Math Coursework ; The Fencing Problem

Introduction; The aim of this coursework is to find the maximum area that can be made from 1000m of fencing.  This will be done by finding the areas of  numerous shapes, including; quadrilaterals, triangles, polygons and a circle, all of perimeter 1000m. From these drawings, we can clearly investigate the total area of the individual shapes.  To begin this fencing investigation we will start with ‘quadrilaterals’, this is as most fields (where the fencing will be used) generally have four sides. 

Quadrilaterals; 

Although most fences are in straight lines, not all fields have perpendicular fences, so therefore we will begin this investigation with parallelograms.  I will draw six different sized parallelograms and calculate the individual areas; using the formula – base x perpendicular height.  See parallelogram figures. 


Now that I have drawn the numerous parallelograms and calculated their areas, I can see which have the larger and smaller areas and so find the maximum area. It appears that ‘parallelogram six’ has the largest area of 117393.56m².  Consequently, I can see that increasing the perpendicular height increases the overall area.     

Now that I have found this, I am going to focus on rectangles, as I did previously with the parallelograms – I will draw them first (five rectangles and one square -all of different dimensions).  Once these shapes have been drawn I will calculate their individual areas, using the formula; height x base. Now that these shapes have been drawn, I can analyse the variety of areas and find which have the smallest/largest areas.  It seems that ‘rectangle four’ (50 x 450 = 22500m² has the smallest area whilst ‘rectangle one’ has the largest area of 60000m² (300 x 200).  However, it appears that overall of both the five rectangles and one square; the square had the largest area of (250 x 250) 62,500m²  I can now see that by having both an equal base and height you can achieve the maximum area for these rectangle shapes.  

In order to extend this investigation further, I will use a spreadsheet package; this package will allow me to draw a graph comparing the base of the rectangle against the area to check at which point the maximum area occurs. For a rectangle find the side that makes the area the maximum; this is confirmed by the graph produced, which illustrates that the maximum area is for a side of 250m.  For a rectangle; the base and height add up to 500.  So, if he base is x, the  height will be 500 – x but if we swap the base and the height over; the area will remain the same. The shape produced by graph is a parabola and so is therefore symmetrical either side of the peak at 250.

Showing this algebraically; Start with formula width plus length = 500; area is largest from the following logic


2w + 2l = 1000cm (b.s./2)

w + l = 500cm  

w = 500 – l  

Area = l x w

= l x (500 – l) 

= 500l – l²
= - (l² – 500l) 

= - ( (l  250)² – 250²) 

= ( (l-250)² – 62500) 

Area = 62500 – (l – 250)²
Maximum possible = 62500m² when l = 250m therefore the shape is a square.
Triangles: Now that I have completed the drawings and calculations for areas of six quadrilaterals, I will start the process once again for six triangles; five being isoscele triangles and one being an equilateral triangle.  I will use the formula for triangles, this being; half x base x perpendicular height – for a constant base the maximum area would occur when the perpendicular height is largest possible, this is represented in the following diagram; 


Firstly, I drew general isosceles triangles with a base of x.  I then worked out the slanted height, using the fact that the total length of the sides is 1000.  With the use of pythagoras theorem I was then able to calculate the height.  I then used the formula for the area of a triangle to determine the area in terms of x.  I can now sketch out the graph of area against x to find the maximum area. Consequently, we can see that the maximum area is 48102.89m², so therefore, each length would be 333.3, which makes it an equilateral triangle; triangle formula explained. 

Polygons; I have now completed showing and calculating the areas of both quadrilaterals and triangles.  Furthermore, I realise that all polygons are made up of triangles but the ones with the largest area will be made up of isosceles triangles (regular polygons). Because of this I will firstly focus on regular polygons, starting with a pentagon. 

Pentagon; The length of a side is found  by dividing 1000 by 5 (because a pentagon has five sides).  I then divided 360 by 5 to equal 72, this I is the angle of one of the five triangles within the pentagon 72 was then divided by 2 to find the height by using trigonometry; 100/tan36 = 137.63.  Consequently, I put these figures into the formula – half x base x height. 0.5 x 200 x 137.63 = 13763.81 and then multiplied this by five; as there are five identical  triangles within the pentagon.  The final area equated to 68819.09m², the largest area so far when compared to the triangles and the square  (62,500m²) (see diagram). 

Hexagon; I will now further this investigation by drawing a hexagon, and finding the area of one of the triangles it is made up of, by using the formula; half x base x height.  Therefore, 1000/6 = 166. 67, 360/6 =60, 83/tan30 = 143.76. Then, once we have the height – we can multiply this by the base and halve this.  This number, 11980.25 is then multiplied by six to equal 71881.54m^2.  Consequently, I have found that the hexagon has a larger area than the pentagon; - 71,881.54m²– 62,500m² = 9381.54m², therefore 9381.54 bigger than the pentagon.  It also appears that the hexagon has the largest area compared to previous triangles and quadrilaterals; it therefore seems that as the number of sides increase; so does the final area of the shape. 

Octagon; I will now further this investigation once again by drawing an octagon and calculating it’s area.  I will calculate the area of this octagon, using the formula; half x base x height. As a result of completing this, I found that the overall area for a regular octagon was 75440m².  This result was found by dividing 1000 by 8 (because an octagon has eight sides – 125 sided sheet), then 360 divided by 8 = 45.  With these figures I found the heights; which is needed to calculate the overall area.  So, 62.5/tan22.5 = 150.88.  Half x 150.88 x 125 = 9430. 9430 x 8 = 75440m².  This is clearly the largest area found after comparing with quadrilaterals, triangles and polygons.  This proves that as the number of sides on any ‘shape’ increases, the larger the area gets.  

Formula for a regular polygon; I will use this to draw a graph of the number of sides and area.  





         1000

            n




The polygon graph  illustrates how the number of sides of a regular polygon affects the area illustrates that the more sides the shape has, the larger the area gets.  As well as this, as the number of sides increase the increase in area becomes smaller and smaller (there will be a limiting case but with an infinite number of sides).  Furthermore, this implies that a circle will give the maximum area. 

Circle; 

The area of a circle with a perimeter of 1000m; 

circumference = 2π r

1000 = r

 2 π






area = π x (1002 π)^2

= π x (500/ π)^2

= 500^2 = 250,000
    π
         π

= 79577.47155

This illustrates that when ‘n’ becomes very big our shapes become closer and closer to a circle.  As well as this, it indicates that n tan (180/n) gets even closer to pie; which is why we can see the relationship between 250,000  and  250,000.





n tan (180/n)          π

Conclusion; 

In conclusion, I have shown that the maximum area created by fencing with a perimeter of 1000m is created with the shape of a circle.  However, there is no such field drawn as a circle; whereas a polygon with many sides could be created and achieve still a high area (this can be illustrated by the polygon graph).  I have learnt that the use of squares, triangles and hexagons are particularly useful when for the purpose of fencing; this is simply due to when these shapes are put together – no gaps are produced, as seen below. This is due to that the internal angles divide 360, only true for these regular shapes.
e.g. 

Also the field needs to fit in with the surroundings e.g. roads, the best shape for this is generally a square. To extend this investigation into 3D we would need to fit shapes together; yet again with no gaps.  It is true that only the only regular shapes that would do this, would be the square/hexagons/triangle.  We could fill space with these simply be tiling a floor with these shapes and then giving them all a height. Could we fill space with regular solids such as the tetrahedron shown? We could obviously fill space with cubes, but with tetrahedrons it is not possible, neither for anything more concave, ie with more faces than a cuboid.

Another question that could be asked is how many shapes are touched, have common sides or corners with other shapes.  For our regular tilings’ each triangle touches and has corners with three others, lengths in common with three others; similarly four for squares and six for hexagons.  For a football made up of pentagons and hexagons each shape touches other shapes with the number of sides/corners that it has.  


What about colours? If we tile a surface with certain shapes, how many colours can we use so that no two shapes that touch each other have the same colour [see below diagrams] . 


It appears that for regular tilings’ [as above] you can cover the entire surface with only  two or three colours, two for squares and triangles and three for the hexagon. Obviously this can be extended so that for any tiling of any combination of shapes, what is the minimum number of colours that can be used.
Diagrams; 

Parallelograms; 


Rectangles

Triangles; 
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Polygons















w








l








350m 





400m 





250m 





250m 





300m 





300m 





100m 





50m 





50m 





100m 





50m 





100m 





150m 





100m 





250m 





250m 





200m 





200m 





h² + 100² = 350²


h² = 350² – 100²


        ______


h =  /112500, h = 335.41


area = 350 x 335.41


= 117393.56m² (2dp)








h² + 100² = 400²


h² = 400² – 100²


        ______


h =  /150000, h = 387.29


area = 400 x 387.29


= 154919.33m² (2dp)








h² + 50² = 250²


h² = 250² – 50²


        ______


h =  /60000, h = 244.94


area = 250 x 244.94


= 61237.24m² (2dp)








h² + 100² = 250²


h² = 250² – 100²


        ______


h =  /52500, h = 229.12


area = 250 x 229.12


= 57282.19m² (2dp)








h² + 50² = 200²


h^2 = 200² – 500²


        ______


h =  /37500, h = 193.64


area = 300 x 193.64


= 58094.75m² (2dp)











h² + 100² = 200²


h^2 = 200^2 – 100^2


        ______


h =  /30000, h = 173.20


area = 300 x 173.20


= 51961.52m² (2dp)








Area = 125 x 375 = 46875m²





Area = 150 x 350 = 52500m²





Area = 50 x 450 = 22500m²





Area = 250 x 250 = 62500m²





Area = 100 x 400 = 40000m²





Area = 300 x 200 = 60000m²
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area = 0.5 x 200 x 387.29 


        = 38729.83m²


100² + h² = 400² 


h² = 400² – 100² 


        _________


h =  /400² - 100²


= 387.29m








area = 0.5 x 150 x 368.06 


        = 27604.55m²


212.5² + h² = 425² 


h² = 425² – 212.5² 


        ___________


h =  /425² – 212.5²


= 368.06m








area = 0.5 x 100 x 389.71 


        = 19485.57m²


225² + h² = 450² 


h² = 450² – 225² 


        _________ 


h =  /450² - 225²


= 389.71m








area = 0.5 x 75 x 400.56


        = 15020,12m²


231.25² + h² = 462.5²


h² = 462.5² – 231.25² 


        ______________


h =  / 462.5² – 231.25²


= 400.56m








area = 0.5 x 50 x 411.36


        = 10284,95m²


237.5² + h² = 475²


h^2 = 475² – 237.5² 


        ______________


h =  /475² – 237.5²


= 411.36m








area = 0.5 x 333.3 x 288.6 


        = 48102.89m²


166.65² + h² = 333.3²


h² = 333.3² – 166.65² 


        _____________


h =  /333.3² - 166.65²


= 288.6m
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1000/8 = 125


360/8 = 45


h = 62.5      = 150.88


     tan 22.5


0.5 x 150.88 x 125 = 9430 


9430 x 8 = 75440 m²
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1000/6 = 166.67


360/6 = 60 


h =  83      = 143.76


     tan 30


0.5 x 166.67 x 143.76 = 11980.25 


11980.25 x 6 = 71881.54 m²
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1000/5 = 200


360/5 = 72 


h = 100     = 137.63


     tan 36


0.5 x 200 x 137.63 = 13763.81 


13763.81 x 5 = 68819.09 m²


	








area of polygon = area of triangle x n


area of triangle = 0.5 x 1000 x height


   			  n


0.5 x 1000 x 1000/2n


	n   tan (360/2n)








360/2n








using trigonometry we can find the height


= 1000/2n


tan (360/2n)





when simplified and re – arranged 


= 500/n x 1000 


         2n tan (180/2n)





area of triangle = 500    x     500


 		     n      n tan (180/n)





area of polygon = 500 x 500 x n		=25000	/tan 180/n	                  n	n tan 180/n














