Finite series

Specifications:

Finite Series

Summation of a finite series
by any method such as

Induction, partial fractions or n n

differencing. Eg Z"-"! = Zl[(""*’l)! - rl]
r= =

Introduction:

Start writing in full the following series
(substitutingrby 1, 2, 3 ,...)

49

S (rP-(r+])*)=1 -2+

p=]

49
What is the value of > (r*~(r+1)*) ?
r=l1



Using the same principle, can you work out

99 2
a — s - —
) ; r r+l
101 1 l
b ——
)kz r* (r-1°
199 l.
C In| —
S o( 1)
Work out in terms of n
sl | 1
a —
) ; 3r 3r+3

Summing using the method of differences

If the term of a series u, can be writtenu, = f(»)— f(r+1) (wheref is a given function)

then Zu —Z f)=f(r+1)=f1D)-f(n+1)




Worked example:

5 -

(a) Simplify »(r+1)—(r—1)r. (a) Use the identity 47 =r* (r+1)—(r-1)"r*

(b) Use your result to obtain > r. to show that 24,-3 =n?(n+1)’.

F=] r=1
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Exercises:
1) (i) Show that

| 1 1

(ii) Hence find an expression, in terms of »n, for

ror+l rir+1)

1 1 N 1 N N 1
2 6 12 nn+1)
1 1 .
2) (@) Show that — — -
! (r+1)! (rr+ 1)!
(ii) Hence find an expression, in terms of », for
1 2 3 n
—+—+—+ ... —.
2! 31 4! (m+1)!
3) () Show that (r+2)! = (r+ 1) = (r+1)>x rl.

(ii) Hence find an expression, in terms of n, for

2 ) 2
2°% 1! 4+ 3" x2' + 473! + ...

4) (i) Show that
r+1 r

+ (n+ l)zxn!.

r+2
(ii) Hence find an expression, in terms of n, for

I I |
—+—+—+ ... +
6 12 20
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r+1 - (r+1)(r+2)

(n+ 1)(n+2)

5) The function £ is defined for all non-negative integers » by
f(r)=r’+r-1.

(a) Verify that f(r)—f(r—1)=4r for some integer 4. stating the value of 4.

(b) Hence, using the method of differences, prove that
Zr :%(HE +n).
r=1 -
| 2
6) (i) Show that P = e

(ii) Hence find an expression, in terms of n, for

]

—.
nin+?2)



Partial fractions

Theorem:
. ; ar+b :
Any rational function of the form P(r) = can be written
(cr+d)(er+ f)
; : A B
as the sum of two partial fractions + where 4 and B are real numbers.
cr+d er+f

Examples: _

Method 1: identification Method 2:
3
1 P(}”') =
P(r)=——- — Y —
() i D) (2=r}(F=1)
3 A4 B

1 A B A(r+1 Br
- = -

C-n(r-1) 2-r r-1

Multiply both sides by the denominator (2—7)( —1):
3=A(r-1)+B(2-r)

Substitute r by the value of the roots of the denominator ( here 1 and 2)

r(r+1)_r r+l_r(r+1) r(r+1)
1  Or+1 (A4+B)y+4
rr+1) r@r+l)  r(r+1)

For these fractions to be equal, we need forr=1 3=0+B(2-1)so  B=3
A+B=0 =2 3=4(2-1)+0 A=3
this gives A=1 and B=-1 ki ] -0+l
A=1 Conclusion::
Conclusion: 3 . T
1 1 1 Q-nr-1) 2-r r-1

r(r+1) r r+l
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June 2010

(a) Express
r(

in partial fractions.

r+2)
(b) Use the method of differences to find
o g 2
— r(ir+2)

giving your answer as a rational number.

Question 2:

a) express in partial fractions.

(2n—=1)(2n+3)

1 1

1

b) Sum the series + +
1x5 3x7 5x9
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+.t
(2n-1D)(2n+3)

(3 marks)

(5 marks)

(c+ug)(1+ug)

T+u

§TT1
r68

— e



2
(r+ 1)+ 3)

b Hence prove by method of differences that

a Express in partial fractions.

n

Z 2 ___n(an + b)
= (r+1)r+3) 6(n-+2)n+ 3)

where a and b are constants to be found.

30

2

¢ Find the value of r;l T +3)

to S decimal places.

665 _
seang = 002738 105 dyp.
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