BOARD OF STUDIES
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1997

MATHEMATICS
2/3 UNIT (COMMON)

Time allowed—Three hours
(Plus 5 minutes reading time)

DIRECTIONS TO CANDIDATES

Attempt ALL questions.
ALL questions are of equal value.

All necessary working should be shown in every question. Marks may be deducted for
careless or badly arranged work.

Standard integrals are printed on page 12.
Board-approved calculators may be used.

Answer each question insgparateWriting Booklet.

You may ask for extra Writing Booklets if you need them.



QUESTION 1. Use aseparateWriting Booklet.

1
X

(@) Find the value of=———— correct to three significant figures.

7+5%x3

(b) Simplify (2-3x)-(5-4x).
(c) Write down the exact value of 13 radians.

(d)

3cm ‘

O

In the diagramPQ is an arc of a circle with cent@. The radiusOP =3 cm

and the angld*OQ is %T radians.

Find the length of the arBQ.

(e) Using the table of standard integrals, fi[J[]$BC3X tan3x dx.

Marks

()  Forty-five balls, numbered 1 to 45, are placed in a barrel, and one ball is drawr2
at random. What is the probability that the number on the ball drawn is even?

(g) By rationalising the denominator, express8— in the forma+b+/5.

3-4/5



QUESTION 2. Use aseparateWriting Booklet.

(@)

(b)

(€)

(d)

Marks

yA 6

The diagram shows a sketch of the cupe 6x®> —x>. The curve cuts the
x axis atL, and has a local maximum &t and a point of inflection au.

() Find the coordinates df.
(i) Find the coordinates d¥l.

(i)  Find the coordinates d¥l.

The graph ofy = f(x) passes through the poifif 4) and f'(x) = 2x+7. Find 2

f(x).

Find a primitive of 2X : 1
X% +1

Consider the parabola with equatieh= 4(y - 1). 3

(i) Find the coordinates of the vertex of the parabola.

(i) Find the coordinates of the focus of the parabola.



QUESTION 3. Use aseparateWriting Booklet. Marks
(@) Differentiate the following functions:
3
i) (x*+5)
.. COSX
(i) =
(i) x°Inx.

(b) LetA andB be the point{0,1) and(2, 3) respectively.
() Find the coordinates of the midpoint AB.
(i) Find the slope of the lin&B.
(i)  Find the equation of the perpendicular bisectoABf

(iv) The pointP lies on the liney =2x —9 and is equidistant fromA and B.
Find the coordinates d?.



QUESTION 4. Use aseparateWriting Booklet.

(@ The table shows the values of a functidix) for five values ofx.

X 1 15 | 2 25| 3
f(x) | 5 1| =2 3 7

3

Use Simpson’s rule with these five values to estin#yté(x) dx.
1

(b) (i) Sketch the graph of = x? -6, and label all intercepts with the axes.
(i) On the same set of axes, carefully sketch the graph=dx|.

(i)  Find thex coordinates of the two points where the graphs intersect.

(iv) Hence solve the inequality® - 6 < |x|.

© Y
y = COSX
I y =sin X
|
|
|
|
|
l >
o T T X
6 2

The diagram shows the graphs of the functigirscosx and y =sin2x

betweenx =0 and x = g The two graphs intersect at= g and x = g

Calculate the area of the shaded region.

Marks



QUESTION 5. Use aseparateWriting Booklet.

(@)

(b)

(©)

(d)

Marks
In7
Evaluate[J[] e *dx. 2
0
Q 4
Br— C
R
P
A D

In the diagram ABCD is a square. The poin®, Q, andR lie on AB, BC,
and CD respectively, such thafP = BQ = CR.

(i) Prove that triangle$BQ and QCR are congruent.

(i) Prove that JPQR is a right angle.

The rate of inflation measures the rate of change in prices. Between Januarg
1996 and December 1996, prices were rising but the rate of inflation was falling.
Draw a graph of prices as a function of time that fits this description.

A ball is dropped from a height of 2 metres onto a hard floor and bounces.4
After each bounce, the maximum height reached by the ball is 75% of the
previous maximum height. Thus, after it first hits the floor, it reaches a height
of 1.5 metres before falling again, and after the second bounce, it reaches a
height of 1-125 metres before falling again.

() What is the maximum height reached after the third bounce?
(i)  What kind of sequence is formed by the successive maximum heights?

(i)  What is the total distance travelled by the ball from the time it was first
dropped until it eventually comes to rest on the floor?



QUESTION 6. Use aseparateWriting Booklet. Marks

(@)

CR
X metres———»

A wire of length 5 metres is to be bent to form the hypotenuse and base of a
right-angled trianglePQR,as shown in the diagram. Let the length of the base
QR be x metres.

() What is the length of the hypotenuB&) in terms ofx?
(i) Show that the area of the triangRQR is %x~\25—10x square metres.

(i)  What is the maximum possible area of the triangle?

(b) 6

Fifth stripe—F

Second stripe—

First stripe/

V[V

A logo is made of 20 squares with a common corner, as shown in the diagram.
The odd-numbered ‘stripes’ between successive squares are shaded in the
diagram. The shaded stripes are painted in gold paint, which costs $9 per square
centimetre.

The side length of thath square i{2n+4) cm. The nth stripe lies between
the nth square and thgn +1)th square.

(i) Show that the area of theth stripe is(8n + 20) cm?.
(i) Hence find the areas of the first and last stripes.

(i)  Hence find the total cost of the gold paint for the logo.



QUESTION 7. Use aseparateWriting Booklet. Marks

(&) By expressingecf andtan® interms ofsin@ andcos6@, show that 2
sec’6-tan’6 =1.

(b) Vi

y =tanz

e/

~
\«

E
6

The diagram shows part of the graph of the funcyontan2x. The shaded
region is bounded by the curve, thaxis, and the linex = g The region is

rotated about the axis to form a solid.

() Show that the volume of the solid is given by

oly

= 2 -
\% n#o (sec 2X 1)dx.

You may use the result of part (a).

(i) Find the exact volume of the solid.

(c) A ballis dropped into a long vertical tube filled with honey. The rate at which 5
the ball decelerates is proportional to its velocity. Thus

av_

—kv,
at \")

wherev is the velocity in centimetres per seconds the time in seconds, and
k is a constant.

When the ball first enters the honey,tat 0, v=100. When t = 025, v =85.
(i) Show thatv= Ce ™M satisfies the equatiogdtx = —kv.
(i) Find the value of the constafi.
(i)  Find the value of the constakt

(iv) Find the velocity whent = 2.



QUESTION 8. Use aseparateWriting Booklet. Marks

(@ A 4

D

In the isosceles trianglABC, 1ABC =JACB=a. The pointsD andE lie
on BC and AC, so that AD = AE, as shown in the diagram. L&tBAD = (.

() Explain why JADC =a + S3.
() Find ODAC in terms ofa and .

(i) Hence, or otherwise, findl EDC in terms of3.

(b) A particle is moving along thr axis. Its position at time is given by 8

X=t+snt.
() Atwhat times during the perio® <t <37 is the particle stationary?

(i) At what times during the perio@® <t <377 is the acceleration equal to
0?

(i)  Carefully sketch the graph of =t +sint for 0<t <3rr.

Clearly label any stationary points and any points of inflection.



QUESTION 9. Use aseparateWriting Booklet.

(@)

(b)

10

Marks

A bag contains two red balls, one black ball, and one white ball. Andrew select$
one ball from the bag and keeps it hidden. He then selects a second ball, also
keeping it hidden.

(i) Draw a tree diagram to show all the possible outcomes.

(i) Find the probability that both the selected balls are red.

(i) Find the probability that at least one of the selected balls is red.

(iv) Andrew drops one of the selected balls and we can see that it is red.
What is the probability that the ball that is still hidden is also red?

VA 7

—+y

O 1 5

A pen moves along thg axis, ruling a line. The diagram shows the graph of
the velocity of the tip of the pen as a function of time.

The velocity, in centimetres per second, is given by the equation
v = 4t3 - 24t% + 20t

wheret is the time in seconds. Whern= 0, the tip of the pen is ak = 3. That
is, the tip is initially 3 centimetres to the right of the origin.

() Find an expression fox, the position of the tip of the pen, as a function
of time.

(i)  What feature will the graph at as a function ot have att =1?
(i)  The pen uses 0-05 milligrams of ink per centimetre travelled.

How much ink is used betweer0 and t =27



11

QUESTION 10. Use aseparatéWriting Booklet.

(@) Graph the solution ofix<15< -9x on a number line.

(b) 2

/ a
(@)

In the diagramQ is the point(-1, 0), R is the point(1, 0), and P is another
point on the circle with cent® and radius 1. LefIlPOR=a and JPQR= (3,

and lettan S =m.

() Explain why AOPQ is isosceles, and hence deduce that 23.

(i) Find the equation of the [N Q.

(i)  Show that thex coordinates oP and Q are solutions of the equation

XV

(1+ mz)x2 +2m?x+m? -1=0.

(iv) Using this equation, find the coordinateskfin terms ofm.

2tang

(v) Hence deduce thaian?2g = :
1-tan’p

Marks

10



12

STANDARD INTEGRALS

-1 X" nz-1 xz0,ifn<0
n+1

=|lnx, x>0

=
2

==e*, a%z0

QO

=~snax, a#0

=—-—cosax, az0

X
dx =sn12, a>0, —a<x<a
a

dx =In(x+\x2—a2), x>a>0

dx :In(x+\x2+a2)

NOTE: Inx=log,x, x>0

© Board of Studies NSW 1997
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