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TYPICAL QUESTIONS & ANSWERS 
 

PART  I 

OBJECTIVE TYPES QUESTIONS 
 

Each Question carries 2 marks. 

 

Choose correct or the best alternative in the following: 

 

Q.1  Which of the following is an entire function      

    (A)  
2z1

z

+
 (B)  zz  

(C)   
2ze−  (D)  

2Ze
−

  

 

  Ans:  C 

 

Q.2  Let ( ) 3
zzf = .  Then which of the following statements is not correct. 

(A) f is differentiable at z = 0. (B)  f is differentiable at z ≠ 0. 

(C)  f is not analytic at z = 0. (D)  f is not analytic at z ≠  0. 
       
  Ans:  C 

 

Q.3  The image of a square under the transformation 1ze2w
7i += π  is     

(A) a square (B)  a circle 

(C)  the upper half plane (D)  the right half plane 

 

  Ans:  A 

 

Q.4  The value of dzzsin
z

e
z

2z













+∫

=

 is  

(A)  i2π  (B)  0 

(C)  i4π  (D)  2sin
2

e2

+  

  

  Ans:  A 
 

Q.5  The value of line integral ( ) rd.  jyixy 32

C

rrr
+∫ , where C is the segment of the 

parabola xy2 =  from (0, 0) to (1, 1) is       

(A) 
7

12
 (B)  0 

(C)  
12

7
 (D)  

3

1
 

  Ans:  C 
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Q.6  The directional derivative of 32 yzxy +  at the point ( )1  ,1,2 −  in the direction of 

k2j2i
rrr

++  is    

(A) 
3

11−
 (B)  

11

3−
 

(C)  0 (D)  1 

 

  Ans:  A 
 

Q.7  The unit normal to the surface 1zyx 222 =++  at the point ( )0,21,21  is     

(A) ( )ji
2

1 rv
−  (B)  ( )ji

2

1 rv
+−  

(C)  ( )ji
2

1 rv
+  (D)  None of the above 

 

  Ans:  C 
 

 

Q.8  Which of the following probability mass functions can define a probability 

distribution  
 

(A) ( ) 3,2,1,0x for
6

x5
xf

2

=
−

=  (B) ( ) 5,4,3,2,1x for
15

x
xf ==  

(C) ( ) 4,3,2,1,0x for
2

1
xf

x
==  (D) ( ) 6,5,4,3,2x for

4

1
xf ==  

 

  Ans:  B 
 

Q.9  The expected value of a random variable X is 3 and its variance is 2.  Then the 

variance of 2X + 5 is  

(A)  8 (B) 9 

(C) 10 (D) 11 

 

  Ans:  A 

Q.10  The equation y

2

x

2

yy
2

xyxx
2 u

y

x
u

x

y
uxxyu2uy +−+−  is     

(A)  Elliptic (B)  Parabolic 

(C)  Hyperbolic (D) None of the above 

 

  Ans:  B 

 

 Q.11 The image of the line ( ) 1zIm = under the mapping 2
z=ω  is a      

    (A)  Circle. (B)  Parabola. 

(C)   Hyperbola. (D)  Ellipse. 
  

  Ans:  B 
 

Q.12  The values of z for which z
e  is real is    

(A) any multiple of π . (B)  odd multiples of 
2

π .   
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(C)  all multiples of 
2

π . (D)  any real number. 

 

  Ans:  A 
       

Q.13  The value of ( )2

i2z
iyx3lim +

→
 is     

(A)   2 (B)  0 

(C)  - 4i (D)  i 

 

  Ans:  C 
 

Q.14  Let ( ) zzf = .  Then which of the following is true: 

         (A) ( )zf  is not continuous at z = 0  

         (B)  ( )zf  is differentiable at z = 0 

(C)  ( )zf  is not continuous at z = 0 but differentiable at z = 0   

(D)  ( )zf  is continuous at z = 0 but not differentiable at z = 0  

 

  Ans:  D 

Q.15  The value of integral zdz

i2

1

∫
−

 is    

   (A)  0         (B)  1 

(C)  1+2i         (D)  i21−  

 

  Ans: D 
 

Q.16  The angle between the surfaces 1yzlogx 2 −=  and z2yx2 −=  at the point (1, 1, 1)  

  is   

(A)  
2

1
cos 1−  (B)  

30

1
cos 1−  

(C)  
15

1
cos 1−  (D)  

10

1
cos 1−  

  Ans: B 

 

Q.17  A force field F  is said to be conservative if    

(A) Curl F  = 0 (B)  grad F  = 0 

(C)  Div F  = 0 (D)  Curl (grad F ) = 0 
 

  Ans:  A 

Q.18  The partial differential equation 0
x

u
y

yx

u
xy2

y

u
x

2

2
2

2

2

2
2 =

∂

∂
+

∂∂

∂
+

∂

∂
 is an example of  

(A) Hyperbolic equation (B) Elliptic equation 

(C) Parabolic equation (D) None of these 
 

  Ans:  C 
 

Q.19  The inequality between mean and variance of Binomial distribution which is true is   
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(A) Mean < Variance (B) Mean = Variance 

(C) Mean > Variance (D) Mean ×  Variance = 1 

 

  Ans:  C 

 

Q.20  Let f (x) be a probability density function defined by ( ) xexf −= , for 0x ≥  and f (x) 

= 0 for x< 0, then the value of cumulative distribution function at x =2 is    

(A)  2
e1

−+  (B)  2
e1

−−  

(C)  2
e1+  (D) 5.2

e1
−+  

 

  Ans:  B 

 

Q.21  If ( ) ( )yx, viyx,uw +=  is an analytic function of y ixz += , then 
dz

dw
 equals 

    (A)  
x 

w 
i

∂

∂
 (B)  

 x

 w
i

∂

∂
−  

 

   (C)  
y 

w 
i

∂

∂
 (D)  

y 

w 
i

∂

∂
−  

   

  Ans: D 

  
dw v u u v w

i i i i
dz y y y y y

 ∂ ∂ ∂ ∂ ∂
= − = − + = − ∂ ∂ ∂ ∂ ∂ 

 

 

Q.22  The image of the circle 2 z =  under the mapping w = z +(3+2 i) is a 

   (A)  circle. (B)  ellipse. 

(C)  pair of lines. (D) hyperbola. 

 

  Ans: A 

2 2

( ) (3 2 )

3 ( 2)

( 3) ( 2) 4

b A z w i

z u i v

u v

= − +

= − + −

⇒ − + − =

Q

 

which is circle in (u,v) plane with centre (3,2).  

Q.23  The function ( )
z

1
sin  1z −   at  z = 0 has   

(A) a removable singularity.  

(B) a simple pole.  

(C) an essential singularity.  

(D) a multiple pole. 

 

  Ans: C 

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


AE35/AC35/AT35       MATHEMATICS-II 

 

 5 

Let ( )
1

( 1)sinf z z
z

= −

3 5
1

2 3

( 1)
3 5

1 1 1
1

3 3

z z
z z

z z z

− −
− 

= − − + − − − − − − − 
 

 
= − − + − − − − − − 
 

 

   Z = 0 is an essential singularity. 

 

Q.24  A unit normal vector to the surface 1zy x x3 =− , at the point (1, 1, 1) is  

   (A)  
3

k̂ĵî +−
. (B)  

6

k̂ĵî 2 +−
. 

(C) 
6

k̂ĵî 2 +−
. (D)     

5

ĵî 2 −
. 

   

  Ans: B 
$ $2

6

i j k− −$
  

  Let φ = x
3
-xyz-1, 

The normal to surface at point (1,1,1) is  

    

$ $

$ $

$
$ $

2

(1,1,1)

=(3x )

=2

2

6

yz i xz j xyk

i j k

i j k
n

φ

φ

∇ − − −

∇ − −

− −
=

$

$

$

 

Q.25  The line integral ∫ +

c

22 dyydxx , where C is the boundary of the region 

222 ayx ≤+  equals  

   (A)  0. (B) a. 

(C)  2
aπ  (D) 2a

2

1
π  

   

  Ans: A 

2 2 2 2( ) ( ) 0
C R

x dx y dy x y dxdy
y x

∂ ∂
+ = − =

∂ ∂∫ ∫∫ Using Green’s Lemma.  

Q.26  The partial differential equation 0
y

u
y

yx

u
x2

x

u
y

2

22

2

2

=
∂

∂
+

∂∂

∂
+

∂

∂
 is elliptic if 

   (A) 22 yx =   (B) 22 yx <  

   (C)  1yx 22 >+  (D) 1yx 22 =+  

   

  Ans: B 
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The given differential equation is 

2 2 2

2 2

2 2 2

2 2

2 0

0

u u u
y x y

x x y y

u u u
A B C

x x y y

∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂

∂ ∂ ∂
+ + =

∂ ∂ ∂ ∂

 

It is elliptic if  B
2
-4AC<0  i.e. x

2
<y

2
 

Q.27  The expected value of a random variable X is 2 and its variance is 1, then variance of 

3X+4 is 

   (A)  9. (B)  7. 

                   (C)  3. (D)  13. 

   

  Ans: A 

V(3x+4)=E((3x+4)
2
) – (E(3x+4))

2
 

  = 9E(x
2
)+24E(x)+16-(3E(x)+4)

2 
 = 9E(x

2
)-9(E(x))

2
= 9V(x)=9 

Q.28  Let X be a random variable having a normal distribution. If P (X < 0) = P(X > 2) = 

0.4, then mean value of X equals 

   (A)  0. (B) 1. 

        (C)  1.5 (D) 2.  

 

  Ans: B 

As P(X < 0) = P(X > 2). ⇒ 0, 2 are symmetrically placed around µ . 

  ⇒ µ  = 
0 2

1
2

+
= . 

Q.29 The image of the point z = 2+3i under the transformation w = z(z-2i) is  

(A) 1 2i+      (B) 1 8i+  

(C) 0     (D) 1-8i 

 

Ans.:  B  

By definition, if a point 0z maps into the point 0w through the transformation 

w = f(z) then 0w is known as the image of 0z . Consequently, 

 w = f(2+3i) = (2+3i)(2+3i-2i) = ( 2+3i)(2+i)=1+8i 

 

Q.30 Let (i) and (ii) denote the facts  

  (i) : f is continuous at z = 0 

  (ii) : f is differentiable at z = 0 

 Then for function ( )f z z= which is correct statement? 

(A) both (i) & (ii) are true   (B) (i) is true, (ii) is false 

(C) (i) is false, (ii) is true   (D) both (i) & (ii) are false. 

 

Ans.  B 

 
0, 0

( ) lim ( ) 0 (0)
x y

f z z x iy f
→ →

= = − = = f is continuous at z = 0. 
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∆

∆
+

∆

∆
−

=
∆+∆

∆−∆
=

∆

∆
=′

→∆
→∆→∆→∆

x

y
i

x

y
i

yix

yix

z

z
f LtLtLt

y
xzz 1

1

)0(

0
000

 

    = 







+

−

→∆
→∆ m

m
Lt
y
x 1

1

0
0

 which depends on slope m.  

Therefore, f is not differentiable at z = 0. 

Q.31 The order of the pole of the function   
4

2

2 1
( ) ,

5 2

z z
f z

z z

+ +
=

+ +
at z = ∞ is 

(A) 2     (B) 1 

(C) 0     (D) 4 

 

Ans.  A 

 
3 4

2 2

1 1 1 1 2
,

1 5 2

w w
z f

w w w w w

 + + 
= =   + +   

w=0, is a pole of order 2. 

Q.32 The value of the integral 
23 7 1

3
C

z z
dz

z

+ +

−∫� where C is circle 2z =  traversed 

clockwise, is 

(A) 2π      (B) 6 iπ  

(C) 0     (D) 1 

Ans.  C 
 z=3 lies outside the circle. By Cauchy’s integral theorem. 

 

Q.33 The curl of the gradient of a scalar function U is 

(A) 1     (B) 2
U∇  

(C) U∇      (D)  0 

 

Ans.  D  

Curl girdU = 

























∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂

∂
=









∂

∂
+

∂

∂
+

∂

∂
∧∇

z

u

y

u

x

u

zyx

kji

k
z

u
j

y

u
i

x

u

ˆˆˆ

ˆˆˆ  

 = 








∂∂

∂
−

∂∂

∂
+








∂∂

∂
−

∂∂

∂
+








∂∂

∂
−

∂∂

∂

xy

u

yx

u
k

zx

u

xz

u
j

yz

u

zy

u
i

222222

ˆˆˆ  

 = 0. 

Q.34 The value of the integral 
C

ydS∫ where C is the curve 2y x=  from x = 3 to x = 24 is  

(A) 156     (B) 153 

(C) 150     (D)  158 

Ans.  A 

224 24

3 3

2 1 2 1 156
C

dy
ydS x dx x dx

dx

 
= + = + = 

 ∫ ∫ ∫  
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Q.35 The tangent vector to the curve whose parametric equation is 

3 21
, , 1

t
x t y z t

t

+
= = = +  at t=2 is given by  

(A) 
1 ˆˆ ˆ12 4
4

i j k+ −     (B) 
1 ˆˆ ˆ12 4
4

i j k− +  

(C) 
1 ˆˆ ˆ12 4
4

i j k− −     (D) 
1 ˆˆ ˆ12 4
4

i j k+ +  

 

Ans.  B  

The tangent vector to any curve is given by 

( ) ( )







++







 +
+=++= 1ˆ1ˆˆˆˆˆ 23 tk

t

t
jti

dt

d
zkyjxi

dt

d

dt

rd
r

 

= ( ) ( ) kjitk
t

jti
t

ˆ4ˆ
4

1ˆ122ˆ1ˆ3ˆ

2

2

2 +−=







+







−+

=

 

 

Q.36. The cumulative distribution function F of a continuous variate X is such that  

F(a)=0.5, F(b)=0.7. Then value of P(a≤X≤b) is given as  

(A) 0     (B) 0.5 

(C) 0.2     (D) 0.7 

 

Ans.  C ( ) ( ) ( ) 0.2P a X b F b F a≤ ≤ = − =  

 
Q.37 A discrete random variate X has probability mass function f which is positive at x = -

1,0,1 and is zero elsewhere. If f(0)=0.5 then the value of E(X
2
) is  

(A) 1     (B) 0 

(C) 0.5     (D) -0.5 

 

Ans.  C 

 2 2( ) ( 1) ( 1) 0 (0) (1) (1) ( 1) 1 (0) 0.5E X f f f f f f= − − + + = + − = − =  

 

Q.38 A room has three lamp sockets. From a collection of 10 light bulbs of which only 6 

are good,  

a person selects 3 at random and puts them in a socket. What is the probability that 

the room will have light?  

(A) 29/120     (B) 39/60 

  (C) 19/30     (D) 29/30 

 

Ans.  Answer is not given. Misprint in the question paper.  
33

3

1

3 2 6 4 936
, . ( 1) ( 1) ( 2) ( 3)

5 5 10 10 1000

n n

n

n

p q P X P X P X P X C

−

=

   
= = ≥ = + = + = = =   

   
∑

 

Q.39 If the ends    x = 0 and x = L are insulated in one dimensional heat flow problems, 

then the boundary conditions are 

(A) 
(0, ) ( , )

0, 1
u t u L t

x x

∂ ∂
= =

∂ ∂
at t =0    (B)  

(0, ) ( , )
0, 0

u t u L t

x x

∂ ∂
= =

∂ ∂
at  t = 0. 
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(C) 
(0, ) ( , )

0, 0
u t u L t

x x

∂ ∂
= =

∂ ∂
for all t     (D)

(0, ) ( , )
0, 1

u t u L t

x x

∂ ∂
= =

∂ ∂
for  all t 

 
Ans.:  C As end points are insulated so by definition.  

 

Q.40 If  2 2u x t= +  is  a solution of 
2 2

2

2 2

u u
c

x t

∂ ∂
=

∂ ∂
then the value of c is  

(A) 1     (B) 2 

(C) -2     (D) -1/2 

 

Ans.  A Using partial derivative, we get 2 1 1c c= ⇒ =Q .c= ± 1, the 

negative sign is neglected on physical grounds 

 

Q.41 The curves u(x, y) = C and v(x, y) = C' are orthogonal if  

(A)u and v are complex functions (B)u+iv is an analytic  function 

(C)u – v is analytic function  (D)u + v is an analytic function 

 

Ans.  B By definition of orthogonal function. 

Q.42 The value of  

1

2

0

i

z dz

+

∫  along the line x =y  is   

(A) 2/3     (B) -2/3 

(C) -2i/3     (D) 2i/3 

Ans.  Answer is not given.   Correct solution 

is

1 1

2 3 2

0 0

2
(1 ) (1 )

3

i
i

z dz i x dx i

+

= + = +∫ ∫  

Q.43 The critical points of transformation 
1

w z
z

= +  are given as 

(A) ±1     (B) ±i 

(C) ±i/2     (D)  ±1/2 

 

Ans.  B By definition.  

 

Q.44 If  the mean and variance of binomial variate are 12 and 4, then the probabilities of 

the distribution are given by the terms in the expansion of  

(A) 

12
1 2

3 3

 
+ 

 
    (B) 

4
1 2

3 3

 
+ 

 
 

(C) 

18
1 2

3 3

 
+ 

 
    (D)  

18
1 1

2 2

 
+ 

 
 

 

Ans.  C Mean= np=12, variance = npq=4 2 / 3, 1/ 3, 18p q n⇒ = = =  

 

Q.45 The E(e
tx

),  t<0.5 of a random variable X is (1-2t)
-4

, then E(X) is given as 

(A) 5     (B) 6 

(C) 7     (D) 8 

Ans.  D As E'(e
tx

) = 8(1-2t)
-5 

 Therefore E(X) is obtained for t = 0, thus 

E(X)=8 
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Q.46 If F is a conservative force field, then the value of curl F  is   

(A) 0     (B) 1 

(C) F∇      (D) -1 

 

Ans.  A By definition of a conservative field F
r

= ∇ ϕ  and curl 

0=∇ϕ . 

  

Q.47 If  2 2 2 , ,u x y z V xi yj zk= + + = + +
r

then  value of ( ). uV∇
r

is equal to 

(A) 5u     (B) 5 V  

(C) 5(u+ V )    (D) 5(u- V ) 

 

Ans.  A 

  Use the identity div ( )Vu
r

=udivV
r

+ V
r

.gradu 

  = ( ) ( )( )zkyjxizkyjxizyx 2ˆ2ˆ2ˆ.ˆˆˆ3222 +++++++  

  = ( ) uzyxzyxzyx 55222333 222222222 =++=+++++  

   

Q.48 If . 3F∇ = then ˆ.
S

F NdS∫∫ , where S is the surface of unit sphere is  

(A) 3π     (B) 5π 
  (C) 4π     (D) 6π 

 

Ans.  C

 ϕφθ=== ∫ ∫ ∫∫∫∫∫∫∫∫∫
π π

ddsin.drr3dxdydz3divFdVdSN̂.F

1

0 0

2

0

2

)sphereunit(VSS

 

   = ( ) ( ) ππϕθ ππ
42.2cos

3
.3

2

00

1

0

3

==−






 r
. 

 

Q.49 The partial differential equation of a vibration of a string is 

(A) 
2

2

y y

t x

∂ ∂
=

∂ ∂
    (B) 

2

2

y y

t t

∂ ∂
=

∂ ∂
 

(C) 
2 2

2

2 2

y y
c

t x

∂ ∂
=

∂ ∂
    (D) 

2
2

2

y y
c

t x

∂ ∂
=

∂ ∂
 

 

Ans.:  C  
It is not partial differential equation but an ordinary differential equation as y is a 

function  of ‘t’ only. The partial differential equation governing the vibration of a 

string is a wave equation which is hyperbolic. 

 

Q.50 The partial differential equation 2 4 0xx xy yyf f f+ + =  is classified as 

(A) parabolic    (B) elliptic 

(C) hyperbolic    (D) none of these 

 

Ans.  B  
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 For pde 02 =++ yyxyxx CfBfAf to be classified as parabolic, eclipse or hyperbolic  

                      . Here this discriminant  is <0. Hence elliptic. 

 

Q.51 The value of  
2

, : 2
( 3)

z

C

e
dz C z

z
=

−∫ is 

(A) 3     (B) 2 

(C) 1     (D) 0 

 

Ans.  D  

Singularities lie outside 2=z . Therefore by Cauchy’s integral theorem D 

follows. 

 

Q.52 Residue of tanz at z = π/2 is   

(A) -1     (B) 1 

(C) 0     (D) 2 

Ans.  A 

2

Re 1
2

(cos )z

sinz
sf lt

d
z

dz

π

π

→

 
= = − 

 
 

Q.53 The Taylor series expansion of  
1

, 1
2

z
z

<
−

 is 

(A) 
2 31

1 ....
2 2 4 8

z z z 
− − + − 

 
  (B) 

2 31
1 ....

2 2 4 8

z z z 
− + + + 

 
 

(C) 
2 3

1
1 ....

2 2 4 8

z z z 
− − − + 

 
  (D)  

2 3
1

1 ....
2 2 4 8

z z z 
− + − − 

 
 

 

Ans.  B 

1 2 31 1 1
1 1 ....

2 2 2 2 2 4 8

z z z z

z

−   
= − − = − + + +  

−    
 

 

Q.54 Let X be normal with  mean 10 and variance 4, then P(X<11) is 

(A) ( )1
2

φ      (B) ( )1
2

φ −  

(C) ( )1φ      (D)  ( )1φ −  

Ans.  A ( )10 1( ) ( 11)
22

X
z P P Xφ φ

− 
= ⇒ < = 

 
 

Q.55 If  
2

( ) ,
1

K
f x x

x
= −∞ < < ∞

+
 is a valid probability mass function of x, then the value 

of K is 

(A) π      (B) 1
π  

(C) 1/2     (D) 2 

 

Ans.  B 1

2 0

1
( ) 1 2 tan 1

1

K
f x dx dx k x k

x π

∞ ∞
∞−

−∞ −∞

= = ⇒ = ⇒ =
+∫ ∫  

>
02 ≤− ACB

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


AE35/AC35/AT35       MATHEMATICS-II 

 

 12

Q.56 If X is random variable representing the outcome of the roll of an ideal die, then E(X) 

is   

(A) 3     (B) 2.5 

(C) 3.5     (D) 4 

Ans.  C 
6

1

1 7
( ) 3.5

6 2n

E X n
=

= = =∑  

Q.57 If  S is a closed surface enclosing a volume V and if ˆˆ ˆR xi yj zk= + + then  
S

R NdS∫∫ � is 

equal to 

(A) 3 R      (B) 3S 

(C) 3V     (D) 3 N  

 

Ans.  C 3 3
S V V

R NdS divRdV dV V= = =∫∫ ∫ ∫�  

 

Q.58 The unit normal at (2,-2,3) to the surface x
2
y+2xy=4  is  

(A) ( )1 ˆˆ ˆ2 2
3

i j k− +    (B) ( )1 ˆˆ ˆ2 2
3

i j k− −  

  (C) ( )1 ˆˆ ˆ2 2
3

i j k− − +    (D) ( )1 ˆˆ ˆ2 2
3

i j k− + +  

 
Ans.  Answer is not given. Misprint in Question.  

  
( ) ( )
( ) ( )222

2

222
222

ˆ2ˆ22
ˆˆˆ

ˆ

xxyyx

jxxiyyx

fff

z

f
k

y

f
j

x

f
i

f

f
n

zyx +++

+++
=

++

∂

∂
+

∂

∂
+

∂

∂

=
∇

∇
=  

  At the point (2, -2, 3) we get 
64144

ˆ8ˆ12

+

+− ji
 

 

Q.59 Eliminating a and b from the 2 2 2 2( ) ( )x a y b z c− + − + = , we obtain  the partial 

differential equation     

(A) 2 2( 1)z p q c− + =   (B) 2 2 2 2( 1)z p q c+ + =  

(C) 2 2 2 2
( )z p q c+ =   (D) 2 2

( )z p q c− =  

 

Ans.:  B 2 2 2 2( ), ( ) ( 1)zp x a zq y b z p q c= − − = − − ⇒ + + =  

 

 Q.60 Solution of p x q y z+ =  is  

(A) ( )x y f x z− = −  (B) ( )x y f x z+ = −  

(C) ( )x y f x z− = +  (D) ( )x y f x z+ = +  

 
Ans.  A Using Lagrange’s subsidiary equations we get  

( )dx dy dz
x y f x z

x y z
= = ⇒ − = −Q . 
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Q.61 Residue of 
cos z

z
 at z = 0 is  

(A) 1    (B) -1 

(C) 2    (D) 0 

Ans.  A 
2 4cos 1

1 .......
2! 4!

z z z

z z

 
= − + − 

 
Residue is the coefficient of 

1

z
.i.e. 1 

 

Q.62 The function w = log z is analytic everywhere except at the value of  z  when z is 

equal to  

(A) -1    (B) 1 

(C) 2    (D) 0 

Ans.  D 
1

log , 0
dw

w z z
dz z

= ⇒ = ≠  

 
Q.63 If f(z) is analytic in a simply connected domain D and c is any simple closed curve 

inside D, then the value of ( )
c

f z dz∫  is given by 

(A) 1    (B) 2 

(C) 0    (D)  3 

 
Ans.  C By Cauchy’s integral theorem. 

 

Q.64 If X is a binomial variate with p = 1/5, for the experiment of 50 trials, then the 

standard  

deviation is equal to 

(A) 6    (B) -8 

(C) 8    (D) 2√2 

 

Ans.  D As variance = npq = 50(0.2)(0.8)=8  ⇒S.D. = square root of 

variance = 8  = 22  

 

Q.65 A unit normal to 2 2 2 5x y z+ + = at (0,1,2) is equal to  

(A) ( )
1

5
i j k+ +    (B) ( )

1

5
i j k+ −  

(C) ( )
1

2
5

j k+    (D) ( )
1

5
i j k− +  

 

Ans.  C

 ( )2 2 2

(0,1,2)

2 4
( ) 2 2 2 2 4 .

4 16

j k
x y z xi yj zk j k n

+
∇ + + = + + = + ⇒ =

+

)
 

Q.66 If  2 2 2 , ,u x y z V xi yj zk= + + = + +
r

then  value of ( ). uV∇
r

is equal to 

(A) 2u    (B) -u 

(C) 3u    (D) 5u 
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Ans.  D  

  Using the identity graduVVudivVudiv .)(
rrr

+=  

  ( ) ( )( )zkyjxizkyjxizyx ˆ2ˆ2ˆ2.ˆˆˆ3222 +++++++=  

  ( ) uzyx 55 222 =++= . 

 

Q.67 .
c

F dR∫ is independent of the path joining any two points if it is  

(A) irrotational field  (B) solenoidal  field 

  (C) rotational field   (D) vector field 

 

Ans.  A  

  Since the integral is independent of path therefore the vector 

  0=∇→∇= ϕϕ curlF
r

which further implies that the field is irrotational. 

 

Q.68    The solution of the partial differential equation 
2

4

2
sin( )

z
x xy

y

∂
=

∂  

is 

 (A) z = -x
2
 sin(xy) + yf(x) + g(x) 

 (B) z=-x
2
sm(xy)-xf(x)+g(x) 

 (C) z = -y
2
 sin(xy) + yf(x) + g(x) 

 (D) z = x
2
 sin(xy) + yf(x) + g(x) 

 

 Ans.  A 
 

Q.69    When a vibrating string has an initial velocity, its initial conditions are 

(A)   

0

0

t

y

t
=

 ∂
= 

∂ 
           (B) 

0t

y
v

t
=

 ∂
= 

∂ 
 

 (C)   

0t

y

t
=

 ∂
= ∞ 

∂ 
          (D) None of these 

 

 Ans.  B 
 

Q.70    Image of 1 1z + =  under the mapping w = 1/z is 

(A)     2 Im w + 1 = 0                (B) 2 Im w - 1 = 0 

(C)     2 RI w + 1 = 0                 (D) 2 RI w - 1 = 0                                       

 

 Ans.  C 

Q.71  The value of 
24 5

4
c

z z
dz

z

+ +

−∫
 

where C: is 2 2
9 4 36x y+ = equal   to  

(A) -1                     (B) 1 

(C) 2                    (D) 0 

  

 Ans.  D 
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Q.72    The invariant points of the transformation w=(l + z)/(l—z) are given by 

(A) ± I               (B) ±2 

(C)  0                 (D) ±1 

 

 Ans.  A 
 

Q.73       In a Poisson Distribution if 2P (x = 1) = P (x=2), then the 

variance is  

(A) 4                                        (B) 2  

(C) 3                                        (D) 1 

 

 Ans.  A 
 

Q.74    If V(X)=2, then V(2X+3) is equal to 

(A) 6                                     (B) -8 

(C) 8                                     (D) 2 2  

 

 Ans.  C 
 

Q.75    div(curl F ) is equal to 

(A)  0                                 (B) -1 

(C) 1
2

5
j k
∧ ∧ 
+ 

 
                    (D) 1

5
i j k
∧ ∧ ∧ 
 − +
 
 

   

 Ans.  A 
 

Q.76    If ф = 3x
2
y-y

3
z

2
, grad ф at (1,-2,-1) is equal to 

(A) (12 9 16 )i j k
∧ ∧ ∧

− + +   (B) (12 5 8 )i j k
∧ ∧ ∧

+ +  

(C) (12 5 8 )i j k
∧ ∧ ∧

− − +   (D) (12 5 8 )i j k
∧ ∧ ∧

− + −  

 

 Ans.  A 
 

Q.77    If A  is such that ∇  X A = 0 then A is called 

(A) irrotational                  (B) solenoidal 

(C) rotational                    (D) none of these 

  

 Ans.  A 
 

Q.78 If  3( ) ,0 1f x kx x= < <  and 0 elsewhere, is a  p.d.f. then the value of  k is equal to  

(A) 4    (B) 2 

(C) 3    (D)  1 

Ans.  A 

11

3 4

0 0

1 4 4kx dx kx k= ⇒ = ⇒ =∫  

 

Q.79  Let ( ) z zzf = .  Then which of the following statements is not correct 
    

    (A)  f (z) is differentiable at z = 0.   

   (B)  f (z) is differentiable at 0z ≠ . 
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(C) f (z) is not analytic at z = 0. 

(D) f (z) is not analytic at any point 0z ≠ . 
 

   

  Ans:               B   

 
Q.80  Which of the following mapping is conformal at z = 0 
 

(A)  2
zw = . (B)  

z

1
w = . 

       (C)  w = cos z. (D) w = sin z. 

   

  Ans:               D 

 
 

Q.81      The Taylor’s series about z = 2 of the function ( ) ( )
( )( )4z1z

3z
zf

−−

+
=  converges in 

the region  

    

(A)  1z < . (B)  4z < .  

        (C)  12z <− . (D) 31z <− . 

   

  Ans:              C   
   

 Q.82   If ( ),ufuv +=  then grad v equals 

 

  (A)  ( )( ) u grad uf1 ′+ . (B)  ( ) u grad uf ′ . 

(C) ( )uf ′  + grad u. (D)     grad u. 

   

  Ans:               A   

 

 Q.83 The surface integral dy,dx  zdx dzy dzdy x 

S

++∫∫  where S is the surface of the 

sphere 1zyx 222 =++  equals 

   

(A)   0. (B) π
3

4
. 

  (C)  π2 . (D) π
3

8
. 

   

  Ans:               D 
   

  Q.84 From an urn containing 4 white, 5 black and 6 blue balls, 5 balls are chosen at random 

with replacement.  The expected number of blue balls selected is 

    

   (A) 2.5.  (B) 2. 

   (C) 1.5. (D) 1. 
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  Ans:              B 
   

Q.85  The mean and variance of a binomial probability distribution are 1 and 
3

2
 

respectively, then the probability that random variable takes value 0 is  

 

     (A)  
27

8
.    (B)  

27

6
. 

                   (C)  
27

3
.  (D)  

27

1
. 

   

  Ans:             A   
   

   Q.86    One dimensional heat equation is given by 

 

   (A)  
2

2
2

2

2

x

u
c

t

u

∂

∂
=

∂

∂
. (B) 

2

2
2

x

u
c

t

u

∂

∂
=

∂

∂
.           

(C)  0
y

u

x

u

2

2

2

2

=
∂

∂
+

∂

∂
. (D) 

x

u

x

u
c

t

u

2

2
2

∂

∂
+

∂

∂
=

∂

∂
.  

   

  Ans:              B 
 

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


AE35/AC35/AT35       MATHEMATICS-II 

 

 

 18 

PART – II 

NUMERICALS  
 

 Q.1 Compute the limit ( )












ξ+

ξ
− ∫

−

→ 2

z 

0 

1z

0z 1

d
e1lim . (8) 

  Ans: 

 

   By Taylor series expansion, 

   ......1)1( 64212 +ξ−ξ+ξ−=ξ+ −  

   Therefore, 

                              ......
6

z

5

z

3

z
zd)1(

6532

0

12 +−+−=ξξ+∫ −  

   Similarly, the Taylor series expansion of 1 – e 
z
  gives, 

   

                                          
!3

z

2

1

z

1

...
!3

z

2

z
1

z

1

...
!3

z

2

z
1

z

1

e1

1

2

1
2

z









−−−−++−=














−−−−=














+++−=

−

−

 

   Therefore, 

                                     ).z(O1
1

d
)e1(

z

0
2

1z +−=














ξ+

ξ
− ∫−  

                                          .1
1

d
)e1(lim,Hence

z

0
2

1z

0z
−=















ξ+

ξ
− ∫−

→
  

 

Q.2  Show that cosh 







++=








+ ∑

∞

=
n

n
n

1n

0
z

1
zaa

z

1
z , where 

( ) θθθ
π

= ∫
π

π−

dcos2coshncos
2

1
an .  (8) 

   

  Ans: 

 
   By the Taylor series expansion, 

   









++=

+







++








++=








+

∑
∞

=
n

n

1n

n0

42

z

1
zaa                   

....
z

1
z

!4

1

z

1
z

!2

1
1

z

1
zcosh
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                                      ,....a,....,asomefor n0           

∑ ∫
∞

−∞=
+

>=









+

π
==








+









+

n c
1nn

n
n 0rallfor,r|z:|C,dz

z

z

1
zcosh

i2

1
awhere,za

z

1
zcosh

,havewe
z

1
zcosh  of expansion   seriesLaurent      theFrom

Let r = 1, z = e 
iθ
  then 

   

θθθ
π

=

θθθ
π

−θθθ
π

=

θθ−θθ
π

=

θ+
π

=

∫

∫∫

∫

∫

π

π−

π

π−

π

π−

π

π−

π

π−

θ−θ−θ

dncos)cos2cosh(
2

1

dnsin)cos2cosh(
2

i
dncos)cos2cosh(

2

1

d)nsinin(cos)cos2cosh(
2

1

ide)eecosh(
i2

1
a inii

n

 

   as the second integral is 0 

  

Q.3  Evaluate the integral dx
x

xsin3

∫
∞

∞−

, by contour integration. (10) 

  Ans: 

  












 −
=

3

ix3ix

3

3

x

ee3
Im

4

1

x

xsin
 

  Consider  the  integral 

  ∫ ∫ 











 −
=

c c
3

ix3ix

x

ee3

4

1
dz)z(f  

  where  C  is the contour given in figure below 

                    
  

  ∫∫∫∫∫
∈

∈

−

+++=
R

CRCC

dx)x(fdz)z(fdx)x(fdz)z(fdz)z(f

1n
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                       )(yRas0                             

R
R

e3e
                             

dz
z

ee3
dz)z(f

3

y3y-

3

iz3iz

CC RR

∞→∞→→

π
+

≤

−
≤

−

∫∫

 

  Since z = 0 is a pole of f (z), by Cauchy-Residue theorem, 

   

[ ]

.
4

i3
dz)z(f,Therefore.

4

3
)z(fsRe,Now

.)z(fsReidz
z

ee3
dz)z(f

1

11

Cz

zC 3

iz3iz

C

π−
==ο=

ο=π−=
−

=

∫

∫∫
 

  Since f (z) is analytic in C, we have ∫ =

RC

.0dz)z(f    Therefore 

  ∫∫∫∫
∈

∈

−

+++=
R

CRC

dx)x(fdz)z(fdx)x(fdz)z(f0

1R

                               

  Taking limit R → ∞ and ε → 0 we get 

  
4

i3
dx)x(fdx)x(f00

0

0 π
−++= ∫∫

∞

∞−
 

  Therefore, 

  .
4

i3
dx)x(f

π
=∫

∞

∞−
 

  Hence 

  ∫∫
∞

∞−

∞

∞−

π
==                                      .

4

3
dx

x

xsin
dx)x(fIm

3

3

 

  

Q.4  Evaluate ( ) dze1z
2z

1

2

C

−∫ , where C is the circle { }2z:z =  traversed counter 

clockwise.  (6) 

   

  Ans:             

 theorem,Residue-Cauchy

by  Therefore,  f(z).for  y  singularit  essential  anis0zthen,e)1z()z(fLet
2z

1

2 =−=

                                     )]z(fs[Rei2dze)1z( 0z
x

1

C

2 2

=π=−∫  

  Now by Taylor series expansion, 

  ...
z6

1

z2

1

z

1
1e

642

2
z

1

++++=  
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   Therefore, 

   

                                     
z

1
O2

z

2
z                  

...
z6

1

z2

1

z

1
1)1z2z(e)1z(

2

2

642

22 2z

1









++−=









+++++−=−

 

   Therefore Residue of f (z) at z = 0 is -2. 

   Hence    

                                               i4dz)z(f
C∫ π−=  

 

 Q.5 Show that the function ( ) θ−θ=θ sinr22sinr3,rv 2  in polar coordinates   (r, θ ) is 

harmonic.  Find the corresponding harmonic conjugate function and construct the 

analytic function f (z) = u + iv such that f(1) = 1. (8) 

   

  Ans: 

   By Cauchy-Riemann equations 

   

rr

rr

rvuv
r

1
u.,e.i

u
r

1
vruv

−==

−==

θθ

θθ
 

   From the definitions  v (r, θ ) 

   

                                                  2sin6v

sin22sinr6v

sinr22sinr12v

cosr22cosr6v

rr

r

2

2

θ=

θ−θ=

θ+θ−=

θ−θ=

θθ

θ

 

   Therefore, 

   

0.                               

r

2

r

2
sin12)6(6sin2                               

sin
r

2
2sin12]sin22sinr6[

r

1
2sin6v

r

1
v

r

1
v

2rrr

=









+−θ+−+θ=









θ+θ−+θ−θ+θ=++ θθ

 

                                               .harmonicis),r(v.,e.i θ  

   

.anttcons,C)(henceand0)('impliesu
r

1
v

sin22sinr6v

)(sinr22sinr6u

)(cosr22cosr3),r(u,Therefore

2cos22cosr6v
r

1
u

r

r

'2

2

r

=θφ=θφ−=

θ−θ=

θφ+θ+θ−=

θφ+θ−θ=θ

θ−θ==

θ

θ

θ
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                        .Ccosr22cosr3),r(u,Therefore

2 +θ−θ=θ
 

   Now, 

   
C)sinr22sinr3(icosr22cosr3

ivu)z(f

22 +θ−θ+θ−θ=

+=
 

   

                                            .z2z3)z(fhence

.0Cgetwe,1)1(fSince

Cz2z3)z9f,Therefore

erz,rezlet

2

2

2i22i

−=

==

+−=

== θθ

 

 

Q.6  Find the Fractional Linear Transformation which maps the unit disc { }1z:z ≤  

onto the right half plane ( ) 0wRe ≥ .  (8) 

   

  Ans: 

  
                          plane.  -  won  thew,iw,0  wand

plane  -z  in  the1z,iz,1z  points    theTake

321

321

∞===

==−=
 

  Then the Cross Ratio 

  
12

32

3

1

12

32

3

1

zz

zz

zz

zz

ww

ww

ww

ww

−

−

−

−
=

−

−

−

−
 

  implies 

  

         
1z

1z
w,getwe1  convention    theusing  Now

                                                           
1i

1i

1z

1z

0i

i

w

0w

−

+
−==

∞

∞

+

−

−

+
=

−

∞−

∞−

−

 

  
mation.  transforabove  under  the  plane  halfright      theonto  maps  1    |z|  So

                  1.      w  togoes  0    z  that  see  easy  to  isit    Now

≤

==
 

 

 Q.7 A thin rectangular homogenous thermally conducting plate lies in the xy-plane 

defined by ,1x0 ≤≤  1y0 ≤≤ .  The edge y = 0 is held at the temperature x (x – ), 

while the remaining edges are held at temperature o
0 .  The other faces are 

insulated and no internal sources and sinks are present.  Find the steady state 

temperature inside the plate.  (10) 

   

  Ans: 
  The given problem can be formulated as 

   

 

 
   

    

  Assume the solution be in the form u (x,y) = X (x)Y (y). Then substituting this in  

the equation we get, 

  0XYYX =′′+′′  

                                    ).1x(x)0,x(u,0)1,x(u

0)y,1(u)y,0(u

0u2

−==

==

=∇
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   From this, we get 

   )say(k
Y

Y

X

X
=

′′−
=

′′
 

    

   Case 1:  k > 0. 

   Let k = p 
2
 > 0. Then the solution u (x, y) is 

   ),pysincpycosc)(ecec()y,x(u 43
px

2
px

1 ++= −  

   Now, 

   .0)pysincpycosc)(cc(0)y,0(u 4321 =++⇒=  

   .0ccgetwe,0pysinand0py cos  since 21 =+≠≠  

   .0ecec0)y,1(u p
2

p
1 =+⇒= α−α  

   
solution.    trivialleads  This

.0cct  imply  thay  immediatel  relations  above   The 21 ==
                    

     

   Case 2:   k = 0 

   In this case we get 

   )cyc)(cxc()y,x(u 8765 ++=  

   .0cc0)y,1(u)y,0(u 65 ==⇒==  

   This again leads to trivial solution.   

    

   Case 3:   k < 0 

   
)py

4
py

321

2

ecec)(pxsincpxcos(cy)u(x,                        

Then.pkLet

−++=

−=
 

   0)ecec(c0)y,0(u py
4

py
31 =+⇒= −  

   .0cgetwe,0ececsince 1
py

4
py

3 =≠+ −  

   0)ecec(psinc0)y,1(u py
4

py
32 =+⇒= −  

   For nontrivial solution  Then.npTherefore.0c2 π=≠  

                                   )ecec(xnsinc)y,x(u yn
4

yn
32

π−π +π=  

   By superposition principle, 

   ∑
∞

=

π−π +π=
1n

yn
n

yn
n                          )edec(xnsin)y,x(u  

   The boundary condition 

   .0)nendnenc(xnsin0)1,x(u =π−+ππ⇒=  

   .
n2

encndimpliesThis
π−=  

   Therefore, 

   )]1y(nsinh[)xnsin(

1n
ne

nc2
)y,x(u −ππ

∞

=
π−

= ∑  

   From the boundary condition u (x, 0) = x (x – 1) we get 
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   ).nsinh(xnsin

1n
ne

nc2
)1x(x π−π

∞

=
π−

=− ∑  

   Which immediately implies 

   

]1n)1[(
33n

4
                           

1

0
xdxnsin)1x(x2)nsinh(

ne

nc2

−−
π

=

π−=π−
π− ∫

 

   Therefore 

   )]1y(nsinh[xnsin

1n
na)y,x(u −ππ

∞

=

= ∑  

   where 

                                           ]1)1[(
n

4

)n(hsin

e
a n

33

n

n −−
ππ−

=
π−

 

    

Q.8  It has been claimed that in 60% of all solar heat installations, the utility bill is 

reduced by at least one third.  Accordingly what are the probabilities that the 

utility bill will be reduced by at least one-third in   

(i) four of five installations, 

(ii) at least four of five installations. (6)  

  Ans: 

   Given problem can be formulated as 

   

 x)0,x(u

0)t,l(u)t,0(u

lx0,xxkutu

=

==

≤≤=

                     

   Let u (x, t) = X (x) T (t) be the solution. Then from the equation we get 

   )say(
kT

T

X

X
λ−=

′
=

′′
 

   0)t,l(u)t,0(us'C.BThe0kTT,0XX.e.i ===λ+′=λ+′′  implies X(0) = 

X(l) = 0 

   The acceptable solution of the Sturm-Liouville problem 

   0)l(X)0(X,0XX ===λ+′′  

   is             .
xn

sinb)x(Xand
n

nn2

22

n
ll

π
=

π
=λ  

   The solutions of          
.kt

n

e1c)t(Tis0kT
2

22n
'T

2

22

l

l

π
−

==
π

+  

   Hence the solution u (x, t) may be written as 

                       e
xn

sinc)t,x(u
kt

n

1n

n
2

22

l

l

π
−∞

=

π
= ∑  

   From the  initial condition u (x, 0) = x we get 
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   .
xn

sin

1n
ncx

l

π∞

=

= ∑  

   Multiplying 
l

xn
sin

π
 on both sides and integrating from 0 to l , we get 

                       .)1(
n

dx
xn

sinx
2

c 1n
2

1

0n
+−

π
=

π
= ∫

l

ll
 

 

 Q.9 Let the probability density function of a random variable x be given by 

( )


 π<<

=
.elsewhere,0

,2x0,xcos
xf  

   Find the corresponding cumulative distribution function and determine the 

probabilities that the random variable x will take a value 

   (i)  greater than 3π  (ii)  between 0 and 4π . (8) 

 

  Ans: 

 
  The probability density of the random variable is given by 

  


 π<<

=
elsewhere0

2/x0xcos
)x(f  

  So, the density function F (x) is F (x) = ∫ ∞−

x
.dt)t(f  

  .0dt0)x(Fthen,0xIf
x

==≤ ∫ ∞−
 

  If 0 < x < 2/π , then 

  .xsintsintdtcosdt0dt)t(f)x(F
x

0

x
0

0x
==+== ∫∫∫ ∞−∞−

 

  If x > 2/π , then 

  .1
x

2/
dt0

2/

0
tdtcos

0
dt0)x(F =

π
+

π
+

∞−
= ∫∫∫  

                             

.2/x1

2/x0xsin

0x0

)x(F,Hence








π≥

π<<

≤

=  

  

  (i) The  probability that the random variable will take a value greater than 3/π  

is  2/31)3/sin()2/sin(xdxcosdx)x(f
2/

3/3/
−=π−π== ∫∫

π

π

∞

π
 

 

  (ii) The probability that the random variable will take a value between 0 and 

4/π  is .2/104/sinxdxcosdx)x(f
4/

0

4/

0
=−π== ∫∫

ππ
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Q.10  Consider the heat flow in a thin rod of length l, ≤≤ x0  l.  The ends x = 0 and x = 

l are insulated.  The rod was initially at temperature f (x) = x.  By the method of 

Separation of Variables, find the temperature distribution      u (x, t) in the rod, 

where u (x, t) is governed by the partial differential equation 
2

2

x

u
k

t

u

∂

∂
=

∂

∂
. (8) 

  Ans: 

 

  This is a binomial distribution with p = 0.6. 

 

  (i) Substituting p = 0.6, n = 5, x = 4 in the formula for the binomial distribution, 

we get                  .259.0)6.01()6.0(
4

5
)6.0,5,4(b 454 =−








= −  

 (ii) Similarly                   .078.0)6.01()6.0(
5

5
)6.0,5,5(b

555 =−







= −  

So, the required probability is 

b(4,5,0.6) + b(5,5,0.6) = 0.259 + 0.078 = 0.337.           

  

 Q.11 If the amount of a cosmic radiation to which a person is exposed while flying by 

jet across India is a random variable having the normal distribution with 35.4=µ  

mrem and 59.0=σ  mrem, find the probability that the amount of cosmic 

radiation to which a person will be exposed on such a flight is between 4.00 and 

5.00 mrem. Given that F(1.10) = 0.8643, F(-0.59) = 0.2776, where F is the 

distribution function of the standard normal distribution. (4) 

   

  Ans: 

 

   Let X be the given random variable. Given that .59.0and35.4 =σ=µ  

   Since X has the Normal distribution, the random variable 

59.0

35.4XX
Z

−
=

σ

µ−
=  has the standard normal distribution.                        

   Let F be the density function of Z. 

(i) The required probability is 

      

0.5867.0.2776-0.8643F(-0.59)-F(1.10)                     

59.0

35.44
F

59.0

35.45
F

===








 −
−






 −

      

(ii)   The required probability is 

       .0256.09774.01)95.1(F1
59.0

35.45.5
F1 =−=−=







 −
−                  

    
Q.12  Let the probabilities that there are 0, 1, 2 and 3 power failures in a certain city 

during the month of July be respectively 0.4, 0.3, 0.2 and 0.1. Find the mean and 

variance of the number of  power failures during the month of July in the city. 

   

     (4) 

   

  Ans: 
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   The given data:    

 

   Hence 

    ∑ +++==µ

xall

)1.0(3)2.0(2)3.0(1)4.0.(0)x(xf  

    = 0.3 + 0.4 + 0.3 = 1                                               

   

.0.14.02.004.0                                   

)1.0(4)2.0.(1)3.0.(0)4.0(2)10(

xall

)x(f2)x(2

=+++=

+++−=µ−=σ ∑
                  

 

Q.13  Show that ( ) ( ) kxz3jxxizyx2z,y,xF 23
rrrr

+++=  is a conservative force field.  

Find its scalar potential and the work done in moving an object in this field from 

(1, -2, 1) to (3, 1, 4).  (8) 

   

  Ans: 
   A necessary and sufficient condition that a force will be conservative is that 

.0F =
→

×∇  

   Now 

   

0|]x|2|x|2[k]2z32z3[j]00[i

2
xz3|x|x

3
zy|x|2

z/y/x/

kji

F

=−
→

+−
→

−−
→

=

+

∂∂∂∂∂∂

→→→

=
→

×∇

 

   Thus  
→
F  is a conservative force field. 

   .k2xz3j|x|xi)3zy|x|2(k
z

j
y

i
x

orF
→

+
→

+
→

+=
→

∂

φ∂
+

→

∂

φ∂
+

→

∂

φ∂
φ∇=

→
 

   Therefore, 

   2xz3
z

|,x|x
y

,3zy|x|2
x

=
∂

φ∂
=

∂

φ∂
+=

∂

φ∂
 

   Integrating, 

   

                                   )y,x(hxz)z,y,x(

)z,x(gy|x|x)z,y,x(

)z,y(fxzy|x|x)z,y,x(

3

3

+=φ

+=φ

++=φ

 

   These agree if we choose f (y, z) = 0, g (x, z) = x z
3
 ,h (x, y) = x|x|y  

   so that ,c3xzy|x|x)z,y,x( ++=φ  for some constant c. 

   Then work done =                         202)1,2,1()4,1,3( =−φ−φ  

 

x 0 1 2 3 

f(x) 0.4 0.3 0.2 0.1 
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Q.14  Find the work done in moving the particle in the force field 

( ) ( ) kzjyxz2ix3z,y,xF 2
rrrr

+−+=  along the space curve y4x2 = , z8x3
3 =  

from x = 0 to x = 2.        (8) 

   

  Ans: Parametric form of given space curve is 

marks]  [2             3t3z,2ty,t2x ===  

   Therefore        

    
 

  

 

   And                 

 

 

 

 

Q.15  Evaluate ∫ ∫ dAn.F

S

rr
, where ( ) kyz3jzixyz,y,xF

rrrr
++= , S is the surface of the 

plane x + y + z = 1 in the first octant and n
r

 is unit outward normal to the surface 

S.  (8) 

   

  Ans: 

   Let f (x, y, z) = x +y + z – 1 = 0 be the surface.  

   Then  
→

+
→

+
→

=∇ kjif  and the unit outward normal is  

           )kji(
3

1

|f|

f
n

→→→→
++=

∇

∇
=  

   Consider the projection of S on the xy plane. The projection of the portion of 

the plane in the first octant is the triangle bounded by x = 0, y =0 and x + y = 

1.                 

    We have 

   

                    )yz3zxy(
3

1
n.F

dxdy3

k.n

dxdy
dA

++=

==

→→

→→

 

   Therefore,      

)yx1ztakingby(dx

1

0x

x1

0y
)dy2y3y2x1xy2(                     

s
dxdy)yz3zxy(

s
dAn.F

−−=

=





 −

=
−+−+−=

++=
→→

∫ ∫

∫∫∫∫

( ) ( ) ( ) ( )[ ]
( )                           .

3

1
dxx1

dxx1x1x1x1x

1

0

2

1

0

3222

=−=

−−−+−+−−=

∫

∫
 

→
+

→
+

→
=

→

→
+

→
−+

→
=

k3t3j2tit2)t(r

k
3

t3j)
2

t
4

t12(i
2

t12F

∫∫ =+−=

+−=

→→

→→

1

0

235

C

235

         16dt)t24t2t51(rd.F

                dt)t24t2t51(rd.F
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Q.16  Verify the divergence theorem for ( ) kzjyixz,y,xF
rrrr

++=  on the surface S of the 

sphere 2222 azyx =++ .  (8) 

   

  Ans: 

  Gauss-divergence theorem states   ∫∫∫∫∫
→

∇=
→→

v
dV)F.(dAn.

s
F  

  Where  
→
n  is the unit outward normal to S. 

  The normal to the surface 
→

+
→

+
→

=∇=−++ kz2jy2ix2Sis02a2z2y2x  and 

the unit outward normal     kzjyix
a

1
n 










++=

→→→→
 

    and                  
z

dxdya

k.n

dxdy
dA ==

→→
 

  Therefore , 

  

( )

                                   .a2                     

)sinry,cosrxtaking(

ra

rdrd
a                     

z

dxdy
a                     

dA
a

zyx
dAn.F

3

2

0

a

0 22

2

s

2

s s

222

π=

θ=θ=
−

θ
=

=

++
=

∫ ∫

∫∫

∫∫ ∫∫

π

→→

 

  

       .a2dV3dVF.                                  

,Therefore.3F.,Now

3

vv
π==∇

=∇

∫∫∫∫∫
→

→

 

 

Q.17  Verify Stokes theorem for ( ) kzjxizz,y,xF
rrrr

++= , on the surface S of the sphere 

9zyx 222 =++  above the xy-plane.   (8) 

   

  Ans: 

 
  The boundary C of S is the circle in the xy-plane of radius 3 and center at the origin. 

  Let   π≤≤
→

+
→

+
→

=
→

2t0,k0jtsinitcos)t(r  

  Be a parametric equation of C. Then 

              9tdtcos9rd.F
2

0

2 π== ∫∫
π→→
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  Now,  
→

+
→

=∂∂∂∂∂∂

→→→

=
→

×∇ kj

zxz

z/y/x/

kji

F  

  Now,  












 →
+

→
+

→
=

∇

∇
=

→
kzjyix

3

1

|S|

S
n  

  ).zy(
3

1
n.FHence +=
→













 →
×∇  Since the projection R of S on to the xy-plane is  

  the circle                                                                ,                     

 

 

    

  we have         

 

 

 

 

                                               ∫∫∫∫ +

−−

=
R

dxdydxdy
R 2y2x9

y
 

                                               π+














−−
= ∫ ∫−

−

−−
9dy

yx9

dx
y

3

3

y9

y9 22

2

2
 

                                                            .990 π=π+=  

  Thus we get 

  ∫∫∫
→→→→

×∇=
SC

,dAn).F(rd.F  

  which verifies the Stokes theorem. 

 

Q.18  Show that the function )iz(Ln −  is analytic everywhere except on the half line y 

=1 , x ≤ 0.    (8) 

   

  Ans: 

  ,continuousnot    is  )ixiy(Ln)iz(LnfunctionThe −=−  

  Where    

  
.0xand1ygetwe.0)1y(ix[R

and0)1y(ix[I

e

m

≤=≤−+

=−+
 

  Therefore, the function is single valued and continuous for all 

  .,0r,reiz i π<θ<π−>+= θ  

  The point z = I is the branch point and the line y = 1 is the branch cut. 

  We have       
  

  

 

   

z

dxdy3

k.n

dxdy
dAand.92y2x =

→
==+

            dxdy1
z

y
                              

z

dxdy3

3

zy
dAn.F

R

RS

∫∫

∫∫∫∫









+=

+
=










×∇

→→

.ivu

x

1y
tani),)1y(xln(

2

1
)iz(Ln 122

+=








 −
−+=− −
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  Therefore,    

 

 

  

 

   The Cauchy-Riemann equations are satisfied. Since, the partial derivatives 

yxyx v,v,u,u  are continuous. The given function is analytic everyone except 

on the half line y =1, .0x ≤  

 

Q.19  If u is a harmonic function of two variables (x,y),  then show that 2uw =  is not a 

harmonic function, unless u is a constant.  (8) 

   

  Ans: 

 

  Since u is an harmonic function,   .0uu yyxx =+  

  Now,   2uw =    will be a harmonic function if 

             ,0ww yyxx =+     we have   anduu2w,uu2w yyxx ==  

             )uuu(2w),uuu(2w yyyyyxxxxx 22 +=+=  

  Therefore, 

   

)uu(2                 

)uuuu(2)uu(2                 

)uuuuuu(2ww

22

22

22

yx

yyxxyx

yyyxxxyyxx

+=

+++=

+++=+

 

  Now,   ,0uand0uwhen0ww yxyyxx ===+  that is u is a constant function. 

  Hence 2uw =  is not a harmonic function unless u is a constant. 

 

 Q.20 Evaluate the integral ( )dz ixyyxI
2

C

−+= ∫  from point 1-2i to point 2-i along the 

curve C, ( )
( )




≤≤−−

≤≤−
==

3t2,t4i2

,2t1,i2t
tzz:C . (8) 

  Ans: 

 
  The curve C is continuous but not differentiable at z = 2, as 

  




<<

≤≤
=

.3t2i

2t11

dt

dz
 

  Also 0
dt

dz
≠  for any t . Therefore, the curve C is pieceuise smooth. 

  On the interval [1, 2], we have z = t – 2i, i – e   x = t, y = -2. 

  .it24tixyyx)z(fand,1)t('z 2 ++=−+==  

  On the interval [2, 3], we have z = 2 – I (4 – t) i.e. x = 2, y = t - 4. 

  )t4(i2)4t(2)z(fandi)t('z 2 −+−+==  

  Hence,         

 

.
x

v

)1y(x

1y

y

u
and

y

v

)1y(x

x

x

u
thatfindwe

x

1y
tanv),)1y(xln(

2

1
u

2222

122

∂

∂
−=

−+

−
=

∂

∂

∂

∂
=

−+
=

∂

∂








 −
=−+= −

.dt)t('z)z(fdt)t('z).z(f

dz)ixyyx(I

3

2

2

1

c

2

∫∫

∫

+=

−+=
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.i
3

22

2

5

2
3

19
3i3

2

3
4

t)i818(t)i4(
3

t
it)i21(

2

1
t4

idt)4t(i2)4t(2(dt)it2t4(I

3

2

2
32

1

2

2

1

3

2

2

+=









−++








−+=












+++−+





++=

−−−++++= ∫ ∫

 

Q.21  Find the residue of the function ( ) ( ) 







+

+=
2z

3
cos4zcoszf  at z = 2− . (8) 

  Ans: 

 
  The point z = -2 is an isolated essential singular point of f (z). The residue at z = -2 

is the coefficient of  
2z

1

+
 in the Laurent series expansion of f (z) about z = -2. We 

write 

  







+

−+=














+

++
=

2z

3
4zcos

2z

5z6z
cos)z(f

2

 

  







+

+=
2z

3
sin)4zsin( 








+

+++







+

++=
2z

3
sin)22zsin(

2z

3
cos)22zcos(  

   = 







+

+







+

+−+
2z

3
sin

2z

3
cos)]2zsin(2sin2cos)2z[cos(                                  

]2sin)2zcos(2cos)2z[sin( +++   

 











−−−








+

+







+

−











−−−

+
+

+
−=

4242

2z

3

!4

1

2z

3

!2

1
1.

!4

)2z(

!2

)2z(
12cos  

  











−−−








+

+







+

−











−−−

+
−+−

423

2z

3

!4

1

2z

3

!2

1
1

!3

)2z(
)2z(2sin  

  











−−−








+

−







+











−−−

+
−++

33

2z

3

!3

1

2z

3

!3

)2z(
)2z(2cos  

  











−−−








+

−







+











−−−

+
+

+
−+

342

2z

3

!3

1

2z

3

!4

)2z(

!2

)2z(
12sin  

  We note that first and the third product do not contain (z +2) 
-1

 term. From the 

second and the fourth products, collecting the coefficients of  (z +2) 
-1

 , we obtain 

  











−−−−−−−=

−= !6!5

3

!4!3

3

!2

3
2sin)z(fsRe

642

2z 










−−−−−+

!5!4

3

!3!2

3
32sin

53

 

  












+
+

−
= ∑∑

∞

=

+∞

= 0n

1n2

1n

n2

)!1n2(!n2

3

!)1n2(!n2

3
2sin   
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 Q.22 Find all possible Taylor’s and Laurent series expansions of the function 

( )
( )( )22z1z

1
zf

++
=  about the point z = 1. (10) 

   

  Ans: 

 

   The given function is not analytic at the points z = -1 and z = -2. The distances 

between the point z = 1 and the points z = -1, z = -2 and 2 and 3 respectively. 

Therefore, we consider the regions (i) |z - 1| < 2  (ii) 2 < |z – 1| < 3   (iii) |z – 1| 

< 3. In the region, |z – 1| < 2, the function is analytic. Therefore, we obtain a 

Taylor’s series expansion in this region. In the other regions, we obtain 

Laurent series expansions. We write 

   

2

22

)3)1z((

1

3)1z(

1

2)1z(

1

)2z(

1

)2z(

1

)1z(

1

2)1)(z(z

1
f(z)

+−
−

+−
−

+−
==

+
−

+
−

+
=

++
=

 

   (i) In the region     |z – 1| < 2,  we write 

   

211

3

1z
1

9

1

3

1z
1

3

1

2

1z
1

2

1
)z(f

−−−






 −
+−




 −
+−




 −
+=  

   

n

0n

n
n

0n

n
n

0n

n

3

1z
)1n()1(

9

1

3

1z
)1(

3

1

2

1z
)1(

2

1







 −
+−−







 −
−−







 −
−= ∑∑∑

∞

=

∞

=

∞

=

 

   

[ ]

[ ] n2n1n

0n

n

n2n1n1n

0n

n

)1z(3)4n(2)1(

.)1z()1n(332)1(

−+−−=

−+−−−=

−−−−
∞

=

−−−−−−
∞

=

∑

∑
 

   The first series is valid in |z – 1| < 2 and the second and third series are rated in 

|z – 1| < 3. Hence the sum is valid in |z – 1| < 2. 

 

(ii) In the region 2 < |z – 1| < 3, we have 

    

211

3

1z
1

9

1

3

1z
1

3

1

1z

2
1

1z

1
)z(f

−−−






 −
+−




 −
+−





−

+
−

=  

    

n

0n

n
n

0n

n
n

0n

n

3

1z
)1n()1(

9

1

3

1z
)1(

3

1

1z

2
)1(

1-z

1







 −
+−−







 −
−−








−

−= ∑∑∑
∞

=

∞

=

∞

=

 

    .
3

1z
)4n()1(

9

1

)1z(

2
)1(

n

0n

n

1n

n

0n

n 






 −
+−−

−
−= ∑∑

∞

=
+

∞

=

    

    The first series is valid in |z – 1| > 2, and Second series is valid in |z – 1| < 3. 

Hence  the sum is valid in 2 < |z -1 | < 3. 

 
   (iii) In the region |z – 1| > 3, we have 

    

2

2

11

1z

3
1

)1z(

1

3

1z
1

1z

1

1z

2
1

1z

1
)z(f

−−−







−

+
−

−




 −
+

−
−





−

+
−

=  
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n

0n

n

2

n

0n

n
n

0n

n

1z

3
)1n()1(

1)-(z

1

1z

3
)1(

1-z

1

1z

2
)1(

1-z

1








−

+−−







−

−−







−

−= ∑∑∑
∞

=

∞

=

∞

=

 

  .
)1z(

)1n(3

)1z(

32
)1(

2n

n

1n

nn

0n

n













−

+
−

−

−
−=

++

∞

=
∑   

         

Q.23  Evaluate the integral dx
x1

x2sin

2

2

+
∫
∞

∞−

  (6) 

  Ans: 

 

  We have  





−−=−= )1e(

2

1
R)x4cos1(

2

1
x2sin

ix4
e

2  

  Therefore,    .dx
x1

1e
R

2

1
dx

x1

x2sin

2

ix4

e2

2

∫∫
∞

∞−

∞

∞− +

−
−=

+
 

  Consider the corresponding centre integral 

  zd)z(f)1e(dz
z1

1e
I

C

iz4

C
2

iz4

∫∫ −=
+

−
=  

  where f (z) = 
2

z1

1

+
 and C is the path  UCCR , i.e. semicircle RC  from A to B 

and then 1C  from B to A along real axis. 

 

The function f (z) = 
2

z1

1

+
 is analytic in the upper half plane except for the ample 

pole at z = i. 

  we find that 

  
i2

1e

iz

1e
lt

z1

)1e)(1z(
lt)z(f)1e(sRe

4iz4

iz2

iz4

iz

iz4

iz

−
=















+

−
=













+

−−
=−

−

→→=
 

  we now write 

  )1e(
i2

1e
i2dx

z1

1e
dz

z1

1e
I 4

4R

R
2

iz4

C
2

iz4

R

−π=










 −
π=

+

−
+

+

−
= −

−

−
∫∫  
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         since .21e1e1e y4iz4iz4 ≤+=+≤− −  

   Hence as .R ∞→  

   )1e(dx
1x

1e 4

2

ix4

−π=
+

− −
∞

∞−
∫  

   Therefore   ).e1(
2

dx
x1

x2sin 4

2

2
−

∞

∞−

−
π

=
+

∫  

     

 Q.24 Find the directional derivative of the scalar point function xzzyyx 222 ++=ϕ  at 

the point (2, 2, 2) in the direction of the normal to the surface 2z2yx4 22 =+  at 

the point ( )3,1,2 − .  (6) 

   

  Ans: 

 
  We have  

  

k̂)yzx2(ĵ)xyz2(î)zxy2(

k̂
z

ĵ
y

î
x

222 +++++=

∂

ϕ∂
+

∂

ϕ∂
+

∂

ϕ∂
=ϕ∇

 

  Hence   )kji(12)( )2,2,2( ++=ϕ∇  

  The given surface can be written as u = 2 

  Where u = .z2yx4 22 +  

  
.k̂12ĵ16î16)(

.k̂z4ĵx4îxy8

)3,1,2(u

2
u

++−=∇

++=∇∴

−

 

  which is a vector along the normal to the surface at (2, -1, 3). Therefore repunned 

directional derivative is the component of  ).k12j16î16(along)k̂ĵî(12 ++−++  

            

.
41

36

)12()16()16(

)k12j16î16(
)k12j12î12

222

=















++−

++−
++=

 

 

Q.25  If a  and b  are constant vectors and k̂zĵyîxr ++=  show that ( ) ( )
r

r

rf
rf

r′
=∇   and 

hence show that ( )( ) ( ) 25
rb.ar.br.a3

r

1
.a.br −=
























∇∇ , where r = r  (10) 

  Ans: 

  We know that     (1)---         r.
r

)r('f
)r(f =∇  

  r.
r

1
r

r

1

r

1

r

1

32

−
=








−=








∇⇒  
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             )r.a(
r

1

r

1
.a

3
−=








∇    

  







−∇=
















∇∇∴ )r.a(

r

1

r

1
.a

3
 

  )r.a(
r

1
)r.a(

r

1

33
∇−








−∇=  

  Using (1) we get  .r
r

3
r

r

1

dr

d

r

1

r

1

533
−=








=








∇  

  Also we know that a)r.a( =∇  if a is a constant vector. 

  .a
r

1
)r.a(r

r

3

r

1
.a

35
−=
















∇∇∴  

  Therefore, 

  

.r)b.a()r.b)(r.a(3

)a.b(
r

1
)r.a)(r.b(

r

3
r

r

1
.a.br

2

35

5

5

−=









−=


























∇∇

 

 

 Q.26 Find the value of the surface integral ( )dxdyxz4dzdxydydz yx2
222

S

+−∫∫  where 

S is the curved surface of the cylinder 9zy 22 =+  bounded by the planes x = 0, x 

= 2.  (8) 

   

  Ans: 

  We know that  n̂  d s  = idydz + jdzdx + kdxdy in terms of the projection of d s  on 

the coordinate planes. Taking F  = ĵyk̂xz4îyx2 222 −+ , the given integral can be 

written as .dsn̂.F
s∫∫  

   To find n̂ ,  Let .k̂z2ĵy2then,ozy 22 +=ϕ∇−+=ϕ . 

   Hence 
3

k̂zîy

||
n̂

+
=

ϕ∇

ϕ∇
= . 

   .xz
3

4

3

y
n̂.F 3

3

+−=∴  

   Thus the given integral = .sd)xz4y(
3

1

s

33∫∫ +−  

   Let  .dxrddssoxx,cosrz,sinry θ==θ=θ=     
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∫ ∫

∫∫
π

θθ+θ−=

=θθ+θ−=∴

2

0

2

0

33

s

3333

.dxd)cosx324sin81(
3

1
                   

)3r(.rdxd)cosxr4sinr(
3

1
Integral

 

   

.0dcos216dsin-54                   

.d)cosx2sinx(27                   

2

0

32

0

3

2

0

2
0

323

=θθ+θθ=

θθ+θ−=

∫∫

∫
ππ

π

 

 

Q.27  The vector field k̂yzĵzîxF 2 ++= is defined over the volume of the cuboid given 

by by0 ,ax0 ≤≤≤≤ , cz0 ≤≤ . Evaluate the surface integral sdF

S

⋅∫∫ , where 

S is the surface of the cuboid.    (8) 

   

  Ans: 

 

  The surface integral  ∫∫s sd.F   has to be evaluated as the sum of six integrals 

corresponding to the six faces of the cuboid. Since S is a closed surface, the 

Gaurs divulgence thrm. is applicable. 

   Hence      .dvF.sd.F
vs ∫∫∫∫∫ ∇  

                  .yx2Fdiv +=  

   

.
2

b
aabc                      

.dxdy)yx2(c                     

.dxdy)yx2(dv.F.

b

0y

a

0x

c

0z

b

0y

a

0x
v









+=

+=

+=∇∴

∫∫

∫∫∫∫∫∫

==

===

 

   

 Q.28 A tightly stretched string with end points fixed at x = 0 and x = L, is initially at 

rest in equilibrium state.  If it is set vibrating by giving to each of its points a 

velocity ( ),xLx −µ  find the displacement of the string at any point x from one 

end, at any point of time t.   (12) 

   

  Ans: 

 

  The partial differential equation for vibrating string is  

  .
x

y
a

t

y

2

2
2

2

2

∂

∂
=

∂

∂
                ……….(1) 

  As per the boundary conditions provided, the form of solutions of (1) is  

  )aptsincaptcosc)(pxsincpxcosc(y 4321 ++=            ………..(2) 
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  Further,  y (0, t) = 0 gives  o = (C1 + 0) )aptsincaptcosc( 43 +  

        .0C1 =⇒  

   
).aptsincaptcosc(pxsinyor

).aptsincaptcosc(pxsinCybecomes)2(

1
4

1
3

432

+=

+=∴
              …………(3) 

  Further, since the string is initially at rest, 

        0Cgives)3(0)0,x(y
1

3 =∴=  

   .aptsinpxsinCy
1

4=∴  

   Also from the condition  y (l, t) = 0,  we get 

   .aptsinplsinCo
1

4=                          ………..(4) 

   which gives    

  

 

   

   −−−=
ππ

=∴ ,2,1n,t
L

an
sin

L

xn
sinCybecomes)4(

1
4  

   Thus the most general solution can be written as 

   .t
L

an
sin.x

L

n
sinby

1n

n 






 ππ
= ∑

∞

=

                    …………(5) 

   







π







 ππ
=

∂

∂
∴ ∑

∞

=
L

an
t

L

an
cos.x

L

n
sinb

t

y

1n

n  

   From the boundary condition ),xL(x
t

y

0t

−µ=







∂

∂

=

 we get 

   .x
L

n
sin

L

an
b)rL(x

1n

n
π








 π
=−µ ∑

∞

=

                 …………(6) 

   To determine nb  we expand  )xL(x −µ  in a half range Fourier sine series in 

(0, L), we get 

   x
L

n
sinb)xL(x

1n

1
n

π
=−µ ∑

∞

=

                          ………….(7) 

   where    ])1(1[
n

L4
dxx

L

n
sin)xL(x

L

2
b n

33

2

0

1
n −−

π

µ
=

π
−µ= ∫

l
 

   comparing (6) and (7) yields 

   ])1(1[
n

L4
bb

L

an n

33

2
1

nn −−
π

µ
==

π
 

   









=
π

µ

=

=⇒
.oddn,

an

L8

evenn,0

b

44

3
n  

   Thus 

−−−=
π

=∴

π=→=

,2,1n.
L

p0psin

n
p

.nll
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 .
L

ta)1n2(
sin

L

x)1n2(
sin

)1n2(

1

an

L8
y

4
1n

44

3 π−π−

−π

µ
= ∑

∞

=

 

 

Q.29  Evaluate the integral 1z:C    where;
z2

dz

C

=
−∫   (4) 

  Ans: 

 

  .
Z

1Z2

Z

1
2

Z

|Z|
2

Z

ZZ
2Z2

2 −
=−=−=−=−  

  .dZ
)Z(

Z

2

1
dZ

1Z2

Z

Z2

dZ
I

2
1CC −

=
−

=
−

=∴ ∫∫∫  

  The integrand 

2
1Z

Z

−
 is not analytic at the point Z = ½ which lies within C. Using 

Cauchy integrand formula  .
2

i

2

1
if2

2

1

Z

ZdZ

2

1

C 2
1

π
=








π=

−
∫  

 

 Q.30 A continuous type random variable X has probability density f(x) which is 

proportional to x
2
 and X takes values in the interval [0, 2]. Find the distribution 

function of the random variable use this to find P (X >1.2) and conditional 

probability P(X > 1.2/ X>1).    (8) 

   

   Ans: 
   Suppose there are 100 bank account holders. So, 20 persons have taken loans 

among 20, 18 are males and 2 females. Among 80, who are not loan takers, 76 are 

males and 4 females. So total males are 94 and females are 6 among account 

holders. 

    Males who have taken loans = 18. 

                    Totals male accounts holders = 94. 

   So, the probability of an account holders who is randomly selected turns out a 

male that he has taken loans with the bank = 1915.0
94

18
p ==   . 

 

 Q.31 Suppose that on an average 1 house in 1000 houses gets fire in a year in a district.  

If  there are 2000 houses in that district find the probability that exactly 5 houses 

will have fire during the year. Also find approximate probability using Poisson 

distribution. (8) 

   

  Ans: 

  In Poison distribution,N = 2000,   p = 1/1000 

  Mean = m = np =2 

  

.
!5

2.e
)5(P

.
!x

Ze

!x

m.e
)x(f

52

x2xm

−

−−

=∴

==∴
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Q.32  Derive the mean and variance of binomial distribution. (8) 

   

  Ans: 

  xnx
x

n )p1(pC)x(f −−=  

  Mean  =  xnx
x

n

0x

qpC.x)x(E
−

∞

=
∑=  

         = xnx
n

0

qp
!x)!.xn(

!n.x −

−
∑  

         = xn1x
n

0

qp
)!xn()!1x(

)!1n(
np −−

−−

−
∑  

         = xn1x
1x

1n

1n

qpCnp
−−

−
−

∞

=
∑  

         = .np)pq(np 1n =+ −  

   Variance    =   

 

 

 

   

.npqnpnppnnpp)1n(niancevar

.p)1n(n                  

qpCp)1n(n                  

qp.
)!xn()!2x(

!n
                  

qpC.)1x(x))1x(x(E

2222

2

xn2x
2x

2n
n

2

2

xnx
n

2

xnx
x

n
n

0

=−=−+−=∴

−=

−=

−−
=

−=−

−−
−

−

−

−

∑

∑

∑

 

 

Q.33  Determine the analytic function f (z) = u +i v, given that 16xyxy2v3u 22 +−=+ .(8)  

   

  Ans: 

It is given that 3u+2v=y
2
-x

2
+16xy, thus differentiating partially w.r.t.x and y 

  

3 2 2 16 ,

3 2 2 16

u v
x y

x x

u v
y x

y y

∂ ∂
+ = − +

∂ ∂

∂ ∂
+ = +

∂ ∂

   or  
3 2 2 16

2 3 2 16

x x

x x

u v x y

u v y x

+ = − +

− = +
 

 Solving, we get   ux=2x+4y and vx=-4x+2y 

 Thus f ’(z)= ux+ ivx=2x+4y+i(2y-4x) 

 By Milne’s Thomson method, putting x=z and y=0, we get 

2

22

))x(E()x(E

)]1x(x[E

))x(E()x(E

−+

−=

−
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 f’(z)=2(1-2i)z    Thus  f(z) = (1-2i)z
2
+c. 

Q.34  If w = u + i v is an analytic function, then show that the family of curves u (x, y) = 

a, cut the family of curves v (x, y) = b orthogonally, a, b being parameters.   (6) 

 

  Ans: 

Let  w=u+iv, and 

1 2

1 2

1 2

( , ) 0, ( , ) 0

ˆ ˆ

x x y y

u x y a v x y b

u u v v
i j i j

x y x y

u v u v
u v u v

x x y y

φ φ

φ φ

φ φ

= − = = − =

∂ ∂ ∂ ∂
∇ = + ∇ = +

∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
∇ ⋅∇ = + = +

∂ ∂ ∂ ∂

$ $  

Since w is an analytic function, thus 
xu =

yv and 
y xu v= −  

Thus  1 2 0x y x yv v v vφ φ∇ ⋅∇ = − = . Hence 
1 2,φ φ cut orthogonally.  

  

Q.35  Find the image of infinite strip 
2

1
y

4

1
≤≤ , under the mapping 

z

1
w = . (7) 

 

  Ans: 

Let w = 1/z, then z = 1/w. Thus  

 
2 2 2 2 2 2 2 2

,
u v u v

x iy i x y
u v u v u v u v

−
+ = − ⇒ = =

+ + + +
 

 Since y ≤ 1/2, thus u
2
+ v

2
+2v ≥ 0 or u

2
+ (v+1)

2 ≥ 1   i.e.  1w i+ ≥  

 The boundary of this region is the outside of the circle with centre at(0,-1) and    

            radius 1,The region y ≥ 1/4 is transformed to 

 2

2 2

1
( 2) 4 2 2

4

v
u v w i

u v

−
≥ ⇒ + + ≤ ⇒ + ≤

+
,  

 

The boundary of this region is the outside of the circle with centre at (0,-2i) and  
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radius 2. Hence, the infinite strip 
1 1

4 2
y≤ ≤  maps into inside of the circle 2 2w i+ =  

and outside of the circle 1w i+ = . See  the shaded region in the figure. 

 
Q.36  Find the linear fractional transformation that maps the points i, -1, 1 of     z-plane 

into the points 0, 1, ∞  of w-plane respectively. Where in w-plane is the interior of 

unit disc 1 z ≤  mapped by the fractional transformation obtained?  (7)  

    

  Ans: 

Since, w1=0, w2=1,  w3=∞, and z1 = i, z2=-1, z3=1. 

 The bilinear transformation is given by 

 
( )

2

32 31 1

3 2 1 2 1

3

1

1

z

zw ww w z z

w w w w z zz

z

 
− 

−− −  =
− − − 

− 
 

2
(1 )

1 1 1

z i z i
w w i

i z z

− − 
=> = => = − 

+ − − 
.       

            Solving for z gives 

1
.

1

w i
z

w i

− −
=

− +
 

 
( )

22 2 21, ( 1) ( 1) 1 ( 1)

0 Im 0.

z u v u v

v or w

 < ⇒ − + − < − + + 
⇒ = >

 

Thus interior of the circle 1z ≤ , in z plane is mapped onto the Imw > 0. 

  

Q.37  Show that ( ) ( ) ( )k̂ 2zyz2xĵ z-2xyî 2xzyF 222 +−+++=
→

 is irrotational and 

hence find its scalar potential.  (8) 

 

  Ans: 
It is given that  

2 2 2

ˆˆ ˆ

2 2 2 2

i j k

Curl F F
x y z

y xz xy z x z y z

∂ ∂ ∂
= ∇× =

∂ ∂ ∂

+ − − +

( ) ( ) ( )ˆˆ ˆ1 1 4 4 2 2 0i j xz xz k y y= − − − + − = ∴ Given vector is irrotational. Thus 

it can be expressed as F φ= ∇  where φ is scalar function. 

2 22y xz
x

φ∂
∴ = +

∂
, 2xy z

y

φ∂
= −

∂
, 22 2x z y z

z

φ∂
= − +

∂
 

Integrating w.r.t. x, y, z we get 
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( )

( )

( )

2 2 2

1

2

2

2 2 2

3

,

,

,

y x x z f y z

xy zy f x z

x z z zy f x y

φ

 + +


= − +


+ − +

 

Since these three must be equal 
2 2 2 2

x z xy yz zφ∴ = + − + +c 

Q.38  Find the directional derivative of the scalar function 22 yzxy +=φ  at the point (2, 

-1, 1) in the direction of the normal to the surface ( ) 04ynzx 2 =+−l  at the point 

(-1, 2, 1).  (6)  

     

  Ans: 

$2 2

(2, 1,1)
ˆˆ ˆ ˆ(2 ) 2 3 2y i xy z j yzk i j kφ φ −∇ = + + + ⇒ ∇ = − −$  

 A vector normal to the surface xln(z) - y
2 

+ 4 = 0 is given by 

$ˆln 2 ,
x

zi yj k
z

− +$ which at point (-1,2,1) becomes ˆˆ4 j k− − . The required directional 

derivative is the component of $ $( 3 2 )i j k− −$ along ˆˆ4 j k− − , 

$ $
$ $4 12 2 14

( 3 2 )
17 17 17

j k
i j k

 − − +
= − − ⋅ = = 

  

$ . 

  

Q.39  Find the work done by a force ( ) k̂ zĵ y  osc1x îy in sF +++−
→

 by moving a 

particle once around the circle 222 ayx =+ .  (7)   

   

  Ans: 

  ( ) ˆˆ ˆsin 1 cosF yi x y j zk= + + +  

   At C: x
2
 + y

2
 = a

2
, z=0, thus ( )ˆ ˆsin 1 cosF yi x y j= + + . 

     Work = [ ]sin (1 cos ) (1 cos cos )
C C R

F d R ydx x y dy y y dxdy⋅ = + + = + −∫ ∫ ∫∫  

   where  R is the region bounded by circle x
2
 + y

2
 = a

2
. Let x=rcosθ, y=rsinθ, then     

              dxdy=rdrdθ , where r changes from 0 to a and θ changes from 0 to 2π. 

   Thus work = 

2

2

0 0

a

rdrd a

π

θ π=∫ ∫ . 

Q.40  Show that the vector field ( ) ( ) ( )k̂ yxyeĵ zxzeî 4xyzeF xyzxyzxyz ++++−=
→

 is 

conservative. Hence evaluate the line integral             
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( ) ( ) ( )dz yxyedy zxzedx 4xyze xyzxyzxyz ++++−∫   along a path joining the 

points (0, 0, 0) to (1, 1, 1)  (7) 

 

  Ans: 

ˆˆ ˆ

4xyz xyz xyz

i j k

Curl F F
x y z

yze x xze z yxe y

∂ ∂ ∂
= ∇× =

∂ ∂ ∂

− + +

( )
( )

( )

ˆ 1 1

ˆ

ˆ 0

xyz xyz xyz xyz

xyz xyz xyz xyz

xyz xyz xyz xyz

i xe xyxze xe xzxye

j ye xyyze ye xyyze

k ze xzyze ze yzxze

= + + − − −

− + − −

+ + − − =

 

∴ Given vector represents a conservative field. Thus it can be expressed as F φ= ∇  

where φ is scalar function. 

4xyz
yze x

x

φ∂
∴ = −

∂
, xyzxze z

y

φ∂
= +

∂
, xyz

xye y
z

φ∂
= +

∂
 

Integrating w.r.t. x, y, z we get 

( )

( )

( )

2

1

2

3

2 ,

,

,

xyz

xyz

xyz

e x f y z

e zy f x z

e zy f x y

φ

 − +


= + +


+ +

 

Since these three must be equal 

22xyz
e x yz cφ∴ = − + + Also, [ ]

(1,1,1)
(1,1,1)

(0,0,0)

(0,0,0)

2.F d r dr eφ φ⋅ = ∇ ⋅ = = −∫ ∫  

  

Q.41  A rod of length l  has its lateral surface insulated and is so thin that heat flow in 

the rod can be regarded as one dimensional. Initially the rod is at the temperature 

100 throughout. At t=0 the temperature at the left end of the rod is suddenly 

reduced to 50 and maintained thereafter at this value, while the right end is 

maintained at 100. Let u (x, t) be the temperature at point x in the rod at any 

subsequent time t.   

   
a. Write down the appropriate partial differential equation for u (x, t), with initial 

and boundary conditions. 

b.Solve the differential equation in (i) above using method of separation of 

variables and show that ( ) ∑
∞

=

−π
++=

1n
22

22

a

tπn
exp

xn
sin

n

1

π

10050x
50t,xu 

lll
     

Where 2
a  is the constant involved in the partial differential equation. (3+11) 
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  Ans: 

   (i) Let the equation for conduction of heat be  

( )
2

2

2
1

u u
a

t x

∂ ∂
= −

∂ ∂
 

Prior to temperature change at end B, when t = 0, the heat flow was independent of 

time (steady state condition), when u depends only on x i.e. 
2

2
0

u
u ax b

x

∂
= => = +

∂
 

Since u = 100 for x = 0 and  x = L 

∴ b = 100 and  a = 0. 

Thus initial condition is expressed as  

( ) ( ),0 100 2u x = −  

The boundary conditions are  

( )

( )
( )

0, 50
3

, 100

u t
t

u L t

= 
∀ −

= 
 

(ii) Assuming product solution u(x,t) = X(x). T(t) and substituting in equation (1), 

we get 2 ( ) (4)
X T

a say
X T

µ
′′ ′

= =  

Case I :  If 2
0 , 0,µ λ λ< = >  (4) gives

2
2

2
0 .X X and T T

a

λ
λ′′ ′− = =  

Solving we have the solution   
2

2

( , ) ( cosh sinh ) .
t

au x t A x B x Ce

λ

λ λ= +   

This solution is rejected as exponential term makes temperature u(x,t) increases 

without bounds as t → ∞. 

Case II : If µ  = 0. (4)  gives  

0 0X and T′′ ′= =  

Integrating, we obtain X = (A X + B) and T = C. 

Thus we can write  u(x,t) =  (A1 X + B1), where A1 = AC and B1 =BC are arbitrary 

constant. Using boundary conditions (3), we get ( ) ( )0

50
, 50 5u x t x

l
= + −  is 

a solution of heat equation. 

Case III : If 20, , 0,sayµ λ λ< − > then from  (4) (as in case (I)) we conclude that  

2

2

( , ) ( cos sin ) (6)
t

au x t A x B x Ce

λ

λ λ
−

= +  

Since we already have a solution (5) satisfying boundary conditions (3) we can find 

A, B in (6) by satisfying the condition u(0,t) = 0 =u(l,t)  which gives A = 0,   

B sinλl = 0 . 

As B = 0 leads to trivial solution we must have sinλl = 0 or 
n

l

π
λ = , n =1,2,….. 

Combining (5) and (6), we have  
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( ) ( )
2 2

2 2

1

50
, 50 sin 7

n t

a l
n

n

n
u x t x b xe

l l

π
π∞ −

=

= + +∑  

as a general solution of (1). 

Applying initial condition (2) to the general solution we must have  

( )
1

50
,0 100 50 sinn

n

n
u x x b x

l l

π∞

=

= = + +∑  

 implies that 
nb are the coefficient in half range sine series expansion of  

0

50 50
100 50 50

2 50 100
50 sin

l

n n

x x
l l

n x
b x dx b

l l l n

π

π

 
− + = − 
 

 ⇒ = − ⇒ = 
 ∫

 

Putting 
nb  in (7) we get required solution. 

 

Q.42  Evaluate the complex integral ( ) ( )

( )
3adz,

az

azcos21
aφ

3
13z

≠
−

−−
= ∫

=−

. 

   Also find 







+′

2

i
3 φ .   (6) 

  Ans: 

  
3

1 cos 2( )
( ) 3

( )
C

z a
a dz a

z a
φ

− −
= ≠

−∫  

  If 3 1,a − > then  f(z) =
3

1 cos 2( )

( )

z a

z a

− −

−
 is analytic within and on C. Thus  ( )aφ =0,     

  by Cauchy Theorem if  3 1,a − >  . 

  If 3 1,a − < the singularity of   f(z) =
3

1 cos 2( )

( )

z a

z a

− −

−
 lies  within  C and by  Cauchy     

  integral formula ( ) 2 Re ( )
z a

a i s f zφ π
=

=  

  Since 
2 16

( ) ( ) .........
4!

f z z a
z a

= − − +
−

, Re ( ) 2
z a

s f z
=

=  

  ( ) 4 , 3 1.a i if aφ π∴ = − <   Since ( )aφ is constant, then (3 ) 0
2

i
φ ′ + = . 

 

Q.43  Find the residues of ( )
( ) ( )2

2

2z 1z

z
zf

+−
=  at its isolated singularities, using 

Laurent’s series expansions.   (8) 
     

  Ans: 

 
2

2

z
f(z) =

( 1)( 2)z z− +
 ,  z=1, is apole of order 1 and z=-2 is a pole of order 2. 

Expanding about z=1, 

 let z-1=t, i.e. z=t+1, 
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2
2 2

2

( 1) 1
( ) ( 2 1)(1 ) , 0 3

( 3) 9 3

t t
f t t t t

t t t

−+
∴ = = + + + < <

+

 
2 21 1 2 3 1 4 1 2

( ) 2 1 ..... .....
9 3 9 9 3 3 3

t t t t
f t t

t t

    
∴ = + + − + − = + − −         

 

 Since there is only one  term in negative powers of (z-1), therefore z = 1,  

            is a pole of order 1. Residue at z = 1 is the coefficient of 1/t, which is 1/9. 

 
1

1
Re ( )

9z
s f z

=
= . 

Expanding about z=-2, 
 let z+2=t, i.e. z=t-2, 

1
2

1

2 2

( 2) 1 4 4
( ) ( 3) (1 )(1 )

3 3

t t
f t t

t t t

− −−
∴ = − = − − + −  

 
2

1 1 8 4
( ) ..... , 0 3

3 9 3 9

t
f t t

t t

 
∴ = − − + − < <  

 

Since there are only two terms in negative powers of (z+2), therefore z = -2, is a pole 

of order 2. Residue is the coefficient of 1/t, which  is 8/9. 

2

8
Re ( )

9z
s f z

=−
= . 

  

Q.44  Let u (x, y) be continuous with continuous first and second partial derivatives on a 

simple closed path C and throughout the interior D of C. Show that 

ds
dn

du
     A     du       

D c

2∫∫ ∫=∇  where 
dn

du
 is the directional derivative of u along 

the outer normal to the curve C.  (6) 

   

 Ans: Let the position vector of a point on C, in terms of arc length s be  

  ˆ( ) ( ) ( )r s x s i y s j= +$ . Then the tangent vector to C is given by 

  $d r dx dy
T i j

ds ds ds
= = +$ and a normal vector $n  is given by  

$ $dy dx
n i j

ds ds
= −$ .  Thus 

$.
C C

u
ds u nds

n

∂
= ∇

∂∫ ∫ , 

 since 
u

n

∂

∂
 is a directional derivative of u in the direction of $n . Now, using Green’s 

theorem, we obtain 

2 2
2

2 2

C C C

D R

u u dy u dx u u
ds ds dx dy

n x ds y ds y x

u u
dxdy udxdy

x y

   ∂ ∂ ∂ ∂ ∂
= − = − +   

∂ ∂ ∂ ∂ ∂   

 ∂ ∂
= + = ∇ 

∂ ∂ 

∫ ∫ ∫

∫∫ ∫∫
 

Q.45    Verify Gauss divergence theorem for k̂ zĵ yî xF 222 ++=
→

on the surface     

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


AE35/AC35/AT35       MATHEMATICS-II 

 

 

 48 

  S of the cuboid formed by the planes x = 0, x = a, y = 0, y = b, z = 0 and      

      z = c.   (8) 

       

 Ans: 

            

0 0 0

8( ) 2 2 2

2 ( )

a b c

R

b div F x y z

div Fdv x y z dxdydz

= + +

∴ = + +∫ ∫ ∫ ∫

 
2 2

0 0 0 00 0

2 2
2 2

a ac b c b
x a

xy zx dydz dz ay za dydz
   

= + + = + +   
   

∫ ∫ ∫ ∫  

 
2 2 2 2

0 00

2 2 ( )
2 2 2 2

bc c
ya ay ba ab

ayz dz abz dz abc a b c
   

= + + = + + = + +   
   
∫ ∫  

 Also, 

1 2 3 4 5 6

. .
S S S S S S S

F n ds F n ds
+ + + + +

=∫ ∫ , 

 where S1, S2, S3, S4, S5 and S6 are the six faces of the cuboid. 

 On S1,   
$

1

0, . 0
S

z n k F n ds= = − ∴ =∫  

 On S2 , 
$

2

2 2

0 0

, , . . .

a b

S

z c n k i e F n ds c dxdy abc= = ∴ = =∫ ∫ ∫  

 On S3, 
$

3

0, . 0
S

y n j F n ds= = − ∴ =∫  

 On S4, 
$

4

2 2

0 0

, .

a c

S

y b n j F n ds b dxdz acb= = ∴ = =∫ ∫ ∫  

 On S5, 

5

0, , . 0
S

x n i F n ds= = − ∴ =∫$  

 On S6, 

6

2 2

0 0

, .

c b

S

x a n i F n ds a dzdy a= = ∴ = =∫ ∫ ∫$  

 Thus . ( )
S R

F n ds abc a b c divF dv∴ = + + =∫ ∫  

  Hence Gauss Divergence theorem is verified. 

 

Q.46    The probability of an airplane engine failure (independent of other engines) when 

the aircraft is in flight is (1-P). For a successful flight at least 50% of the airplane 

engines should remain operational. For which values of P would you prefer a four 

engine airplane to a two engine one?  (7) 
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  Ans: 

 Let X be the number of engines that do not fail and let Sk denote the successful flight     

 with k engine plane. Let 1-p=q, 

  P(S2) = P(X ≥ 1) = 1-P(X=0)= 1-q
2
,

( )
!

( )
! !

r n rn
P X r p q

r n r

−= =
−

Q  

  P(S4) = P(X≥2) = 1-P(X=0)-P(X=1)= 1-4q
3
+3q

4
.   

 For P(S4) > P(S2), we have 

  1-4q
3
+3q

4  
> 1- q

2
  or 

   
q

2
(1-q)(1-3q) > 0. 

 If  0<q<1/3, i.e. 2/3<p<1, the four engine plane is preferred. 

Q.47  If the resistance X of  certain wires in an electrical networks have a normal 

distribution with mean of 0.01 ohm and a standard deviation of 0.001 ohm, and 

specification requires that the wires should have resistance between  0.009 ohm 

and 0.011 ohms, then find the expected number of wires in a sample of 1000 that 

are within the specification. Also find the expected number among 1000 wires that 

cross the upper specification.  

  (You may use normal table values ( ) ( ) .8413,1 Φ .6915,.5 Φ ==  

( ) ( ) .97722 Φ .9332,1.5 Φ == ).                        (7) 

 

  Ans: 

Given that 

0.01, 0.001µ σ= =

( )
0.009-0.01 0.01 0.011 0.01

(i) P(0.009 X 0.011)=P 1 1
0.001 0.001 0.001

(1) ( 1) 2 (1) 1 2(0.8413) 1 0.6826

X
P z

φ φ φ

− − 
≤ ≤ ≤ ≤ = − ≤ ≤ 

 
= − − = − = − =

Expected number of wires in a sample of 1000 with this specification  

= 1000(0.6826)=682.6=683 approximately. 

   ( )(ii) P(X 0.011)= 1 1 ( 1) (1) 1 0.1587P z P z φ≥ ≥ = − < = − + =  

Hence, expected number among 1000 wires that cross the upper specification = 

1000(0.1587)=158.7=159 approximately. 

 

Q.48    Suppose that certain bolts have length ,mm X400L +=  where X is a random     

               variable with probability distribution function. 

               ( ) ( ) otherwise  0,  and   1x1    , x1 
4

3
    x f 2 ≤≤−−=   

   (i) Determine C so that with probability 
16

11
, a bolt will have length between 

400 – C and 400 + C. 

 

                    (ii) Find the mean and variance of bolt length L. Also find mean and variance 

of   (2 L+5).  (4+10) 

 

     Ans: 

    (i) P(400-C≤ L≤ 400+C)=11/16 
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2 2 2

1 1

3
3

11 11 11
P(-C L-400 C)= P(-C X C)= (C)-F(-C)=

16 16 16

3 3 11 3 11
(1 ) (1 ) = (1 ) =

4 4 16 4 16

3 2 11
2 8 24 11 0

4 3 16

1 1 3 5
,

2 4

C C C

C

F

x dx x dx x dx

C
C C C

C

−

− − −

⇒ ≤ ≤ ⇒ ≤ ≤ ⇒

⇒ − − − ⇒ −

 
⇒ − = ⇒ − + = 

 

− ±
⇒ =

∫ ∫ ∫
 

     Since C≠
1 3 5

4

− ±
 as it is either >1 or <1.  Thus C=1/2. 

    (ii) E(L) = E(400+X) = 400+E(X)  

                

1 1

2 2

1 1

3 3
400 (1 ) 400 (1 ) 0

4 4
x x dx x x dx being an odd function

− −

 
= + − = − = 

 
∫ ∫Q  

     Thus E(L)  =  400. 

         V(L) = V(400+X) = V(X)   = E(X
2
),  as E(X) = 0 

      

1 1

2 2 2 2

1 0

3 3 1
(1 ) (1 )

4 2 5
x x dx x x dx

−

= − = − =∫ ∫  

     Thus E(L) = 400, V(L) = 0.2. Therefore, 

     E(2L+5) = 2E(L) + 5=805 

      V(2L+5) = 4V(L) = 0.8. 

 

Q.49  Evaluate the integral ∫
∞

+0
22 ax

sin xx 
 dx, using contour integration.         (7) 

  Ans: 

                
2 2

0

sin
11( )

x x
a Let I dx

x a

∞

=
+∫  

    Since integrand is an even function, thus 

     
2 2 2 2 2 2

0

sin 1 sin 1 Im

2 2

ix
x x x x xe

dx dx dx
x a x a x a

∞ ∞ ∞

−∞ −∞

= =
+ + +∫ ∫ ∫  

    Consider the contour integral  
2 2

( ) , ( )iz

C

z
I f z e dz where f z

z a
= =

+∫  and C is the        

    path from –R to R along the real axis and from R to –R along CR . Now f(z) is    

    analytic in upper half of the plane except at z=ai, which is pole of order 1. 
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Residue of f(z) at 
( )

( )( )
l

2

iz a

z ai

z ai ze e
z ai t

z ai z ai

−

→

−
= = =

− +
 

( ) ( )

R

R

iz ix a

C R

I f z e dz f x e dx e iπ −

−

∴ = + =∫ ∫  by Residue theorem. 

Now, 
2 2 2 2

0
z R

as R
z a R a

≤ → → ∞
+ −

.  Therefore, by Jordan’s Lemma 

2 2
0

R

iz

C

ze
dz as R

z a
→ → ∞

+∫  

( )
ix a

f x e dx e iπ
∞

−

−∞

∴ =∫  

Equating imaginary part, we get 

  
2 2

0

sin

2

a
x x e

I dx
x a

π∞ −

= =
+∫  

Q.50  Prove that 
→→→

∇+









=










FF  curl curlF div grad

2 .          (7) 

  Ans: 

                ( ) 3 2ˆ ˆ11( ) ( )
f f

b curl curlF F i i
x y z

  ∂ ∂∂ 
=∇× ∇× = × −   

∂ ∂ ∂    
∑ ∑  

     =
22 2 2

3 32 1 1 2 1 1

2 2
ˆ ˆf ff f f f f f
i i

y x y z z x y x z x y z

      ∂ ∂∂ ∂ ∂ ∂ ∂ ∂∂ ∂  
− − − = + − +       

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂       
∑ ∑  

     

2 2

32 1 1

2 2

2 2 2

32 1 1 1 1

2 2 2

ˆ

ˆ

ff f f
i

x y z y z

ff f f f f
i

x y z x x y z

   ∂∂ ∂ ∂∂
= + − +   

∂ ∂ ∂ ∂ ∂    

   ∂∂ ∂ ∂ ∂ ∂∂
= + + − + +   

∂ ∂ ∂ ∂ ∂ ∂ ∂    

∑

∑
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( ) ( )

( )

2 2 2

12 2 2

2

2

ˆ ˆ

( )

i F if
x x y z

F F

grad divF F

 ∂ ∂ ∂ ∂ 
= ∇ ⋅ − + +  

∂ ∂ ∂ ∂   

= ∇ ∇ ⋅ − ∇

= − ∇

∑ ∑

 

 

Q.51 The two equal sides of an isosceles triangle are of length a each and the angle θ 
between them has a probability density function proportional to ( )θ π θ− in the range 

0,
2

π 
 
 

 and zero otherwise. Find the mean value and the variance of the area of the 

triangle.                            (8) 

 
Ans.          

( ) ( ) ( )
2 3

3 3

0

12 12
( ) , 2 1 ( )

12

k
f k o and k d k f

π
π

θ θ π θ θ π θ π θ θ θ θ π θ
π π

= − < < − = = ⇒ = ∴ = −∫

The area of triangle is 

22 2
2

3 3

0

1 12 ( ) 12
sin ( ) sin

2 2

a a
S a E S d

π
θ π θ

θ θ θ
π π

−
= ⇒ = =∫   

24 4
2 2 2

3 2

0

6 4
2 2 4

6

3
( ) ( )sin (3 )

8

3 1152
( ) ( ) ( ( ))

8

a a
E S d

Var S E S E S a

π

θ π θ θ θ π
π π

π π

π

= − = +

 + −
⇒ = − =  

 

∫
  

 

Q.52   Using complex integration, compute 

2

cos

0

cos(sin )e d

π
θ θ θ∫                                 (8) 

 Ans: 
            The integrand can be written as  

            

cos cos sin sin 1

2

cos 1 1

0

1 1
cos(sin ) ,

2 2

1 1
cos(sin ) ( ) , ( ) , : 1

2 2

i z z i

z z z z

C C

e e e e e e where z e

dz
I e d e e f z dz f z e e C z

iz iz

θ θ θ θ θ

π
θ

θ

θ θ

−   = + = + =   

   = = + = = + =   ∫ ∫ ∫� �

 

            Now z =0 is an essential singularity of the integrand.  

           The Laurent series expansion of f(z) is given by          

            
2

1

2
0

1 1 1 1 1
( ) 1 ... 1 ... , Re ( )

2 2 2! 2!

z z

z

z
f z e e z s f z

iz iz z z i=

     = + = + + + + + + + =         
 

 
0

2 Re ( ) 2
z

I i s f zπ π
=

 ∴ = =
 

 

 
Q.53 Show that if X has Poisson distribution with mean 1 then its mean deviation about 

mean is 2/e.           (8)                                                                   
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Ans. 

Poisson distribution is given by P(r) = 
!r

em mr −

 where m is the mean of the 

distribution. 

 Here mean is 1 = m, S.D. = 1=m  

 
!r

1
.

e

1
!r/e)r(P 1 ==∴ −  

 We require ( ) 1)(1
0

−=− ∑
∞

=

rrPrE
r

 

  = 1)()0(
2

−+∑
∞

=

rrPP
r

 with 
e

P
1

)0( =  

Mean deviation about mean = 
0 2

( 1) ( ) 1 (0) ( )( 1)
x

E X f x X f f x x
∞ ∞

=

− = − = + −∑ ∑   

2 2

2
(0) ( ) ( ) 2 (0) 1f xf x f x f m

e

∞ ∞

= + − = − + =∑ ∑  (since m =1) 

 
Q.54 A person plays an independent games. The probability of his winning any game is 

a

a b+
 (a,b are positive numbers). Show that the probability that the person wins an 

odd number of games is ( )
1

( ) ( )
2

m m m
b a b a b a + − − +                   (8) 

 

Ans. 

The probability that a thing is received by a man is p = a/(a+b), a thing is received by 

women is q = b/(a+b), hence the probability that (2r+1) things are received by men is  

2 1 2 1( 2 1) , 0,1,2...
2 1

r m r
m

P X r p q r
r

+ − − 
= + = = + 

, the chance that the number of things 

received by men is odd is 1 1 3 3

0 ( 2 1) ....
1 3

m m
m m

P P X r p q p q
− −   

= = + = + +   
   

∑  

1 1 2 2 1 1 2 2( ) ....., ( ) ......
1 2 1 2

m m m m m m m m
m m m m

q p q p q p q q p q p q p q− − − −       
+ = + + + − = − + −       

       

Subtracting we get 0 0

1
2 ( ) ( ) ( ) ( ) /( )

2

m m m m m
P q p q p P b a b a b a = + − − ⇒ = + − − +   

 

Q.55 An infinitely long uniform plane plate of breadth π is bounded  by two parallel edges 

and an end right angles to them. This end is maintained at temperature u0 for all points 

and the other edge at zero temperature. Determine the temperature at any point of the 

plate in the steady state.         (8) 

 

Ans. 

In the steady state the temperature u(x, y) at any point P(x, y) satisfies Laplace 

equation. 

 Thus, we have to solve the following boundary-value problem: 
2 2

2 2
0,

u u

x y

∂ ∂
+ =

∂ ∂
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),(0),0( yuyu π== ; 0)0,( uxu = ; 0),( =∞xu for x∀ . 

For solving this we make use of the product solution: 

20)()(),( p
Y

Y

X

X
YXYXyYxXyxu −=

′′
−=

′′
→=′′+′′→= . 

The boundary conditions are   (0, ) 0 ( , ) ,u y u y yπ= = ∀  

0( ,0) ,0 , ( , ) 0,0u x u x u x xπ π= < < ∞ = < <   The solution is given as  

( )( )
( )( )
1 2 3 4 1

2 3 4 3

0 0
1 0

( , ) cos sin , (0, ) 0 0

( , ) sin ( , ) 0 , 0 , 0

0,
2

( , ) sin . sin , sin 4
,

py py

py py

ny

n n n

n

u x y c px c px c e c e u y c

u x y c px c e c e u y p n alsou as y c

n even

u x y b nxe Thus u b nx b u nxdx u
n odd

n

π

π

π
π

−

−

∞
−

=

= + + = ⇒ =

∴ = + = ⇒ = = → ∞ =

=


∴ = = = = 
=

∑ ∫

Q  

 

Q.56 Using the method of separation of variables solve 
2

2
16

u u

x y

∂ ∂
=

∂ ∂
    (8) 

 

Ans. 

Given 
2

2
16

u u

x y

∂ ∂
=

∂ ∂
  

Let u(x, y) = X(x)Y(y) be the solution of (1), then 

YXYX ′=′′ 16  or k
Y

Y

X

X
=

′
=

′′

16
 

Three possibilities arise 

(i) k = 0 (ii) k > 0 (iii) k < 0 

For k = 0, X(x) = Ax + B, Y = C; u(x, y) = 21 CxC +  

(ii) k > 0; xx eAeAXkXX 4

2

4

1016 −+=→=−′′ , ky
eAyY 3)( =−  

Hence ( ) kyxx
eeAeAyxu

4

5

4

4),( −+= . 

(iii) 2α−=k ; xBxBxXXX ααα 4sin4cos)(016 21

2 +=→=+′′  

and y
eByYYY

2

3

2 )(0 αα −=→=+′  

Thus ( ) yexBxByxu
2

4sin4cos),( 54

ααα −+= . 

 

Q.57 Verify Stoke’s theorem for the function 3 3 ˆˆ ˆ2F y i x j zk= + +  where C is the curve of 

intersection of cone 2 2z x y= +  by the plane z = 4 and S is surface of cone below  

z = 4.  (8)                                                                                 

 

Ans: 
As per Stoke’s theorem we have to prove that 

 dSnFCurlrdF
S

C

rrrr
.. ∫∫∫ =  

Here kzjxiyF ˆˆˆ2 33 ++=
r
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 CurlF = ( )kyx

zxy

zyx

kji

ˆ63

22

ˆˆˆ

22

33

−=
∂

∂

∂

∂

∂

∂
; 

 ϕ∇=n̂ ; zyxzyx −+= 22),,(ϕ  

   
22

2

2

1

yx

x
x

+
=ϕ , 

22

2

2

1

yx

y
y

+
=ϕ , 1−=zϕ  

kj
z

y
i

y

x
n ˆ.1ˆˆ −+=∇= ϕ  

  = 
z

kzjyix ˆˆˆ −+
 

In obtaining ∫∫ ∧∇ )( F . nds we transform it to polar coordinates by using θcosrx = , 

θsinry = . Thus we get 
0

3 3 4 4

2

2 256 cos 2sin 192
C

y dx x dy zdz d
π

θ θ θ π + + = − = ∫ ∫�   

Hence Stoke’s theorem is verified. 

 

Q.58 Verify Green’s theorem for the function ( , ) sin , ( , ) cosx x
f x y e y g x y e y

− −= = and C 

is the square with vertices ( ) ( ) ( ) ( )0,0 , 2,0 , 2, 2 , 0, 2π π π π .       (8)           

 

Ans: 

1 2 3 4

( ),
C C C C C

fdx gdy fdx gdy+ = + + + +∫ ∫ ∫ ∫ ∫�  

Along 

1

1 : 0,0 2, (sin cos ) 0x

C

C y x e ydx ydyπ −= ≤ ≤ + =∫ , 

2

2

2 2

2

0

: 2 ,0 2, (sin cos ) cos
x

C

C x y e ydx ydy e ydy e

π
π ππ π − − −= ≤ ≤ + = =∫ ∫  

3

0

2

3

2

: 2, 2 0, (sin cos ) 1x x

C

C y x e ydx ydy e dx e π

π

π π − − −= ≤ ≤ + = = −∫ ∫  

4

0

4

2

: 0, 2 0, (sin cos ) cos 1x

C

C x y e ydx ydy ydy
π

π −= ≤ ≤ + = = −∫ ∫  

22( 1),
C

fdx gdy e π−∴ + = −∫� Using Green’s theorem we get  

2 2

2

0 0

( 2 cos ) ( 2 cos ) 2( 1),
x x

C R

fdx gdy e y dxdy e y dxdy e

π π
π− − −∴ + = − = − = −∫ ∫∫ ∫ ∫�  

Hence Green’s theorem is satisfied. 

 

Q.59 Show that the vector field 2 3 2 2 2 ˆˆ ˆ2 2 3F x y z i x yj x z k = + + +  is conservative. Find its 

scalar potential and work done by it in moving a particle from (-1,2,1) to (2,3,4). (8) 
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Ans: 

 

2 3 2 2 2

0

2 2 3

i j k

F
x y z

x y z x y x z

∂ ∂ ∂
∇ × = =

∂ ∂ ∂

 + 

  

Therefore the vector field is conservative.  

 

2 3 2 2 2

2 3 2 2 2

ˆ ˆˆ ˆ ˆ ˆ2 2 3

2 ,2 , 3

F x y z i x yj x z k i j k
x y z

x y z x y x z
x y z

φ φ φ
φ

φ φ φ

∂ ∂ ∂
 = ∇ ⇒ + + + = + +  ∂ ∂ ∂

∂ ∂ ∂
 ⇒ + = = =  ∂ ∂ ∂

 

 Thus 
(2,3,4)

2 2 3

( 1,2,1)
( ) . 287x y z c W F drφ φ

−
= + + ∴ = = =∫  

 

Q.60 Find a normal vector and the equation of tangent plane to surface 2 2
z x y= + at 

point (3,4,5).                                 (6)                                                

 

Ans: 

22 yxzf +−= ; By definition f∇ is a vector normal to the surface 

 
22

2

2

1

yx

x

x

f

+
−=

∂

∂
, 

22

2

2

1

yx

y

y

f

+
−=

∂

∂
, 1=

∂

∂

y

f
 

 k
z

y
j

y

x
if +−

−
=∇∴ ˆˆ ; ( ) kjif ˆˆ

5

4ˆ
5

3
5,4,3

+−
−

=∇  

 Equation of the plane through ( )
5,4,3f∇ is  

 0)5()4()3( =−+−+− zcybxa  

Here a, b, c are the direction ratios of the normal to the plane and are given by 

5

4
,

5

3 −−
, 1 .  

Using these values we get equation of the tangent plane as 0543 =−+ zyx . 

 

Q.61 If a is a constant vector and ˆˆ ˆr xi yj zk= + +  Show that  ( ) 2curl a r a× =    (5) 

 

Ans: 

Let ( ) ( )1 2 3
ˆ ˆˆ ˆ ˆ ˆ,a a i a j a k a r i j k a r

x y z

 ∂ ∂ ∂
= + + ∇ × × = + + × × ∂ ∂ ∂ 

 

 = ( ) ( )ˆ ˆ ˆ ˆ∂ ∂ 
× × = × × = × × 

∂ ∂ 
∑ ∑ ∑i a r i a r i a i

x x
 

                          

( ) ( ){ } { }
( ) ( )

a2aa3

k̂aĵaîaaaaîaa

îaaîa.îaî.îî

321i

i

=−=

++−++=∑−∑=

−∑=−∑=
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Q.62 Find the values of constants λ  and µ so that the surfaces 
2 2 3( 2) , 4 4x yz x x y zλ µ λ− = + + =  intersect orthogonally at the point (1,-1,2).  (5) 

 

 

Ans. 

Let 2 2 3

1 2( 2) , 4 4x yz x x y zφ λ µ λ φ= − − + = + −  the given point (1,-1,2) must lie on 

both the surfaces. Thus we have 2 ( 2) 1λ µ λ µ+ = + ⇒ = . The two surfaces will 

intersect orthogonally if normals to them at (1,-1,2) are perpendicular to each other. 

Therefore at (1,-1,2) 
1 2 0 2.5grad gradφ φ λ⋅ = ⇒ =  

 

Q.63 Show that the function  ( )f z xy= is not analytic at the origin even though CR 

equations are satisfied at this point.         (8) 

 

Ans. 

If ( ) , , 0f z xy u iv u xy v= = + = =  at the origin, we have 

0

( ,0) (0,0)
0,

x

u u x u
lt

x x→

∂ −
= =

∂
 

0 0 0

(0, ) (0,0) ( ,0) (0,0) (0, ) (0,0)
0, 0, 0,

y x y

u u y u v v x v v v y v
lt lt lt

y y x x y y→ → →

∂ − ∂ − ∂ −
= = = = = =

∂ ∂ ∂

thus CR equations are satisfied at the origin. 

2

0 0

( ) (0)
(0)

0 (1 ) 1z x

mx mf z f
f lt lt

z x im im→ →

−
′ = = =

− + +
which depends on m, thus f(z) is not 

analytic at the origin. 

Q.64 If  f(z) = u+iv is an analytic function of z and 
cos sin

2cos 2cosh

yx x e
u v

x y

−+ −
− =

−
 find f(z) 

subject to the condition 0
2

f
π 

=  
        (8)                             

Ans. 

2

cos sin (sin cos ) cosh 1 sin

2cos 2cosh 2(cos cosh )

y y
x x e u v x x y e x

u v
x y x x x y

− −+ − ∂ ∂ − + −
− = ⇒ − =

− ∂ ∂ −

2

2

(sin cos )sinh (cos cosh sinh )

2(cos cosh )

(sin cos )sinh (cos cosh sinh )

2(cos cosh )

(sin cos )cosh (cos cosh sinh sin ) (sin cos )sinh 1
2

2(cos

y

y

y

u v x x y e x y y

y y x y

v u x x y e x y y

x x x y

u x x y e x y y x x x y

x

−

−

−

∂ ∂ + + − −
− =

∂ ∂ −

∂ ∂ + + − −
⇒ − − =

∂ ∂ −

∂ − − − − + − + +
∴ =

∂ 2

2

cosh )

(sin cos )cosh (cos cosh sinh sin ) (sin cos )sinh 1
2

2(cos cosh )

y

x y

v x x y e x y y x x x y

x x y

−

−

∂ − + − − − + + +
− =

∂ −

Putting x = z, y =0, we get 
1 1

( ) ( ) cot
2(1 cos ) 2 2

u v z
f z i f z c

x x z

∂ ∂
′ = + = ⇒ = − +

∂ ∂ −
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1 1

0 ( ) 1 cot
2 2 2 2

z
c as f f z

π   
⇒ = = ⇒ = −   

   
 

 

Q.65 Discuss the transformation w = z + 1/z and show that it maps the circle |z|=a onto an 

ellipse. In particular discuss the case when a=1      (8) 

Ans: 

2

( 1)( 1)dw z z

dz z

+ −
= ,it is conformal everywhere except at z=1, -1 which corresponds to 

w =2,-2 of w plane. Let transform to polar coordinate 

1 1
cos sin .....(1)w u iv r i r

r r
θ θ

   
= + = + + −   

   
,  

Eliminating θ we get 
2 2

2 2
1

1 1

u v

r r
r r

+ =
   

+ −   
   

…(2)  

Eliminating r we get
2 2

2 2
4

cos sin

u v

θ θ
− = …..(3) From (2) it follows that the circle r = a 

of z plane are mapped into a family of ellipses in the w plane. The ellipses are 

confocal since 

2 2
1 1

4r r
r r

   
+ − − =   

   
a constant. In particular, the unit circle r=1 in 

the z plane gives from (1) 2cos , 0 2, 0u v u vθ= = ⇒ ≤ = i.e. the unit circle flattens 

out to become the segment u=-2 to u=2 of real axis in w plane.  

 

Q.66 Obtain the first three terms of the Laurent series expansion of the function       

1
( )

( 1)z
f z

e
=

−
 about the point z = 0  valid in the region 0 2z π< <      (8) 

 

Ans: 

The given  function  is not analytic when e
z
 =1, at z = 0 and z= 2 , 1, 2,.....ni nπ = ± ±  

The requires Laurent series expansion is about the point z = 0 . Its region of 

convergence is 0 2z π< < , we have 

( ) ( )

1
2

2 3

1 1 1 1 1
1 ...

1 2! 3! 2 122! 3! ....
z

z z z

e z zz z z

−
  

= = + + + = − +  
− + + +   

 

 

Q.67    Evaluate the integral 

( )
2

2 2
0

sinx x
dx

x a

∞

+
∫     by contour integration.           (10) 

 Ans: 

            Since the integrand is an even function we write       

            

( ) ( ) ( )
2 2 2

2 2 2 2 2 2
0

sin 1 sin 1
Im

2 2

ix
x x x x xe

dx dx dx
x a x a x a

∞ ∞ ∞

−∞ −∞

= =
+ + +

∫ ∫ ∫   
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 Consider the contour integral 
2 2 2

( ) , ( )
( )

iz

C

z
I f z e dz where f z

z a
= =

+∫  The function    

f(z) is analytic in the upper half plane except for the pole of order 2 at z = ai   

( )
2

2 2 2

( )
Re ( )

( ) 4

iz a
iz

z ai z ai

d z ai ze e
s f z e Lt

dz z a a

−

= →

 −
= = 

+ 
 

( ) ( )
2

R

R a
iz ix

C R

ie
I f z e dz f x e dx

a

π −

−

= + =∫ ∫ Now, 

2

2 2 2 2 2 2
0

( ) ( )
R

iz

C

ze R
dz as R

z a R a

π
≤ → → ∞

+ −∫  

( )
2

2 2
0

sin
( )

2 4

a a
ix ie x x e

I f x e dx dx
a ax a

π π∞ ∞− −

−∞

= = ∴ =
+

∫ ∫  

Q.68     Evaluate 
sin

C

dz

z z∫  where C is unit circle described in the positive direction.  (6) 

Ans: 
Poles are given by z=0, which is a pole of order 2, sinz =0, z  = nπ. Thus only z=0 lies 

within C.  ( ) 2

0

1 1
Re 0 lim 0 0

sin sinz
C

d
s z z dz

dz z z z z→

 
= = = ∴ = 

  ∫   

 

Q.69 Solve the differential equation 
2

2

2

u u

t x
α

∂ ∂
=

∂ ∂
for the conduction of heat along a rod 

without radiations, subject to the following conditions: 

 (i) u is not infinite for t → ∞    

 (ii) 0
u

t

∂
=

∂
 for x = 0 and x = L. 

 (iii) u = Lx – x
2
, for t = 0 between x = 0 and x = L.      (10) 

Ans: 

Let u = X(x)T(t) then 
2 22

1 2 32
( ) ( cos sin ) k tX T

k say u c kx c kx c e
X T

α

α
−′′ ′

= = − ∴ = +  

From condition (ii) we get  

c2=0, kl=nπ.
2 2 2

2

cos
n t

l
n

n
u a xe

l

π απ −

∴ = ,

2 2
2 2

0 0 2 2

0

2 4
cos , , ( )cos ,

6

l

n n

n l n l
lx x a a x a a lx x xdx n even

l l l n

π π

π
∴ − = + = = − = − =∑ ∫

2 2 2

2

4
2 2

2 2
1

1 2
cos

6

m
t

l

m

l l m
u x e

m l

π α
π

π

 
∞ −  

 

=

 
∴ = −  

 
∑  

 

Q.70 Solve 
2 2

2 2
0

u u

x y

∂ ∂
+ =

∂ ∂
subject to the boundary condition  

(0, ) sin , 0,u y y u x= → → ∞          (6)                                                                   

 

Ans: 
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2 2

2 2
0,

u u

x y

∂ ∂
+ =

∂ ∂
 Let u = X(x)Y(y) 

2

1 2 3 4( )( sin cos )px pxX Y
p u c e c e c py c py

X Y

−′′ ′′
= − = ∴ = + +  using the boundary 

conditions we get  
1 3 40, 1, 0, 1 sinx

c c c p u e y
−= = = = ∴ =  

Q.71 From a bag containing a black and b white balls, n ball are drawn at random without 

replacement. Let X denote the number of black balls drawn. Find the probability mass 

function of random variable X and compute expectation of Y = 2+3X.          (5) 

 

Ans: 

Since
0

( ) , 0,1,2,.... , ( )

n

x

a b a b
x

x n x x n x na
P X x x n E X

a b a b a b

n n

=

      
      − −      = = = = =

+ + +   
   
   

∑
 

( ) 2 3
na

E Y
a b

 
= +  

+ 
. 

 

Q.72 If the probability of a bad reaction from a certain injection is 0.001, determine the 

chance that out of 2000 individuals more than two will get a bad reaction.    (5) 

 

Ans: 
Mean= np= 2, P(more than two bad reaction)=1-(P(0)+P(1)+P(2))=1-5/e

2
  

 

Q.73 If X is a continuous random variable with p.d.f. given by 

  

0 2

( ) 2 2 4

6 4 6

kx x

f x k x

kx k x

≤ ≤


= ≤ ≤
− + ≤ ≤

    

Find  the value of k and mean value of X        (6) 

 

Ans: 

By definition ∫∫∫∫ +++==
6

4

4

2

2

0

6

0

)6(21)( dxkkxkdxkxdxdxxf  

 Or ( )
8

1
86

2
2

6

4

6

4

2

=→=+







−+ kkxk

x
kkk  

 Mean = ∫∫∫∫ +−++=
6

4

2

4

2

2

0

)6()2()( dxkxkxdxkxxkxdxdxxxf  

         = ( ) ( ) )1636(6)64216(
3

1
416

3

8

8

1
6

32
2

3

6

4

2

6

4

3
4

2

2
2

0

3

−




+−−−+=+







−+








+









x
xxx

k  

  = 








+−+ 120
3

152
12

3

8

8

1
= 3. 
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Q.74 Using the method of separation of variables, solve 2
u u

u
x t

∂ ∂
= +

∂ ∂
 where 

3( ,0) 6 x
u x e

−=                (8) 

 

Ans: 

Let u=X(x)T(t), then (1 2 )2 ,
2

k x ktX X T
X T XT XT k X ce T c e

X T

+′′ ′−
′ ′ ′= + ⇒ = = ⇒ = =  

thus  (1 2 ) 3 (1 2 ) 3 2
( , ) 6 6, 2 6

k x kt x k x x t
u x t cc e e e cc e cc k u e

+ − + − −′ ′ ′= ⇒ = ⇒ = = − ∴ =   

 

Q.75 If the directional derivative of 2 2 2
ax y by z cxzφ = + + at the point (1,1,1) has 

maximum magnitude 15 in the direction parallel to the line
1 3

2 2 1

x y z− −
= =

−
. Find the 

value of a,b,c.           (8)                                                                                

 

Ans. 

2 2 2ˆ ˆˆ ˆ ˆ ˆ(2 ) ( 2 ) ( 2 ) 15i j k axy cz i ax byz j by czx k
x y z

φ φ φ
φ φ

 ∂ ∂ ∂
∇ = + + = + + + + + ∇ = ∂ ∂ ∂ 

Q  

Thus we get 2 2 2 2(2 ) (2 ) (2 ) 15a c b a c b+ + + + + =  

But directional derivative is maximum parallel to the line  

1 3 2 2
2 5/ 9

2 2 1 2 2 4 11 10

x y z a c b a a b c
c b k k

− − + +
= = ⇒ = = + ⇒ = = = ⇒ = ±

− − −
  

Thus we get 
20 55 50

, ,
9 9 9

a b c= ± = ± = ±  

Q.76 If ( )ˆ ,A iφ= ∇ ×  where 2 0φ∇ = show that 

2 2

. . .A A
z y x y z x

φ φ φ φ∂ ∂ ∂ ∂
∇ × = −

∂ ∂ ∂ ∂ ∂ ∂
       (8) 

 

Ans. 

yzzyx
kj

kji

iA ϕϕ

ϕ

ϕ ˆˆ

00

ˆˆˆ

ˆ −=

















=∇= ∂
∂

∂
∂

∂
∂

∧  

 ( )
yyxxxzxy

yz

zyx
ikj

kji

A ϕϕϕϕ

ϕϕ

+−−=



















−

=∇ ∂
∂

∂
∂

∂
∂

∧
ˆˆˆ

0

 

 = ( )0ˆ 2 =∇+ ϕϕϕ Qxzxy kj  

( )( ) ( )
zxyyxzxzxyyz kjkjAA ϕϕϕϕϕϕϕϕ −=+−=∇∴ ∧

ˆˆ.ˆˆ.
rr

 

   

Q.77 Show that the integral ( ) ( )
(3,4)

2 3 2 2

(1,2)

3xy y dx yx xy dy+ + +∫  is independent of the path 

joining the points (1,2) and (3,4). Hence evaluate the integral.                         (8) 
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Ans: 

For integral to be independent of path ϕ∇=F
r

 obviously 

( ) ( )
(3,4) (3,4)

2 3 2 2

(1,2) (1,2)

. 3F dr xy y dx yx xy dy= + + +∫ ∫ and 

 curl





















++

∂

∂

∂

∂

∂

∂

03 2232
yxyxyxy

zyx

kji

=0 

 xy
z

yx
yxyxy

x

3
22

32 ),( +=→+=
∂

∂
ϕ

ϕ
 + f(y) 

 )(),(3
22

322 xg
z

yx
xyyxyxxy

y
++=→+=

∂

∂
ϕ

ϕ
 

 ] )4(
2

1
)8()643(

2

169
ddy

y
dx

x

4,3
2,1

4,3

2,1

4,3

2,1
/

−−×+
×

=ϕ=ϕ=








∂

ϕ∂
+

∂

ϕ∂
∴ ∫∫ 2 

 = 254. 

 

Q.78 Use Stroke’s theorem, to evaluate .
C

V dr∫  where 2 ˆˆ ˆV y i xyj zxk= + + and C is the 

bounding curve of the hemisphere 2 2 2 9, 0x y z z+ + = > oriented in the +ve direction.

           (8)                                                

Ans. 

ˆˆ ˆ
ˆˆˆ ˆ. ( ). , ,

3
C S

xi yj zk
V dr V ndS V zj yk n

φ

φ

∇ + +
= ∇ × ∇ × = − − = =

∇∫ ∫∫   

2 3

2

0 0

2 3
. ( )( ) 2 sin 0

3 2
C S

V dr yz dxdy d r dr

π

θ θ= − = − =∫ ∫∫ ∫ ∫  

 

Q.79 The vector field 2 ˆˆ ˆF x i zj yzk= + +  is defined over the volume of the cuboid given by 

0 ,0 ,0x a y b z c≤ ≤ ≤ ≤ ≤ ≤ Evaluate the surface integral .
S

F dS∫∫ where S is the 

surface of the cuboid.          (8) 

 

Ans: 

2

0 0 0

ˆˆ ˆ( ) . (2 ) ( )
2

a b c

S V x y z

b
x i zj yzk dS div FdV x y dzdxdy abc a

= = =

+ + = = + = +∫∫ ∫∫∫ ∫ ∫ ∫   

 

Q.80 Find the points where CR equations are satisfied for the function 2 2( )f z xy ix y= + . 

Where does ( )f z′ exist? Where f(z) analytic?                                                     (8) 
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Ans:  

Let 2 2 2 2, , , 2 , 2 ,
u u v v

u xy v x y y xy xy x
x y x y

∂ ∂ ∂ ∂
= = = = = =

∂ ∂ ∂ ∂
  

Now 2 2 , 4 0 0
u v u v

y x xy x y
x y y x

∂ ∂ ∂ ∂
= ⇒ = = − ⇒ = ⇒ = =

∂ ∂ ∂ ∂
  

Thus at origin C-R equations are satisfied. ( )f z′  exists at the origin only and f(z) is 

analytic at the origin only. 

 

Q.81 Find the analytic function ( ) ( , ) ( , )f z u r iv rθ θ= +  

where 2( , ) cos2 cos 2v r r rθ θ θ= − +             (8)                            

 

Ans: 
We have  

2 2( , ) cos2 cos 2 2 cos2 cos , 2 sin 2 sin
v v

v r r r r r r
r

θ θ θ θ θ θ θ
θ

∂ ∂
= − + ⇒ = − = − +

∂ ∂

21
2 sin 2 sin , 2 cos2 cos

u v u v
r r r r

r r r
θ θ θ θ

θ θ

∂ ∂ ∂ ∂
= = − + = − = − +

∂ ∂ ∂ ∂
 thus  

du = d(-r
2
sin2θ+rsinθ)  

 ( ) ( ) θθθθθθ
θ

drrdrrd
u

dr
r

u
du cos2cos2sin2sin2 2 −−++−=

∂

∂
+

∂

∂
=  

      = ( ) ( ) ( )( )θθθθθθ drdrdrrdr cossin2cos22sin2 2 +++  

      = ( ) ( )θθ sin2sin
2

rdrd +−  

 Thus crru ++−= θθ cos2sin2  

 ivuzf +=)(  after some simplifications turns out to be 

          = ciireeir
ii ++− 222 θθ  

          = ciiziz +++ 22  

 

Q.82 Find the image in w-plane of  

(i) the circle with centre (2.5, 0) and radius 0.5 

(ii)The interior of the circle in (i) in z plane under the mapping  
3

2

z
w

z

−
=

−
              (8) 

Ans: 

2

3

−+

−−
=+=

iyx

iyx
ivuw  or iyxivuziyx −−=+−+ 3))((  

Equating real and imaginary parts we get 

ux – vy -2u = 3 – x, vx – 2v + uy = -y 

 or (u + 1)x – vy = 2u + 3, vx + (u + 1)y = 2v     (1, 2) 

 or solving eqns(1) & (2) we get 

 
12

3522
22

22

+++

++
=

uvu

uvu
x , 

1222 +++

−
=

uvu

v
y      (3, 4) 

 Equation of the circle with centre (2.5, 0) and radius 0.5 is 25.0)5.2(
22 =+− yx (5, 6) 

 On combining eqns (3,4,5,6) we get 

 
4

1

122

5

12

3522
2

22

2

22

22

=







+++

−
+








−

+++

++

uvu

v

uvu

uvu
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 ( ) ( )2222222 1241 +++=++−− uvuvvu  

 After some simplifications we get 

 ( ) ( )( )111 2222 +−+++= uvuuv  

 Or ( ) 01202 22223 =→+++==+++ uvuuuuvuuu  which is an equation of 

imaginary axis. 

 Equation of the interior of the circle is 
4

1

2

5 2

2

<+







− yx  

 When transformed 2, u, v coordinates we get 

 ( ) 012 22 >+++ vuuu  or ( )[ ] 01 22
>++ vuu  

 As ( ) 01 22
>++ vu  as u > 0 which is an equation of the right half plane. 

 

Q.83 Expand  
1

( )
( 1)( 3)

f z
z z

=
+ +

 in Laurent Series valid for  0 1 2z< + <        (8)             

 

Ans: 

The function 
1 1 1 1

( ) .
( 1)( 3) 2 1 1 2

f z
z z z z

 
= = − + + + + + 

  

2 21 1 1 ( 1) 1 1 1 ( 1)
1 .... ...

2(1 ) 4 2 4 2(1 ) 4 8 16

z z z z

z z

 + + + +
= − − + − = − + − + + 

  

 

Q.84    Evaluate 
2

4 2

2

10 9

x x
dx

x x

∞

−∞

− +

+ +∫                                              (10) 

 Ans: 

 The integrand can be written as
2

4 2

2
( ) .

10 9
C C

z z
dz f z dz

z z

− +
=

+ +∫ ∫  Poles are z = ± 3i, ±i 

2

4 2

2

4 2
3

2

4 2

2 1 1
Re ( ) ( ) ,

10 9 16 16

2 7 1
Re ( 3 ) ( 3 )

10 9 48 16

1 7 5 2 5
( ) 2

16 48 12 10 9 12

z i

z i

C

z z
s z i Lt z i

z z i

z z
s z i Lt z i

z z i

x x
f z dz i dx

i i x x

π π
π

→

→

∞

−∞

− +
= = − = −

+ +

− +
= = − = +

+ +

− + 
= + = ⇒ =  + + ∫ ∫

 

Q.85   Use Cauchy Integral formula to evaluate 
2 2sin cos

( 1)( 2)
C

z z
dz

z z

π π+

− −∫  where C is the circle  

|z| = 3  traversed counter clock wise.                                                                (6) 

 

Ans: 

Poles are at z = 1, 2. 

Thus
2 2 2 2 2 2

1 2

sin cos sin cos sin cos
2 4

( 1)( 2) ( 2) ( 1)
C z z

z z z z z z
dz i i

z z z z

π π π π π π
π π

= =

    + + +
= + =     − − − −    

∫   
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Q.86 An elastic string of length l which is fastened at its ends x = 0 and x = L is released 

from its horizontal position (zero initial displacement) with initial velocity g(x) given 

as 
, 0

3
( )

0,
3

Lx x
g x

L x L

 ≤ ≤
= 

< <

 Find the displacement of the string at any instant of time.    

(10) 

Ans: 
The equation governing the motion of stretched string is given by 

2

2
2

2

2

x

u
c

t

u

∂

∂
=

∂

∂
      --------- (1) 

(1) has to be solved under the following initial and b.conditions 

b.conditions: u(0, t) = 0 = u(l, t)   --------- (2),(3) 

initial conditions: u(x, 0) = 0; )(
0

xg
t

u

t

=







∂

∂

=

 --------- (4),(5) 

For solving (1) we assume solution of the form 

y(x, t) = X(x)T(t)     --------- (6) 

Using (6) in (1) we get TXcTX ′′=′′ 2   --------- (7) 

Or 2

2
k

X

X

Tc

T
−=

′′
=

′′
 (on physical ground) 

Or kxckxcaXXkX sincos)(0 21

2 +=→=+′′  

kctckctctTTckT sincos)(0 43

22 +=→=+′′  

Hence ( )( )kctckctckxckxctxu sincossincos),( 4321 ++=  ---- (8)  

Using b.condn(2) we get 01 =c  and (8) reduces to 

( )kctckctckxctxu sincossin),( 432 +=  

At x = l, u = 0 yields 0sinc2 =kl  for all 

Either 02 =c which gives trivial solution y = 0 

Or πnklkl =→= 0sin  or 
l

n
k

π
=  

Hence we get 







+= ct

l

n
act

l

n
cx

l

n
txu nnn

πππ
sincossin),(  

Where nccc =32 , nacc =42  

At t = 0, 00),( =→= nn ctxu  

Hence ∑
∞

=

=
1

sinsin),(
n

n ct
l

n
x

l

n
atxu

ππ
 

The equation is 
2 2

2

2 2
, 0 ,

u u
c x t

t x

∂ ∂
= < <

∂ ∂
  

With conditions u(0,t)=0, u(L,t)=0, t >0, u(x,0)=0, ( ,0) ( )
u

x g x
t

∂
=

∂
 

Thus  
1

( , ) sin sin ,n

n

n c n
u x t a t x

l l

π π∞

=

=∑  
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( ) ( )2

0

sin cos2 2 3 3( ) sin
3

L

n

n n
n L

a g x xdx
n c l n c n Ln L

π π
π

π π ππ

 
 = = −
 
 

∫  

( )

2

2 2
1

sin2 13( , ) cos sin sin
33n

n
L n c nnu x t t x
c n l ln

π
π ππ

π π

∞

=

 
 = −
 
 

∑  

Q.87 Solve by the method of separation of variables 
2

2
2 0

z z z

x x y

∂ ∂ ∂
− + =

∂ ∂ ∂
                                                                  

Ans: 

Let z = X(x)Y(y) . Using this in the given d.eqn. we get 

a
Y

Y

X

XX
=

′
−=

′−′′ 2
 or  02 =−′−′′ aXXX , 0=+′ aYY  

Aux. eqn. is 
2

442
022 a

mamm
+±

=→=−− , a+± 11  

Hence ( ) ( )xaxa ececxX +−++ += 11

2

11

1)(  

  ay
eyY

−=)(  

( ) ( )( )xaxaay ececez +−++− +=∴ 11

2

11

1  

 

Q.88 The frequency distribution is given as                    

 
3

3

, 0 1
( )

(2 ) , 1 2

x x
f x

x x

 ≤ ≤
= 

− ≤ ≤
 Calculate Standard deviation and mean deviation about 

mean.                        (5) 

 
Ans: 

Total Frequency

1 2 1 2

3 3 4 3

1

0 1 0 1

1 1
(2 ) , (2 ) 1

2
N x dx x dx x dx x x dx

N
µ

 
′= + − = = + − = 

 
∫ ∫ ∫ ∫

1 2

5 2 3 2 2

2 2 1

0 1

1 16 1 1
(2 ) ( )

15 5 5
x dx x x dx

N
µ σ µ µ σ

 
′ ′ ′= + − = ⇒ = − = ⇒ = 

 
∫ ∫

1 2

3 3

0 1

1 1
. . 1 1 (2 )

5
M D about mean x x dx x x dx

N

 
= − + − − = 

 
∫ ∫ . 

 

Q.89 Suppose the life in hours of a certain kind of radio tube has p.d.f.     

2

100
100

( )

0 100

x
f x x

x


≥

= 
 <

 Find the distribution function. What is the probability that 

none of the 3 tubes in a given radio set will have to be replaced during the first 150 

hours of operation? What is the probability that all three of the original tubes will be 

replaced during the first 150 hours?        (6) 
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Ans: 

Distribution function = 
2

100

100 100
( ) 1

x

F x du
u x

= = −∫  Probability that a tube will fast for 

first 150 hours is given by 
1

( 150) (150)
3

P X F≤ = =  Thus the probability that none of 

the three tubes will have to be replaced during the first 150 hours is 

3
1 1

3 27

 
= 

 
 The 

probability that a tube will not last for the first 150 hours is 
2

3
Hence the probability 

that all three of the original tubes will have to be replaced during the first 150 hours is 
3

2 8

3 27

 
= 

 
  

Q.90 A variate X has p.d.f.   

                       

X -3 6 9 

P(x) 1/6 1/2 1/3 

  

Find E(X), E(X
2
) and E(2X+1)

2
.         (5) 

 

Ans: 

21 1 1 11 1 1 1 93
( ) 3. 6. 9. , ( ) 9. 36. 81. ,

6 2 3 2 6 2 3 2
E X E X= − + + = = + + =     

 2 2
(2 1) 4 ( ) 4 ( ) 1 209E X E X E X+ = + + =  

 

Q.91 Fit a Poisson distribution to the following data which gives the number of calls per 

square for 400 squares.        

  

No. of calls per square (x) 0 1 2 3 4 5 6 7 8 9 10 

No. of squares (f) 103 143 98 42 8 4 2 0 0 0 0 

 It is given that e
-1.32

 = 0.2674        (8) 

 

Ans: 

Mean = 
2484298143103

0726458442398214311030

++++++

×+×+×+×+×+×+×+×
=

∑
∑

f

fx
 

 = 32.1
400

529
=  

No. of calls  0 1 2 3 4 5 6 7 8 9 10 

Probability .267

4 

.353 .233 .10

3 

.034 .009 .00

2 

.00

04 

.000

06 

.00000

9 

.00000

1 

Frequency 107 141 93.2

=93 

41 13.5

2=14 

3.57

=4 

.78

=1 

.15

=0 

.24=

0 

0 0 

 

Q.92 Find the directional derivative of 2
V  where 2 2 2 ˆˆ ˆV xy i y zj xz k= + + at the point (2,0,3) 

in the direction of the outward normal to the sphere 2 2 2
14x y z+ + = at (3,2,1).    (8)                                                                                
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Ans: 
4224422 . zxzyyxVVV ++==

rr
; 

( ){ } ( ){ } { }324322442 42ˆ4ˆ2ˆ zxzykyzxjzyxiV +++++=∇  

∴At the pt (2, 0, 3) ( )kiV ˆ4ˆ31082 +=∇  

222
zyxf ++=  ( ) ( )kjif ˆ2ˆ4ˆ6

1,2,3
++=∇  

Thus directional derivative along the normal  

= ( )ki ˆ4ˆ3108 + .
14

1404

14

ˆˆ2ˆ3
=

++ kji
 

 

Q.93 A Fluid motion is given by 2 ˆˆ ˆ( sin sin ) ( sin 2 ) ( cos )V y z x i x z yz j xy z y k= − + + + +  is 

the motion is irrotational? If so, find the velocity potential.                                  (8) 

 

Ans: 

2

0

sin sin sin 2 cos

i j k

V
x y z

y z x x z yz xy z y

∂ ∂ ∂
∇ × = =

∂ ∂ ∂

− + +

Thus V is a conservative field. 

Now 

 

2

2

ˆ ˆˆ ˆ ˆ ˆ( sin sin ) ( sin 2 ) ( cos )

sin sin , sin 2 , cos

V y z x i x z yz j xy z y k i j k
x y z

y z x x z yz xy z y
x y z

φ φ φ
φ

φ φ φ

∂ ∂ ∂
= ∇ ⇒ − + + + + = + +

∂ ∂ ∂

∂ ∂ ∂
⇒ − = + = + =

∂ ∂ ∂

 

 Integrating partially w.r.t. x, we get  1sin cos ( , )xy z x y zφ ψ= + +  

 Integrating partially w.r.t. y, we get 2

2sin ( , )xy z y z x zφ ψ= + +  

 Integrating partially w.r.t. z, we get 2

1sin ( , )xy z y z y xφ ψ= + +  

Thus 2sin cosxy z x y zφ = + +  

 

Q.94 A vector field is given by ˆ ˆsin (1 cos )F yi x y j= + +  Evaluate the line integral 

C

F dr∫ � where  C is a circular path given by 2 2 2
x y a+ = .                (8) 

 

Ans: 

dyyxdxyrdF
CC

)cos1(sin. ++= ∫∫
r

  ----------- (1)  

 From Green’s theorem we know that 

 ( ) ∫∫∫ 








∂

∂
−

∂

∂
=+

RC

dxdy
y

M

x

N
NdyMdx  

 Using this theorem the line integral (1) is transformed to 

 ( )[ ] ∫∫∫∫ =−+
RR

dxdydxdyyy coscos1 . 

 Using polar coordinates we get 2

2

0 0

adrrd

a

πθ
π

=∫ ∫ . 
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Q.95 Find ˆF ndS⋅∫∫  where 2 ˆˆ ˆ(2 3 ) ( ) ( 2 )F x z i xz y j y z k= + − + + + and S is the surface of 

the sphere having centre (3,-1,2) and radius 3.                            (8)                                                

 

Ans: 

34
ˆ ˆ3, 3 3 , , 3 36 108

3
V

divF F ndS dV V V r r V F ndSπ π π= ⋅ = = = = ⇒ = ∴ ⋅ =∫∫ ∫∫∫ ∫∫  

 

Q.96 Evaluate .
C

F dr∫� where 2 2 ˆˆ ˆ ( )F y i x j x z k= + − +  and C is boundary of triangle with 

vertices (0,0,0), (1,0,0) and (1,1,0).           (8) 

 

Ans 

2 2

ˆˆ ˆ

ˆˆ 2( )

( )

i j k

F j x y k
x y z

y x x z

∂ ∂ ∂
∇ × = = + −

∂ ∂ ∂

− +

  

Since z coordinate is  zero thus triangle is in xy plane. Thus ˆn̂ k= . 
1

0 0

1
ˆ. 2( )

3

x

C S x y

F dr curlF ndS x y dxdy
= =

= ⋅ = − =∫ ∫∫ ∫ ∫�  

 

Q.97 Show that the function z z  is not analytic anywhere.                                           (8) 

Ans: 

Let 
2 2 2 2

2 2 2 2

2 2 2 2

2 2
( ), ( ), , ,

( ) ( )

u x y v y x
w z z u x x y v y x y

x yx y x y

∂ + ∂ +
= ⇒ = + = + = =

∂ ∂+ +
 

now  

2 2
,

( )

u v u xy v
when y x

x y y xx y

∂ ∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂+
 thus C-R equations are not satisfied 

anywhere. 

 

Q.98 Show that the function u(x,y)=4xy-3x+2 is harmonic. Construct the corresponding 

analytic function w  = f(z) in terms of complex variables z.       (8)                         

 

Ans 
We have 

2 2
2 2

2 2
0, 2 2 3

u u v v u u
dv dx dy dx dy v x y y c

x y x y y x

∂ ∂ ∂ ∂ ∂ ∂
+ = = + = − + ⇒ = − + − +

∂ ∂ ∂ ∂ ∂ ∂
.  

Thus 2 2 2( ) 4 3 2 ( 2 2 3 ) 2 3 2f z xy x i x y y ic iz z ic= − + + − + − + = − − + +  

 

Q.99 Find the Taylor series expansion of the function of the complex variable 

1
( )

( 1)( 3)
f z

z z
=

− −  about the point z = 4. Find the region of convergence.  (8) 

 

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


AE35/AC35/AT35       MATHEMATICS-II 

 

 

 70 

Ans 
If centre of a circle is  z=4, then the distance of the singularities z =1 and z = 3 from 

the centre are 3 and 1. Hence, if a circle is drawn with centre at z = 4, and radius 1, 

then within the circle 4 1z − = , then given function f(z) is analytic hence it can be 

expanded in Taylor’s series within the circle 4 1z − = , which is therefore the circle of 

convergence. 

[ ]
1

1

2

1 1 1 1 1 1 4
( ) 1 ( 4) 1

( 1)( 3) 2 3 1 2 6 3

1 4 13
( 4) ( 4) ...

3 9 27

z
f z z

z z z z

z z

−
− −   

= = − = + − − +   − − − −   

= − − + − +
 

Q.100 Evaluate  
2 1

C

z
dz

z +∫  where 
1

2z
z

+ = .              (8)             

Ans: 
Poles are   

( ) ( )
2

2
2 2 2 2 21 1

, 2 2 2 1 4
z

z i z x y x y y
z z

+
= ± + = ⇒ = ⇒ + − + + =   

2 2 2 21 2 ( 1) 2x y y x y⇒ + − = ± ⇒ + ± = . 

These are two circles with centre at (0,1) and (0,-1) with radius 2 .  

Thus 
2

0
1

C

z
dz

z
=

+∫
 

 
Q.101  Using complex variable techniques evaluate the real integral  

2 2

0

sin

5 4cos
d

π
θ

θ
θ−∫         (10) 

 Ans: 
2 22 2 2

2

0 0

sin 1 1 1 1

5 4cos 2 5 4cos 2 2 5 2

i

C

e z
d real part of d real part of dz

i z z

π π θθ
θ θ

θ θ

− −
= =

− − − +∫ ∫ ∫   

 Poles are z = ½, 2. So inside the contour C there is a simple pole at z = ½.   
2

1

2

1 1 1 1 1 1
Re , 2

2 2 (2 1)( 2) 4 2 4 4z

z
s z Lt z I real part of i

z z i

π
π

→

−   
= = − = = =   

− −   
 

 

Q.102  Determine the poles and residue at each pole of the function f(z)= cotz  (6) 

 

Ans: 

Poles are given by sinz =0, z = nπ. Thus ( )

( )

cos
Re 1

(sin )
z n

z
s z n

d
z

dz π

π

=

= = =   

 
Q.103 A string is stretched and fastened to two points l apart. Motion is started by displacing 

the string in the form ( )siny a x lπ= from which it is released at time t = 0. Show 

that the displacement of any point at a distance x from one end at time t is given by         

http://www.studentbounty.com/
http://www.studentbounty.com
http://www.studentbounty.com


AE35/AC35/AT35       MATHEMATICS-II 

 

 

 71 

( ) ( )( , ) sin cosy x t a x l ct lπ π=                        (8) 

 

Ans: 
Vibrations of the stretched string are governed by the wave equation (under usual 

notations) 
2 2

2

2 2

y y
c

t x

∂ ∂
=

∂ ∂
       ----------------- (1)  

Since the end points of the string are fixed for all time, therefore the displacement y(x, 

t) satisfies the following conditions 

y(0, t) = y(l, t) = 0 .      ----------------- (2), (3) 

Further, as the initial transverse velocity of any point of the string is zero one can 

write 

0

0
t

y

t =

∂ 
= 

∂ 
       ----------------- (4) 

Also, )sin(a)0,x(y lx∏=       ----------------- (5) 

For obtaining solution of (1) under the two boundry conditions (2, 3) and two initial 

conditions (4, 5) we use the method of product solution and write 

Y(x, t) = X(x) T(t)      ----------------- (6) 

Combining (1) and (6) we get 

2

2
p

Tc

T

X

X
−=

′′
=

′′
 (on physical ground) 

Thus, ( )( )cptccptcpxcpxctxy sincossincos),( 4321 ++=  ----------------- (7) 

On using b.c.(2) we get 01 =c , and on using the b.c.(3) we get 

( )pctccpctcpxc sincossin0 432 +=     ----------------- (8) 

Since (8) is valid for all time therefore 0sin3 =pxc  

3c  cannot be zero as it shall lead to trivial solution. Therefore the only possibility is 

l

n
ppl

π
=→= 0sin       ----------------- (9) 

Consequently, solution (8) assumes the following form: 









+= ct

l

n
Bct

l

n
Ax

l

n
txy nn

πππ
sincossin),(  

Where 32CCAn = , 42CCBn =  

















+








−=

∂

∂

l

n
ct

l

n
B

l

n
ct

l

n
Ax

l

n

t

y πππππ
cossinsin  

At t = 0, 00 =→=
∂

∂
B

t

y
 

Hence the solution assumes the following form 

ct
l

n
x

l

n
Atxy nn

ππ
cossin),( =     ------------------ (10) 

At t = 0, x
l

n
sinA

l

x
sina)x(y)0,x(y n0

π
=

π
==  

Hence n = 1, aA =1  
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l

ct

l

x
atxy

ππ
cossin),( 







=∴ . 

 

Q.104 An infinitely long plate uniform plate is bounded by two parallel edge and an end at 

right angles to them. The breadth isπ ; this end is maintained at a temperature 0u  at 

all points and other edge at zero temperature. Determine the temperature at any point 

of the plate in the steady-state.                                                          (8) 

 

Ans: 
In the steady state the temperature u(x,y) at any point P(x,y) satisfies the equation 

2 2

2 2
0,

u u

x y

∂ ∂
+ =

∂ ∂
 the boundary conditions are   (0, ) 0 ( , ) ,u y u y yπ= = ∀  

0( ,0) ,0 , ( , ) 0,0u x u x u x xπ π= < < ∞ = < <    

)()(),( yYxXtxu =  

Or 2
p

Y

Y

X

X
−=

′′
−=

′′
 (p is a separation constant) 

Thus, X = (Acos px + Bsin px); Y(y) = pypy
DeCe

−+  

Or u(x, y) = ( )( )pypy
eCeCpxCpxC

−++ 4321 sincos  

Where A, B, C, D are replaced respectively by 4321 &,, CCCC . 

The solution is given as  

( )( )
( )( )
1 2 3 4 1

2 3 4 3

0 0
1 0

( , ) cos sin , (0, ) 0 0

( , ) sin ( , ) 0 , 0 , 0

0,
2

( , ) sin . sin , sin 4
,

py py

py py

ny

n n n

n

u x y c px c px c e c e u y c

u x y c px c e c e u y p n alsou as y c

n even

u x y b nxe Thus u b nx b u nxdx u
n odd

n

π

π

π
π

−

−

∞
−

=

= + + = ⇒ =

∴ = + = ⇒ = = → ∞ =

=


∴ = = = = 
=

∑ ∫

Q  

 

Q.105 Show that  under the mapping w = 1/z, all circles and straight lines in the z-plane are         

transformed to circles and straight lines in the w-plane.                                      (8) 

 

Ans: 

The equation   2 2( ) 0a x y bx cy d+ + + + =  represents a circle if 0a ≠  and a straight 

line if  

a = 0, in the z-plane. Substituting z = x + i y, w = u + i v, in w = 1/z and comparing 

the real and imaginary parts, we get  

2 2 2 2 2 2 2 2 2 2

2 2 2 2
2 2

2

, , 0

4
( ) 0. 0,

2 2 4

u v a bu cv
x y we get d

u v u v u v u v u v

b c b c ad
a bu cv d u v If d u v

d d d

−
= = + − + =

+ + + + +

+ −   ⇒ + − + + = ≠ + + − =      

, 

is the equation of a circle. If d = 0, we get a + bu – cv =0.  We observe the following: 

(i) A circle ( 0a ≠ ) not passing through the origin ( 0d ≠ ) in the z-plane, is 

transformed into a circle not passing through the origin in the w-plane. 

(ii) A circle ( 0a ≠ ) passing through the origin (d=0) in the z-plane, is transformed 

into a straight line not  passing through the origin in the w-plane. 
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(iii) A straight line ( a=0)  not passing through the origin ( 0d ≠ ) in the z-plane, is 

transformed into a circle passing through the origin in the w-plane. 

(iv) A straight line ( a=0)  passing through the origin (d = 0) in the z-plane, is  

  transformed into a straight line passing through the origin in the w-plane. 

 

 

Q.106 The probability that a man aged 60  will live to be 70 is 0.65. What is the probability 

that out of 10 men, now 60, at least 7 will leave to be 70?          (8) 

 

Ans: 
The probability that a man aged 60 will live to be 70 = p = 0.65, q = 0.35, n = 10,  

Probability that at least 7 will live to 70 = P(7 or 8 or 9 or 10) 

  10 3 7 10 2 8 10 9 10

7 8 9 0.5137C q p C q p C qp p= + + + =   

Q.107 Solve  the telephone equation 
2 2

2 2

E E E
LC RC

x t t

∂ ∂ ∂
= +

∂ ∂ ∂
 when 

0(0, ) sin ,E t E qt=  

0E as x= → ∞ assuming that 
qL

R
 is large compared with unity.               (8) 

 

Ans: 

Let  px iqtE Ae e= be the solution of the given equation. Substituting in equation, we 

get 2 2 1 2
(1 ) (1 ) 1/ 2p LCq i R qL p iq LC i R Lq iq LC R C L = − − ∴ = ± − ≈ ± +    

.
R

as is small
qL

 The boundary condition is satisfied when  we take –ve sign. Since q  

can be both –ve as well as +ve, thus the general solution is 

{ }1 2 , ,
2

ax iqt ibx iqt ibx R C q
E e c e c e a b

L LC

− + − −= + = =  Using boundary conditions, we 

get 0
1 2 0. ( , ) sin( )

2

axE
c c Thus E x t E e qt bx

i

−= − = = +  where ,
2

R C q
a b

L LC
= = . 

 

Q.108 Show that the vector field defined by the vector function  ˆˆ ˆ( )v xyz yzi xzj xyk= + + is 

conservative.                                                                           (8) 

 

Ans: 

If the given vector field is conservative, then it can be expressed as the gradient of a 

scalar function f(x,y,z), therefore, ˆ ˆˆ ˆ ˆ ˆ( )
f f f

f i j k v xyz yzi xzj xyk
x y z

 ∂ ∂ ∂
∇ = + + = = + + ∂ ∂ ∂ 

 

Comparing, we get 2 2 2 2 2 2, ,
f f f

xy z yx z zy x
x y z

∂ ∂ ∂
= = =

∂ ∂ ∂
 integrating the first equation, 

we obtain 2 2 21
( , , ) ( , )

2
f x y z x y z g y z= +  substituting in the second and third equation 

we get that g = k  = constant. Hence 2 2 21
( , , )

2
f x y z x y z k= +  

Q.109 Evaluate 2 2( ) ( ) , : 4 , ,0 2
C

x y dx x dy y z dz whereC x y z x x+ − + + = = ≤ ≤∫    (8) 
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Ans: 

The parametric equation for C is 
2

, , ,0 2
4

t
x t y z t t= = = ≤ ≤  therefore  

2 2 2
2 2

0

10
( ) ( )

4 2 4 3
C

t t t
x y dx x dy y z dz t t t dt

    
+ − + + = + − + + =    

    
∫ ∫  

 

Q.110 If . 0, . 0, , ,
H E

E H E H
t t

∂ ∂
∇ = ∇ = ∇× = − ∇× =

∂ ∂
 

show that vector E and H satisfy the wave equation 
2

2

2

u
u

t

∂
∇ =

∂
      (8) 

 
Ans: 

Consider ( ) ( )
2

2

H E
E H

t t t

 ∂ ∂ ∂
∇× ∇× = ∇× − = − ∇× = − 

∂ ∂ ∂ 
 

 ( )
2 2

2 2 2 2

2 2
( . ) . .

E H
E E E E Thus E Similarly H

t t

∂ ∂
∇× ∇× = ∇ ∇ − ∇ = −∇ ∇ = ∇ =

∂ ∂
 

 Thus vector E and H satisfy the wave equation 
2

2

2

u
u

t

∂
∇ =

∂
. 

 

Q.111 Using the Green’s theorem, show that 2 ,
C R

u
ds udxdy

n

∂
= ∇

∂∫ ∫∫�  where n is the unit 

vector outward normal to C.                                                      (8) 

 

Ans: 

Let the position vector of a point on C, be ˆ ˆ( ) ( ) ( ) ,r s x s i y s j= +  then the tangent 

vector to C is given by ˆ ˆ ˆ ˆ( ) ( ) ( ) ,
d d d dy dx

T r s x s i y s j n i j
ds ds ds ds ds

= = + = −   , n is the 

unit normal vector . Thus  ˆ.
C C

u
ds u nds

n

∂
= ∇

∂∫ ∫� �  since 
u

n

∂

∂
is the directional derivative of 

u in the direction of n Using Green’s theorem, we get 

2
.

C C C R

u u dy u dx u u
ds ds dy dx udxdy

n x ds y ds x y

   ∂ ∂ ∂ ∂ ∂
= − = − = ∇   

∂ ∂ ∂ ∂ ∂   
∫ ∫ ∫ ∫∫� � �  

In obtaining the double integral from line integral, 

We have used the following form of the Green’s theorem 

( ) dxdy
y

M

x

N
NdyMdx

RC

∫∫∫ 








∂

∂
−

∂

∂
=+ . 

 

Q.112 Use the Divergence theorem to evaluate 2 2 ˆˆ ˆ( . ) , ,
S

v n dA wherev x zi yj xz k= + −∫∫  and S 

is the boundary of the region bounded by the paraboloid z = 2 2
x y+  and the plane  

z = 4y.   (8) 
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Ans: 

We have 

2

2 22

4 44

0 4

( . ) . 8

y y y

S D D y z x yx y y

v n dA vdV dV dzdxdy π
−

= = +=− −

= ∇ = = =∫∫ ∫∫∫ ∫∫∫ ∫ ∫ ∫   

 ( )∫ ∫∫ ∫ ∫∫∫∫
−

=

−

−− +=

−−==
4

0

4

0

22

4

0

4

4

4
22

2 22

42

yy

y

yy

yyx

y

yxzV

dxdyxyydzdxdydV  

 = ( )( ) ( ) dyyyyyyy∫ 





−−−−

4

0

222 2
3

2
1

4
3

1
442 = ( ) dyyy∫ 








−−

4

0

2

3

1
142

2
3

= ( ) dyyy

2
3

4

0

24
3

4
∫ −  

 Put θ2
sin4=y , θθθ ddy cossin8= ; θ3sin82

3

=y , θ3cos8)4( 2
3

=− y , 

4=θ y=0 
2

12
π

θπ =  y = 4 

θθθθθθθ

ππ

4

0

43

0

3 cossin)512(
3

4
cossin8cos8sin8

3

4 22

∫∫ ×=d  

= ( )θθθ

π

24

0

4 sin2sin1sin512
3

4 2

−+× ∫ = ( ) θθθθ

π

d∫ −+××
2

0

684 sin2sinsin512
3

4
 

= 








×++
/

××
/ 6

5
2

6

5
.

8

7
1

22

1
.

4

3
512

3

4 π
= 








×

48

3

16
5124

π
= π8   

    

Q.113 Show that the function ( )f z z=  is continuous at the point z = 0, but not differentiable 

at z = 0.                                        (8) 

 

Ans: 

Let , . ( ) , ,z x iy z x iy f z x iy z x i y z x i y= + = − = − ∆ = ∆ + ∆ ∆ = ∆ − ∆  now  

0 0, 0
lim ( ) lim ( ) 0 (0).
z x y

f z x iy f
→ → →

= − = =  Thus the function ( )f z z=  is continuous at the 

point z = 0. Now at z = 0,   

0 0 0, 0

( ) (0)
lim lim lim
z z x y

f z f z x i y

z z x i y∆ → ∆ → ∆ → ∆ →

 ∆ − ∆ ∆ − ∆
= =  ∆ ∆ ∆ + ∆ 

choosing now the path y = mx, we 

have as 0, 0x y∆ → ∆ →   thus 
0 0

1
lim lim

1z x

z x im x im

z x im x im∆ → ∆ →

∆ ∆ − ∆ − 
= = ∆ ∆ + ∆ + 

 which depends on 

the value of m, thus function ( )f z z=   is not differentiable at z =0. 

 

Q.114 Show that the function ( , ) sinx
v x y e y= is harmonic. Find its conjugate harmonic 

function u(x,y) and the corresponding analytic function f(z).                          (8) 

 

Ans: 

We have ( , ) sin sin , sin 0x x x

xx yy xx yyv x y e y v e y v e y v v= ⇒ = = − ⇒ + = . Thus the 

function v(x,y) is harmonic. From Cauchy-Riemann equation x yu v= we get 

cosx

x yu v e y= =  Integrating w.r.t x, we get ( , ) cos ( )x
u x y e y g y= + where g(y) is an 

arbitrary function of y. 
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Using Cauchy  Riemann equation y xu v= − we get sin ( ) sinx x
e y g y e y′− + = −

( ) 0 ( ) .g y g y constt c′⇒ = ⇒ = = Thus ( , ) cosx
u x y e y c= +    

Thus ( ) (cos sin )
x z

f z e y i y c e c= + + = + . 

 

Q.115 Evaluate the integral 2
2 , 1 2

( ) , : ( )
2 (4 ), 2 3

c

t i t
x y ixy dz where C z z t

i t t

− ≤ ≤
+ − = = 

− − ≤ ≤
∫  (8) 

Ans: 

The curve C is continuous but not differentiable at z = 2, as  

1, 1 2

, 2 3

tdz

i tdt

≤ ≤
= 

≤ ≤
 also 0

dz

dt
≠  for any t. Therefore the curve C is piecewise smooth. 

On the interval [1,2], we have z = t – 2i, x=t, y = -2, 1
dz

dt
=  and f(z) = (1+2i)t +4, On 

the interval [2,3], we have  

z = 2-i(4-t), x=2, y =t-4, 
dz

i
dt

=  and f(z) = 2 + (t-4)
2
 -2i(t -4),   

Hence 
2 3

2

1 2

( ) ( ) ( )
c

dz dz
x y ixy dz f z dt f z dt

dt dt
+ − = +∫ ∫ ∫  

( )( )
2 3

2

1 2

5 22
(4 2 ) 2 4 2 ( 4)

2 3
t it dt t i t idt i= + + + + − − − = +∫ ∫  

 

Q.116 Show that the function [ ]( ) 1f z Ln z z= −  is analytic in the region 1z > , obtain the 

Laurent series expansion about z = 0 valid in the region.                                       (8) 

 
Ans: 

The function [ ]( ) 1f z Ln z z= −  is not analytic when 

[ ] 2 2
Im 1 0,

( 1)

y
z z

x y
− = − =

− +
 [ ]

2

2 2

( 1)
Re 1 0,

( 1)

x x y
z z

x y

− +
− = ≤

− +
These conditions are  

satisfied when y = 0, 0≤x≤1, The given function is analytic in the region 1z > . In the 

region 1z > , consider the function 
1 1

( )
1

f z
z z

= −
−

,   

( ) , : 1
1

C

z
f z dz Ln C z r

z

 
= = > − ∫ .

1

2 3

1 1 1 1 1
( ) 1 ...f z

z z z z z

−
 

= − − = − − −  
 

 Integrating term by term, we obtain the Laurent series expansion as  

2 3

1 1 1
......... ,

1 2 3

z
Ln k

z z z z

 
= + + + + − 

 where k is a constant of integration, letting 

, 0z k→ ∞ = thus we get 
2 3

1 1 1
........., 1 1.

1 2 3

z
Ln z or z

z z z z

 
= + + + < < ∞ > − 

 

 

Q.117. Prove that 1y3x3xy3xu 2223 +−+−=  is harmonic.  Find a function v that is 

conjugate harmonic to u and hence the analytic function ( ) ivuzf +=  with 
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( ) 5i1f += .  (7)

  

   Ans:  
ux=3x

2
-3y

2
+6x, uxx=6x+6 

uy=-6xy-6y,uyy= -6x-6    uxx+uyy=0 or u is harmonic 

If u is conjugate then u+iu is unalytic and hence CR-equations are satisfied 

ux=vy=3x
2
-3y

2
+6x    v=3x

2
y-y

3
+6xy+g(x) 

vx=6xy+6y+g
1
(x)=-ug=-(-6xy-6y)    g1(x)=0     g(x)=C 

=3x
2
y-y

3
+6xy+C, v(1,0)=C,u(1,0) =5, f(1)=5+ic=5+I, c=1 

  f(z)=  z
3
+3y

2
+(1+i) 

Q.118 If f(z) is a regular function of z, then prove that ( ) ( )22

22
zf4zf 

yx
′=














∂

∂
+

∂

∂
. (7) 

  Ans: 
2

2 2 2 2 2

2
( ) 2 2 2x x xx x xx x

p p
p f z u v uu vv uu u vv v

x x

∂ ∂
 = = + = + = + + + ∂ ∂

 

      
2

2 2

2
2 yy y yy y

p
similarly uu u vv v

x

∂
 = + + + ∂

 

     
2 2

2 2 2 2

2 2
2 ( ) 2 ( ) 2( ) ( )xx yy xx yy x y x yp u u u v v v u u v v

x y

 ∂ ∂
∴ + = + + + + + + + 

∂ ∂ 
 

     ,, v 0,xx yy xx yy x x y xu are harmonic u u v v also u v u v⇒ + = + = = =  

     ( )
2 2

2 2

2 2
4 x yp u u

x y

 ∂ ∂
⇒ + = + 

∂ ∂ 
 

     ( )1 1 2 2since ( )
x y x y

f z u iv f z u v= + ⇒ = +  

     
2 2

1

2 2
4 ( )thus p f z

x y

 ∂ ∂
+ = 

∂ ∂ 
 

 

Q.119. Find the image of the strip πy0  0,x ≤≤≥  under the mapping z
ew = . (4) 

   

  Ans: 

  y,eReReW xiyxi =φ=⇒== +φ  

 Image of 0 y ,x 0 is thus 0 , 1nR 0 or R 1π φ π≤ ≤ ≥ ≤ ≤ ≥ ≥  

That is the interior of unit circle =1 lying in the upper

 half plane as shown in the diagram

W

 
Q.120 Find the image of the circle 32z =−  under the mapping ( ) 32ziw +−= . (4)  
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  Ans:       

W=i(z-2)+3, Represent a transtation by 2 to the left followed by rotation through 
2

π

followed by transtation by 3 unit to the right. The circle is mapped into a circle 

of same radius 3 =3W − with center shifting by 1 to the right. 

 

Q.121 Find the linear fractional mapping that maps the points i, 1, 2 + i to 4i, 3-i, ∞  

respectively.  (6)  

   

  Ans: 

   3 21 1

1 2 1 2 3

( )( )
Required mapping is 

( ) ( )

z zw w z z

w w z z z z

−− −
=

− − −
 

   ( )4 ( 1)(2 ) ( )( 3 5 )(1 )i w i i z i z i i− − + − = − − + +  

   
( 3 5 )(1 ) ( 2)4( 1) ( )( 8 2 )

4
2 ( 1) ( 2)( 1)

z i i i z i i z i i
i w

z i i z i i

− − + + − − − + − − − + 
− = = − − − − − − 

 

   
1 3 ( 5)

( 2)

i i z

z i

− + −
=

− −
 

 

Q.122. Show that ( ) ,rrf
→

 where k̂zĵyîxr ++=
→

 and 
→

= rr  is irrotational.  Find f (r) if 

it is also solenoidal.  (8) 

   

  Ans: 

                 
( )

( ) ( ) ( )

i j k

cure f r r
x y z

xf r yf r zf r

f f f f f f
i z y j x z k y x

y z z x x y

 
 

∂ ∂ ∂   =   ∂ ∂ ∂
 
 

   ∂ ∂ ∂ ∂ ∂ ∂ 
= − + − + −    ∂ ∂ ∂ ∂ ∂ ∂    

 

      [ ]11
( ) ( ) ( ) ( ) 0f r i zy yz j xz zx K yx xy

r
= − + − + − =  

      f(r)r is irrotational
r

 

      f(r)r solenoidal if dwf(r)r=0,or
r r

 

       ( )
1 1 1

2 2 2( ) ( ) ( )
. ( ) 3 ( )

f r f r f r
f r r f r x y z

r r r
∆ = + + +

r
 

       1 ( ) 3 ( ) 0rf r f r= + =  

        1

3
( ) 3 ( ) 0 1 ( ) 31 ( ) ,  a constant

c
rf r f r nf r nr k or f r C

r
= + = ⇒ = − + =  

 

Q.123 The temperature at a point ( )z y, x,  in a space is given by ( ) .zyxz y, x,T 22 −+=  

A fly located at the point (4, 4, 2) desires to fly in a direction that gets cooler 
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( )We have dA 
C k D

g f
fdx gdy fdx gdy

x y

 ∂ ∂
+ = + + − ∂ ∂ 

∫ ∫ ∫∫

K

fdx gdy+∫

fastest.  Find the direction in which it should fly.  Also find the rate decrease of 

temperature in the direction of flight.  (6)  

   

  Ans: 

     The direction of maximum decrease is )z,y,x(T∇−  

   $ $     = - 2x  -2y , thus fly should fly in directioni j k+$  

     $ $ $    -8 8 ,  the rate of direction is 8 8 64 64 1 129i j k i j k− + + − = + + =$ $  

  

Q.124 Evaluate the line integral dy
yx

x
dx

yx

y

2222
C +

+
+

−
∫  where C is a simple closed 

path enclosing origin in its interior. (7)   

   

  Ans: 

          
2 2 2 2

Let f(x,y) = , ( , )
y x

g x y
x y x y

−
=

+ +
 

2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2

( ) 2
, ,  thus 0

( ) ( ) ( )

f x y y y x g y x g f

y x x yx y x y x y

∂ − + + − ∂ − ∂ ∂
= = = − =

∂ ∂ ∂ ∂+ + +
 

           except at origin and f,g, ,  all continuous except at the radius so that so
g g

are
x y

∂ ∂

∂ ∂
 

            
it does not intersect C. 

By applying Green's theorem in the region between k and C,
   

               

 

   
    

   

 

Q.125 Show that the following line integral is independent of path C from points 

( )3 2, 1,P −  to ( )4 2, ,2Q  and hence evaluate the integral 

( ) ( ) ( )dz yxdy zxdx yz2x 2

C

+++++∫  (7) 

   

  Ans: 

   

2

(1 1) (2 2 ) (1 1) 0

2

i j k

CureR i j x x k
x y z

xg y x z x y

 
 

∂ ∂ ∂ = = − + − + − =
 ∂ ∂ ∂
 

+ + + 

ur
 

   = line integral is independent of path C.  

                   The integral is then exact defferential  

         22 , ,xz y x z x y
x x x

φ φ φ∂ ∂ ∂
= + = + = +

∂ ∂ ∂
 

                    integrating first equation w.r.t. X  
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equation. Applying initial conditions: 

1 1( ,0) ( ) ( ) ( )tu x c x c x g xφ ψ= − =

                    2=x ( , ) ( )
h h

z xy h y z x x z z h yz g z
y y y

φ
φ

∂ ∂ ∂
+ + ⇒ = + = + ⇒ = ⇒ = +

∂ ∂ ∂
 

                    2 2 1 2The =x ( ) ( ) ( )y xy yz g z x y g z x y g z C
z

φ
φ

∂
+ + + ⇒ = + + = + ⇒ =

∂
 

                    Line integral = (2,2,4) ( 1, 2,3) 28 7 21φ φ− − = − =  

Q.126 Obtain d’Alembert’s solution of the wave equation 
2

2
2

2

2

x

u
C

dt

u

∂

∂
=

∂
 with initial 

conditions u(x, 0) = f (x), ( ) ( )xg0 x,u t = . (11)

   

  Ans: 

   Let ctxz,ctxv −=+=  

                    then u x v x z x v zu v u z u u= + = +  

                  ( ) ( ) 2xx vv zv x vz zz x vv vz zzu u u v u u z u u u= + + + = + +  

                  ( )t v t z t v zu u v u z cu c u= + = + −  

                  2( ) ( ) ( 2 )tt vv zv t vz zz t vv zv zzu c u u v c u u z c u u u= − + − = − +  

                  
vzThe way equation transforms to u 0=  

                  ( ) ( ) ( ) ( ) ( )
v

u h v u h v dv z v zψ φ ψ⇒ = ⇒ = + = +∫  

                  
Thus, u(x,t)= (x+ct)+ ( ),  where ,  are 

arbitrary functions gives a solution of wave

x ctφ ψ φ ψ−
 

                   u(x,o)= ( ) ( ) ( )x x f xφ ψ+ =     

    

 

                    

0

0 0

1
Thus (x)- (x)= ( ) ( ) ( )

x

x

g x dx x x
c

φ ψ φ ψ+ =∫  

    

0

0 0

1 1
Hence ( ) ( ) ( ) ( ) ( )

2

x

x

x f x x x g x dx
c

φ φ ψ
 

= + − + 
  

∫  

      

0

0 0

1 1
( ) ( ) ( ) ( ) ( )

2

x

x

x f x x x g x dx
c

ψ φ ψ
 

= − + − 
  

∫  

    The required solution is thus  

                     
1 1

( , ) ( ) ( ) ( ) ( ) ( )
2

x ct

x ct

u x t x ct x ct f x ct f x ct g x dx
c

φ ψ
+

−

 
= + + − = + − − + 

  
∫  

 

Q.127 A string stretching to infinity in both direction is given the initial displacement 

( )
2x81

1
xf

+
=  and released from rest.  Determine the subsequent motion 

using d’Alembert’s solution obtained in part (a) of the question. (3)   

   

  Ans: 

                     
2

1
( ) , ( ) 0

1 8
f x g x

x
= =

+
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z=0, essential singularity

                 
2 2

1 1 1
( , )

2 1 8( ) 1 8( )
u x t

x ct x ct

   
= +   

+ − + +   
  

 
Q.128 State Cauchy integral formula for derivatives of an analytic function.  If 

( )
( )az

1z7z3
af

2

C
−

++
= ∫ , where C is the circle ,2z =  find ( ) ( )i1f,i1f −′′−′  

using Cauchy integral formula.   (7) 

  Ans: 

   Statement of Canchy Integral formula  

                    ( )1 2

2

( )
, ( ) 3 7 1

( )
c

z
f a dz z z z

z a

φ
φ= = + +

−∫  

                    12
( ), 1  lies inside C

1!

i
a a iφ

∧
= = −  

                  [ ]= 2 6(1 ) 7 2 (6 13 )i i i∧ − + = ∧ +  

                  11 11

3

( ) 2
( ) 2 2. ( ) 12

2!( )
c

z i
f a dz a i

z a

φ
φ

∧
= = = ∧

−∫  

Q.129 Identify the singularities of the function 
( ) z

1
sin

1zz

1zz

2

3















−

−+
.  Classify the 

singularities and find the residues for each of them.  (7) 

   

  Ans: 
   

                 z=1, a pole of order 2  

                 
3 1 1

Res f(z)=lim sin cos1 3sin1
d z z

dz z z

+ − 
= − +  

 

                 1 1z z= →  

                 
1

Resf(z)=coeff of  in the Laurent expansion in the region 0 1z
z

〈 〈  

                 0z =  

                 

...]
z!5

1

z!3

1

z

1
...)[z3z21)(1zz(

z

1
sin

z

1
)z1)(1zz()z(f

642

23

2
3

+−+++−+=

−−+= −

 

                 2 4 5 6

2 4 6

1 1 1
1 2 3 ....

3! 5!
z z z z z

z z z

  = − − − + + + + − +    
K  

                 
2 4 6

Res f(z)=-1+
5! 7! 9!

+ + +LL  

                 0z =  

 

Q.130 State Green’s theorem and use this theorem to show that for a solution w (x, y) of 

Laplace’s equation 0w
2 =∇  in a region R with boundary curve C and outer 

unit normal vector n , 
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2 2

1 2 1

2

2 22 2

2

2 2  and

2 2

F F Fw w

y y x yy

w w w w
w

x y x y

∂ ∂ ∂ ∂ ∂
= − − − 

∂ ∂ ∂ ∂∂ 

    ∂ ∂ ∂ ∂   
= + ∇ = +       ∂ ∂ ∂ ∂        

   ds
n

w
wdydx  

y

w

x

w

C

22

R
∂

∂
=
























∂

∂
+








∂

∂
∫∫∫   (7) 

    

  Ans: 

   Statement of Green's theorem  

                    2 1

1 2

R a

F F
dxdy F dx F dy

x y

∂ ∂ 
− = + ∂ ∂ 

∫∫ ∫  

                    

22 2 2

2

2 1 2
Set , ,  then 2 2 2

Fw w w w w
F F w

x y x x x x x

∂∂ ∂ ∂ ∂ ∂ ∂   
= = = = +  ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 

 

 

 

 

 

               

 

                     

22

2 2 2
R c

w w w w
dxdy w dx w dy

x y y x

  ∂ ∂ ∂ ∂ 
∴ + = − +   ∂ ∂ ∂ ∂    
∫∫ ∫  

                     2 2
c

w dx w y
w w ds

y ds x s

  ∂ ∂ ∂
= − +  ∂ ∂ ∂  
∫  

                     2
c

w
w ds

x

∂

∂∫  

Q.131 Verify Stoke’s theorem for k̂ yĵ zy  2îy F 2++−=
→

, where S is the surface of 

upper half of the sphere ,azyx 2222 =++  and C is the circular boundary on 

XOY-plane.     (7) 

         

  Ans: 

                   

2

Cure F . Stoke's thm . .

2

c s

i j k

K F dr curF ds
x y z

y yz y

 
 

∂ ∂ ∂ = = =
 ∂ ∂ ∂
 

− 

∫ ∫∫
ur uur ur uur

 

                   
2 2 2

2RHS: .  , as unit normal to S is 
s x y a

xi yi zv
K d s dxdy a

a
+ =

+ +
= = ∧∫∫ ∫∫

$ $ $
 

                   2 2 2 2LHS: 2 , : , 0
c

ydx yzdy y dz C x y a z− + + + = =∫  

                   

2

2 2

0

sin
c

ydx a d aθ θ
∧

= − = = ∧∫ ∫  

                   RHS = LHS  Theorem verified  
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Q.132 Suppose that two teams A and B are playing a series of games.  Team A has a 

probability p of winning a game against team B.  The first team to win three 

games is declared winner of the series.  Find the probability distribution of 

number of games played in the series for declaring a winner. (7) 

   

  Ans: 

                 x=no of games in the series      {3,4,5}xR =  

 

                  
  

Q.133 The probability density function of a random variable X equals 

( ) 0x,e cxf 2x >= −  and = 0, otherwise.  Find c.  Also find the probability that 

X takes a value greater than its expected value.  (7) 

   

  Ans: 

                      
2

0

1 2
x

ce dx C

∞
− = ⇒ =∫  

                      

2

0

1
2

2 2

1/2

( ) .2 1 / 2

1 1
2

2

x

x

E x x e dx

P x e dx e
e

∞
−

∞
−

−

= =

 
> = = =  

∫

∫
 

 
Q.134 A ticket office can serve 4 customers per minute.  The average number of 

customers arriving to the ticket office for purchase of tickets is 120 per hour.  

Assuming number of customers arriving to the ticket office follow Poisson 

distribution, find the probability that ticket office is continuously busy during 

first 30 minutes of opening. (6)   

   

  Ans: 

                   
120

X=no arriving in 30 mins.  =30 =60
60

λ ×  

                   
60120

1
0

(60)
( 120) 1 ( 120) 1

x

x

e
P x P x

x

−

=

> = − ≤ = −∑  

 
Q.135 Sick leaves time X used by employees of a company in one month is roughly 

normal with mean 1000 hrs and standard deviation 100 hrs.  How much time t 

should be budgeted for sick leaves during next month if t is to be exceeded 

with a probability of 16%? 
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   Also find the probability that in the next year no more than one month will 

have sick leave time more than 1200 hrs. (You may use the following values 

of distribution function ( )zΦ  of standard normal distribution ( ) 691.5. =Φ   

( ) 840.0.1 =Φ   ( ) 933.5.1 =Φ   ( ) 977.0.2 =Φ ) (8) 

   

   

  Ans: 

                2 1000
(i) X (1000, (100) , ( ) .16 .84 1 1100

100

t
A P X t or or t

− 
> = Φ = ⇒ =  

�  

                
12 11

1200 1000
( ) ( 1200) 1 1 .9772 .023

100

Required prob = (.977) 12 .023 (.977)

ii P X
− 

> = − Φ = − =  

+ × ×

 

 

Q.136. Evaluate the integral 

( )
,dx

ax

x

322

2

+
∫
∞

∞−

 where a > 0, by using contour integration.

        (9) 

  Ans: 

                   
2

3
2 2

( ) ,  has triples poles at z= ai
z

Q z
z a

= ±
 + 

 

                   

                    
                   

                     
3 4 5

3 3

2 12 12
2

( ) ( ) ( )

1
2

16 8

z ai

z z
i

z ai z ai z ai

i
a c a

=

 
∧ − + 

+ + + 

∧
= × ∧ =

 

 
Q.137   Let S be a closed surface of volume V, containing the point P in its interior and let N 

be the outer unit normal to the surface S at a general point.  Show that 

div ( ) ( )



























= ∫∫

→
VdSN.FlimPF

S
0V

.            (5) 

  Ans: 
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                   By mean value theorem for triple integrals                     

                   

1 1

1

1

( , , ) ( ) ,  being a point inside V.

By divergence theorem

( . )

( . )

Thus ( )

If  shrinks to , then 

( . )

0 ( )

v

v s

s

s

f x y z dv f P v P

divF dv F N ds

F N ds

divF P
V

V P P P

F N ds

V divF P
V

=

=

=

→

→ =

∫∫∫

∫∫∫ ∫∫

∫∫

∫∫
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