Revision Topic 8: Solving Inequalities
Inequalities that describe a set of integers or range of values
The inequality signs:

>  
greater than




<
less than





≥ 
greater than or equal to




≤
less than or equal to

can be used to define a range of values for a variable.

For instance -3 < c ≤ 4 means that the variable c can have any value greater than -3 but less than or equal to 4.  

Values for c such as -2, 3, 2, -0.5 are all acceptable.

The solution set is the set of all the possible values that c could be.

The solution set for -3 < c ≤ 4 can be shown on a number line like this:

                   ○


     ●



-4  -3  -2  -1  0   1   2   3   4   5   6   7

Note: The empty circle means that -3 is not included.  The full circle means that 4 is included.

Sometimes only integer values are considered.  An integer is a positive or negative whole number.
Example 1: What integer values of n satisfy the inequality  -2 ≤ n < 4.

The inequality means that n must be greater than or equal to -2 and less than 4.
So the integers that satisfy this are -2, -1, 0, 1, 2, 3.

Example 2: Write down the integers n that satisfy the inequality -5 < 2n < 6.

This inequality says that twice the value of n must be between -5 and 6 (without being either of these numbers).

So the value of n must be between -2.5 and 3 (exclusive).

So the integers in this interval are -2, -1, 0, 1, 2.

Examination Question 1:

List the integers x such that -3 ≤ x < 2.
Examination Question 2:

List the values of n, where n is an integer, such that 3 ≤ n + 4 < 6.
Examination Question 3:

Find all the integer values of n that satisfy the inequality -8 ≤ 3n < 6.

Examination Question 4:

x is an integer.  Write down the greatest value of x for which 2x < 7.

Solving Inequalities

To solve an inequality you need to find the values of x which make the inequality true.

The aim is to end up with one letter on one side of the inequality sign and a number on the other side.

You solve inequalities in the same way as solving equations – you do the same thing to both sides.
Example 1:

Solve the inequality 5x – 3 < 27.


5x -3 < 27

First add 3 to both sides:
5x < 30

Divide both sides by 5:
x < 6

(so the inequality is true for all values of x less than 6).
Example 2:

Solve the inequality: 4q + 5 ≥ 12 – 3q.


4q + 5 ≥ 12 – 3q

First add 3q to both sides so that the letters appear on one side of the equation:


7q + 5 ≥ 12

Subtract 5 from both sides:


7q ≥ 7
Divide both sides by 7:


q ≥ 1.

Examination Question 5:

a) Solve the inequality 2n – 1 ≤  n + 3.

b) List the solutions that are positive integers.

Examination Question 6:

Solve the inequalities:

a) 
5(a – 3) > 3a – 5

[Hint: Begin by expanding bracket]

b) 
4x – 5 < -3

Multiplying (or dividing) an inequality by a negative number
Notice that -2 < 3.

Multiply both numbers by -1 :
-2 × -1 = 2  and 3 × -1 = -3.

The new inequality is 2 > -3.

So to keep the inequality true we have to reverse the inequality sign.

So…

The same rules for equations can be applied to inequalities, with one exception:

When you multiply or divide both sides of an inequality by a negative number the inequality is reversed.

Example 1:  Solve -3x < 6

Divide both sides by -3.  Because we are dividing by a negative number the inequality sign is reversed.


x > -2

Example 2: Solve 3 – 2d < 5

Method 1:

Subtract 3 from both sides:


-2d < 2

Divide both sides by -2 and reversing inequality sign:


d > -1

Method 2:
Add 2d to both sides to get a positive numbers of d’s:


3 < 5 + 2d

Subtract 5 from both sides:


-2 < 2d

Divide both sides by 2:


-1 < d   
or
d > -1

Example 3:

Solve 8 – x ≤ 12

Subtract 8 from both sides:

-x ≤ 4

Multiply both sides by -1 (and reversing inequality sign):


x ≥ -4

Examination Style Question 7:

Solve the inequalities:

a)  5 – 3x < 11


b) -4c > 12

c) 2(q – 3) ≤ 5 + 7q

Double Inequalities

Example 1:

Solve the inequality -8 < 4x – 2 ≤ 10.

Write the double inequality as two separate inequalities:


-8 < 4x – 2


and 


4x – 2 ≤ 10

Solve each inequality:

Add 2 to both sides:





Add 2 to both sides:


-6 < 4x







4x ≤ 12

Divide both sides by 4:




Divide both sides by 4:


-1.5 < x






x ≤ 3





So  -1.5 < x ≤ 3
So the original inequality is true for all values of x from -1.5 (not included) up to 3 (included).

Example 2:

Find the integer values of n for which -2 ≤ 2n + 6 < 13.

Write as two inequalities:


-2 ≤ 2n + 6




2n + 6 < 13

Subtract 6 from both sides:


-8 ≤ 2n





2n < 7

Divide both sides by 2:


-4 ≤ n





n < 3.5





So -4 ≤ n < 3.5

So the integer values that satisfy this inequality are -4, -3, -2, -1, 0, 1, 2, 3.

Examination Question 8:
Solve the inequality  -1 ≤ 3x + 2 < 5.

Inequalities involving x2, n2, etc.

Example 1:

Find the integer values of n such that n2 ≥ 16.

Obviously n can be 4 or 5 or 6 …

But there are some other values as well because the square of a negative number is also positive.

So n can also be -4, or -5, or -6, …

So the solution is n = 4, 5, 6, …. or n = -4, -5, -6, …

Example 2:

Given that n is an integer, solve the inequality n2 < 8.

The value of n can be 0, 1, or 2 (but not 3 as 3 × 3 = 9).

It can also be -1 or -2.

So the solution is n = -2, -1, 0, 1, 2.

Example 3:

Solve the inequality x2 > 36.

The solution has a positive and a negative part, i.e. x > 6  or  x < -6

Example 4:

Find the values of x for which x2 ≤ 4.

The value of x must be 2, or less than 2.  However it can’t be less than -2.

So the solution is -2 ≤ x ≤ 2.

Examination Question 9:
Solve the inequalities  (a)  x2 ≤ 25
(b)  t2 > 16
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