Calculus of inverse trig functions

Specifications:

The calculus of inverse

trigonometrical functions
Use of the derivatives of sin~* x. cos ' x. tan" x as given in the
formulae booklet.
To include the use of the standard integrals.
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I ———dx: J.—,d" given in the formulae booklet

a +x va© —x

In the formulae book:

Differentiation -
o (x Integration
(x) (x) (+ constant: @ >0 where relevant)
sin” x - 1 ) jf(_\-)dx
V11— x \
1 e sin ™ l lJ (x| < a)
cos™ x —— va’ -x’ \a,
Vvi—x~ -
1 . ltan‘l[ e
tan ' x : a® + x? a \a,
1+ x°
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Reminder and introduction
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o Calculus
Identities

d .
e Cos’(x)+ Sin*(x) =1 . * Cos(x) = —Sin(x)

Tan(x)= 2" ((“’i)) oL Sin(x) = Costx)
1

Cos*(x)

o% Tan(x) =1+ Tan’*(x) = Sec*(x) =
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Graph of Cos™', Sin”!, Tan™
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Differentiation

The derivative of y = sin”(x) The derivative of y = cos'(x)
y =Sin"'(x) means Sin(y)=x y=Cos ' (x) means Cos(y)=x
% = Cos(y) = 1-Sir* (y) =1-¥° % =—Sin(y) =—1-Cos* (3) =—1-
(Explanation : for ally, Cos™ (¥) + Sin’ (y) =1 (Explanation : for all y, Cos* (y)+ Sin’(y) =1
soCos(y) = \/l—SiT()‘) ) soSin(y) = m )
hence:%: : 1 hence:ﬁ:— :
1=X" x 1—x2

The derivative of y = tan-!(x)

y =tan" (x) means tan(y) = x

é =1+tan’(y) =1+x’
dy
dy 1

S0—=
dx 14+x




o— Sin'(x) = ! oiSin"(ax+b) = a
X l—x" dx Jl—(ar+b)2
oiCos'l(x):— : oiCos"(a.x+b)= - -
dx L= dx \/1-(ar.1c-i-lzv)2
oiTan"'(x)= ! : oiTan'l(axA—b): ! ;
% 1+x dx 1+ (ax+b)
Exercise:
Differentiate the following:
1. (a) tan™'3x (b) cos!(3x-1) (c) sin”!2x

B

. (@) xtan'x (b) e“cos!2x

sin”! 3x
L) = =2 b
@ X ®) 1+x2

(5]

=Y

. (a) sin™(ax+b)
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tan~! (3‘\-2 +1)

(¢) x*sin'(2x-3)

(b) tan™'(ax+b) where a and b are positive numbers.
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Integration

Let's prove that I : l ~dx= lTan_l (ij—kc
a +x° a \a,

Integratej : : dx using the substitution x = atan(u)

a*+x°
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- dx vl - dx _ _l[xj

N = Sin" (x) +c —=Sin"| — |+c¢

o 1_x2 - )al_x)_ a

o drjoan_l(x)+c ?dx =1Tan_1(£]+c

T 14+ x a+x a a
Application:

a) Evaluate I 02 4d" -
5

3
5 dx
D) Evaluate | 2
'[0 9—y?
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Exercises:

Integrate the following. leaving your answers in terms of 7.

l.jﬁ 2dx 2.I1 3dx
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More practice:
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Integrating using the completed square form

1 1
- or —— :
ax”+bxt+c o +br+c

write ax” + bx + cin its completed square form a(x+ p)* +g.

To integrate functions of the kind

Then use an appropriate substitution (1.e u = Ja(x+ p))1in order to obtain

an expression of the form u” + p...

1 Example I dx
E le:
Eele:| T \/12 b
I:I . 1 dx:‘[;,dx §= .f _[ dx
2 +2x+10 (x+1)*+9 le 4x—x° J16- (r+2

et u=x+1, then kUGN LOvCOnNS Letu =x+2,then du =dx and Ibecomes

1 1 u 1 x4] ) :
I= 3 du =—tan" =—1 ( + 1 242
‘[ u +9 ! 3 (3]+C 3 = \ 3 J ‘ du = Sin~ [HJ+C—91}? 1 :

Ij\/i ]
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Exercises:

1. Integrate

1
x2+4x+5

(a)
2. Integrate

5
2x

(a) T

x“+2x+3

3. Find

(a) J dx

V?+6x—x2

4. Find

(a) ,[ x+1 di

1-x

Pange 12
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