R3 – R2/5  

 

  ≈  3 2 -3 6 

   0 5/3 7 -7 

   0 0 -7/5 7/5 

 

 Using back substitution, we get 
 

  [ ] [ ] 13/326    ,05/773   ,1 321323 =+−==−−=−= xxxxxx  

5. (a) The largest off-diagonal element in magnitude in .4  is 13 =aA  
 

 From 4/get     we,)/(22tan 331113 πθθ =∞=−= aaa  

 Define       

















=

















=

 21/             0        21/

0             1              0

21/-         0        2/1

cos             0              sin

0               1                   0

sin-             0             cos

1

θθ

θθ

S  and 

 

















































==

    2/1           0       2/1

0             1                0

 2/1 -         0          2/1

    1         2-          4

2-         5          2-

 4           2-          1

    2/1           0   2/1-

0             1            0

 2/1          0      2/1

 111 SASA
T  



















−

=



















−















=

    3           0            0

0           5      22-

 0        22-          5

    2/3         2-       2/5

0             5       24/-

 2/3          2-       2/5

    2/1           0       2/1-

0             1                0

 2/1          0          2/1
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Now the largest off-diagonal element in magnitude of .  is 121 aA  
 

 From 4/get    we, )/(22tan 221112 πθθ −=∞−=−= aaa  
 

 Define       



















−=

















=

 1           0                      0

0         2/1        2/1

0        2/1            2/1

1             0                      0

0          cos               sin 

  0         sin -             cos

2 θθ

θθ

S  and 























































==

  1             0                0

0       2/1       2/1 -

 0       2/1         2/1

    3-          0             0

0            5      22-

 0        22-          5

    1            0                0

0       2/1        2/1

   0       2/1-      2/1

 2122 SASA
T  

( ) ( )
( ) ( )



















−

+

=



















−+−

−+



















=

 3              0               0

0        22-5               0

0                0      225

    3-                        0                       0

0     2/225   2/225

 0     2/225      2/225

   1               0               0-

0         2/1          2/1

 0         2/1-        2/1

 Hence, the eigen values of A  are  225 + ,  225 − and -3. 

 

   (b) We have  ( )
















=−=

















=−
−

0          1       1-

1         1-        1

1-         1        0

3    and    

1         1       0

1         1        1

0         1        1

3
1

IABIA  

 Starting with [ ] get  we,1        1,-       ,10

T
=V  

 [ ] 3;2-      3,      ,2 101 =−== m
T

VBY ; [ ]T
m 2/3-        1,       ,3/2/ 111 −== YV  

           [ ] 3/7;5/3      3,7/ -     ,3/5 212 === m
T

VBY ; [ ]T
m 5/7        1,-       ,7/5/ 222 == YV  

 [ ] T 12/7-      17/7,     ,7/12 23 −== VBY  
 

 After three iterations, we obtain the ratios 
 

 
( )
( )

[ ]2.4     3.4,   ,4.2
5

12
  ,

5

17
  ,

5

12

2

3 =






 −−−
==

r

r

V

Y
µ  

 We take µ  ≈  2.4 (we need more iterations for more accurate results.) 
 

 Hence, the largest eigen value in magnitude of 4.2 is =µB  
 

 The eigen value nearest to 3 of the matrix A  is  
 

 5833.2   ,4167.3or        ) 4.2/1(3)/1(3 ==±=±= λλµλ  
 

 Since 5833.2=λ  satisfies the equation ,0=− IA λ  more accurately, the nearest 

eigen value to 3 is 2.5833. 
 

6. (a) We obtain from the given matrix 
 

  222/4/tan 1213 === aaθ  
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 Therefore 3/1cos  and  /322sin == θθ  
 

 Define        

















=

















=

1/3     3/22         0

3/22-        1/3         0

0            0          1

cos       sin          0

sin-    cos          0

0           0           1

1

θθ

θθS  and  



















































==

   /31      3/22           0

3/22-          1/3           0

 0              0             1

    2         2          4

2         6          2

 4           2          2

    1/3       3/22-          0

3/22             /31            0

 0                0             1

 111 SASA
T

 =

















    1/3       3/22-          0

3/22             /31            0

 0                0             1



















    2/3-          3/25          4

3/211-             /310         2

 0                23            2

 

 

           =



















    14/3           3/25-          0

3/25-             /310        23

 0                23             2

 = 

















                                  0

                             

 0                             

32

221

11

bc

cbc

cb

 

 

 which is the required tri-diagonal form. Using Sturms sequence, we obtain 

 10 =f ,   211 −=−= λλ bf  

 ( ) 3/343/1618)2(3/10)( 2

0

2

1122 −−=−−−=−−= λλλλλ fcfbf  

 ( )( ) 9/)2(503/343/163/14)( 2

1

2

2233 −−−−−=−−= λλλλλ fcfbf  
 

      = .64810 23 ++− λλλ  
 

 The characteristic equation of the given matrix is 3f = 064810 23 =++− λλλ  
 

   (b) From the given matrix, we write  
 

 

   4 1 1 1 0 0 

 [ ] =IA   1 4 -2 0 1 0          R2 – R1/4  

   3 2 -4 0 0 1 R3 – 3R1/4  

   

   

                     ≈   4 1 1 0 0 0 

   0 15/4 -9/4 -1/4 1 0         R1 – 4R2/15 

   0 5/4 -19/4 -3/4 0 1         R3 – R2/3 

 

  ≈  4 0 8/5 16/15 -4/15 0 

   0 15/4 -9/4 -1/4   1 0 R1 + 2R3/5 

   0 0 -4 -2/3       -1/3 1 R2 – 9R3/16 
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  ≈  4 0 0 4/5 -2/5 2/5 

   0 15/4 0 1/8 19/16 -9/16 R1/4, 4R2/15, 

   0 0 -4 -2/3 -1/3 1 -R3/4 
   

  = 

















1          0         0

0            1         0

0           0          1

















1/4-              1/12            1/6

9/60-          19/60          1/30

1/10           1/10-          5/1

 

 

      Hence, 

















=

















=−

15-            5            10

9-            19             2

6              6-          12

60

1

1/4-              1/12            1/6

9/60-          19/60          1/30

1/10           1/10-          5/1
1A  

 

7. (a) We need to determine a and b such that  

 ( ) ( )[ ] minimum. /  ,
24 

1 

2 =+−= ∫ dxxbxaxbaI We obtain the normal equations 
 

 ( ) 0 /2
4 

1 

2 =−−−=
∂

∂
∫ dxxxbxax

a

I
     or       02

2

15

7

254
=−− b

a
       (1) 

 ,0 
1

2
4 

1 

2 =







−−−=

∂

∂
∫ dx

xx

b
xax

b

I
        or         0

4

3
2

2

15
=−− ba          (2) 

 

 Solving (1) and (2), we get .91/914  ,91/684 −== ba  
 

   (b) Newton’s backward difference interpolation is given by 

       

( )
( ) ( )( ) ( )( )( )

......
!3!2

3

3

212

2

1 +∇
−−−

+∇
−−

+∇
−

+= −−−
n

nnn

n

nn

n

n

n f
h

xxxxxx
f

h

xxxx
f

h

xx
fxf  

 

 Substituting  get   we,hsxx n =−  
 

 ( ) ( ) ( )( )
...........

!3

21

!2

1 32 +∇
++

+∇
+

+∇+=+ nnnnn f
sss

f
ss

fsfhsxf  

 

 We obtain 

 .........
!3

263

!2

12
. 3

2
2 +∇

++
+∇

+
+∇== nnn f

ss
f

s
f

ds

dx

dx

df

ds

df
 

 

 Now dx/ds = h and for obtain  We0.  get     we, == sxx n  

 ( ) 





+∇+∇+∇==′ ............

3

1

2

11 32

nnnn fff
hdx

df
xf   (1) 

 We now construct the backward difference table from the given data. We get for h  

= 1 

  x f(x) f∇  f2∇  f3∇  

  1 1 

  2 3 2 

  3 7 4 2 
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  4 13 6 2 0 

  5 21 8 2 0 

 Substituting in (1) for xn= 5, we obtain  ( ) ( )[ ] 92/285 =+=′f  
 

8. (a) Using Lagrange interpolation formula and the given data, we get 
 

  

 ( ) ( ) ( )
( )( )( )

( ) ( )
( )( )( )

)1(
11131

13
)29(

13313

11
−

−−−+−

−+
+−

−−−+−

−+
=

xxxxxx
xp  

 

          
( )( )( ) ( )( )

)3(
)1)(11)(31(

13
)1(

)1)(1)(3(

113

++

++
+

−

−++
+

xxxxxx
 

 

        ( ) ( ) ( ) ( )xxxxxxxxxxx 34
8

3
33

3

1
32

4

1

24

29 2323233 +++−−+−−+−−=  

 

       13 ++= xx  
 

 ( ) 625.11)5.0()5.0()5.0(5.0 3 =++=≈ pf  
 

   (b) we have  [ ] ( ) ( )[ ] ( )

10

1

100101

01

01

10

111111
,

xxxxxxxx
xfxf

xx
xxf

−
−

=−=







−

−
=−

−
=  

 

 We shall now show by induction that  [ ] ( ) )....../(1.......,, 1010 n

n

n xxxxxxf −=  
 

 The result is true for n = 1. Assume that the result is true for n = k, that is 
 

 [ ] ( ) )....../(1.......,, 1010 k

k

k xxxxxxf −= .  Then for n = k + 1, we have 
 

 [ ] [ ] [ ]{ }kk

k

kk xxxfxxxf
xx

xxxxf ..,,.........,,.........,
1

,.......,, 10121

01

110 −
−

= +

+

+  

 

    =  
( ) ( )








 −
−

−

− ++ k

k

k

k

k xxxxxxxx ........

1

........

11

1012101

( )

110

1

.......

1

+

+
−

=
k

k

xxx
 

    

 

 Hence, the result is true for any k. 
 

9. (a) We can write ( ) ( ) ( )[ ] hxfhxfxfTE /000 −+−′=  
 

      ( ) ( ) ( )[ ( ) hxfhxfhxfhxf /.]..........6/2/ 0

3

0

2

00 +′′′+′′+′−′=  

     =  ( ) 2/0xfh ′′−  ( ) .........6/0

2 −′′′− xfh  

 Hence, we can write the error term as  

 ( )12

21 .......... +++++= pp

p hOhchchcTE ,  where ci’ s are independent of h. 
 

Let ( ) ( ) )2/( andquantity exact   thebe 0

r
hgxfxg ′=  denote the approximate value 

of ( )xg obtained by using the given method with step length r
h 2/ , r =0, 1, 

…………. 
 

 Thus we can write 
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 ( ) ( ) ..........3

3

2

21 ++++= hchchcxghg   
 

 ( ) ( ) ..........8/4/2/2/ 3

3

2

21 ++++= hchchcxghg  
 

 ( ) ( ) ............64/16/4/2/ 3

3

2

21

2 ++++= hchchcxghg  

                        M  

 Eliminating c1 from the above equations, we obtain 
 

 ( ) ( ) ( ) ( ) ( ) ............
4

3

212

2/2 3

3

2

21 −−−=
−

−
= hc

hc
xg

hghg
hg  

                                                                                                 M  

 ( ) ( ) ( ) ( ) ( ) ............
32

3

812

2/2/2
2/ 3

3

2

2

2
1 −−−=

−

−
= hc

hc
xg

hghg
hg  

                                    M  

 Eliminating c2 from the above equations, we get 

 ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( )3

2

1121
2

12

)(2/2

14

2/4
hO

hghghghg
hg +

−

−
=

−

−
=  

 

 Thus the successive higher order results can be obtained from the formula 
 

 ( ) ( )
( ) ( ) ( )

.........  ,2  ,1  ,
12

)(2/2 11

=
−

−
=

−−

m
hghg

hg
m

mmm
m , ( ) ( ) ( )hghg =0  

 

 Using the given formula and the given data, we obtain 

 ( ) ( ) ( )[ ] ( ) 314/11254/151      :4 =−=−=′= fffh  

 ( ) ( ) ( )[ ] ( ) 132/1272/131      :2 =−=−=′= fffh  
 

 ( ) ( ) ( )[ ] ( ) 718121      :1 =−=−=′= fffh  
 

 We obtain the following Richardson’s table 
 

 h O(h)  O(h
2
)  O(h

3
) 

4 31   

2 13  -5 

 1 7  1  3 
 

 Hence, the best value of ( )1f ′  is 3. 
 

   (b). Truncation error of the given method is given by 

 ( ) ( ) ( ) ( )[ ] )2/(243 0000 hhxfhxfxfxfTE +−++−−′=  
 

 Expanding each term in Taylor series about xo and simplifying, we get 
 

 ( ) 20

3

    ,
3

xxf
h

TE <<′′′= ξξ . Hence ( )xfMM
h

TE
xxx

′′′=≤
≤≤ 2

max   where,
3

33

2

 

 

 If 2 ,10  , ∈∈∈ are round off errors in evaluating ( ) ( ) ( )hxfhxfxf 2 , , 000 ++  

respectively,  

 then we get ( ) hRE 2/43 210 ∈−∈+∈−=  
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  Let [ ]210   ,  ,max ∈∈∈= f  . Then hhRE /4)2/(8 ∈=∈≤  
 

 We choose h such that imummin/43/3

2 =∈+ hMh  
 

 Differentiating with respect to h and equating it to zero, we get  

( ) 31

3

2

3 /6or    0/43/2 MhhhM ∈==∈−  
 

10. (a) Make the method exact for ( ) . and   ,1 2xxxf =  We get  
 

 ( )∫−
=++−=

1 

1 
210 0       :1)( λλλdxxf  

  

 ( ) ( )[ ]∫−
=+−−=

1 

1 
20 05/35/3       :)( λλxdxxxf  

 

 ( ) ( )∫−
=



 +−−=

1 

1 

2

2

2

0

22 05/35/3       :)( λλdxxxxf  

 

 From the above equations, we obtain 
 

 210 λλλ ++  = 2 ,  ( 0)20 =− λλ ,  9/10)( 20 =+ λλ  
    

 Solving these equations, we get 9/8 and  9/5 120 === λλλ  
 

 It can be verified that the method produces exact results for ( ) . and  , 543 xxxxf =  
 

 The error term is given by  Error = ( ) ,11     ,!6/ <<− ξξvicf  where  

 =c ( ) ( )∫− 



 +−−

1

1

6

2

6

0

6 5/35/3 λλdxx  = 

( )
175

8

125

27

9

10

7

2

125

27

7

2
20 =








−=+− λλ  

 Hence, Error = ( ) ( ) ( ) ( ).
15750

1

720

1

175

8 66 ξξ ff =







 

 

   (b). Using the Trapezoidal rule, we get 
 

 ( ) ( )  1/3          1,       2,      ,1          :1 110010 ======= xffxffxxh  
 

  I = [ ] 666667.02/10 =+ ffh  

( ) 3/1     ,571429.0       1,       2      ,2/3      ,1       :2/1 2210210 ======== xffffxxxh

 
 

 I = [ ] 619048.02/2 210 =++ fffh  

571429.0     ,761905.0       1,

 2       4/7    4/6      ,4/5      ,1       :4/1

210

43210

===

======

fff

xxxxxh
 

  3/1  ,432432.0 43 == ff  

 ( )[ ] 608108.02/2 43210 =++++= fffffhI  
 

 Using Romberg integration ( ) ( )
( ) ( ) ( ) ( )

.........  ,2  ,1  ,
14

2/4 11

=
−

−
=

−−

m
hIhI

hI
m

mmm
m  
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we obtain the following Romberg table 
 

 h o(h
2
)  o(h

4
)  o(h

6
) 

 

 1 0.666667 

 ½ 0.619048 0.603175 

 ¼ 0.608108 0.604461 0.604547 
 

The improved value of I is I = 0.604547 
 

11. (a) We have ( ) .22  , 21  ,
22 yyyyyyyyxy ′′+′=′′′′+=′′+=′  

 

 Third order Taylor series method is given by 
 

 ........... 1, ,0  ,6/2/ 32

1 =′′′+′′+′+=+ nyhyhyhyy nnnnn  
 

 We have h = 0.2, x0 =1,  y0 =1. We obtain 

18    ,5   ,2    ,1     :0 0000 =′′′=′′=′== yyyyn  

       6/2/)2.1( 0

3

0

2

001 yhyhyhyyy ′′′+′′+′+=≈  
 

    524.16/)18()2.0(2/)5()2.0()2(2.01 32 =+++=  

 Now 522576.3    ,524.1   ,2.1 111 =′== yyx  

          590886.60     ,736812.11 11 =′′′=′′ yy  

         6/2/)4.1( 1

3

1

2

112 yhyhyhyyy ′′′+′′+′+=≈  

               544039.2)590886.60(
6

)2.0(
)736812.11(

2

)2.0(
)522576.3(2.0524.1

32

=+++=  

 

   (b). We have ( ) 1.0    ,2,    ,2   ,1 00 =+=== hyxyxfyx  
 

 Using the classical fourth order Runge-Kutta method, we get 
 

 223607.0)2,1(1.0),( 001 === fyxhfk  
 

 ( ) 229643.0)111804.2,05.1(1.02/,2/ 1002 ==++= fkyhxhfk  
 

 ( ) 229775.0)114822.2,05.1(1.02/,2/ 2003 ==++= fkyhxhfk  
 

 ( ) 235786.0)229775.2,1.1(1.0, 3004 ==++= fkyhxhfk  
 

 29705.26/)22()1.1( 432101 =++++=≈ kkkkyyy  
 

 Now, x1 = 1.1, y1 = 2.229705. we get 
 

 235784.0)229705.2,1.1(1.0),( 111 === fyxhfk  
 

 ( ) 241768.0)347597.2,15.1(1.02/,2/ 1112 ==++= fkyhxhfk  
 

 ( ) 241892.0)350589.2,15.1(1.02/,2/ 2113 ==++= fkyhxhfk  
 

 ( ) 247855.0)471597.2,2.1(1.0, 3114 ==++= fkyhxhfk  
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