Limits and Improper integrals — exam questions

Question 1: Jan 2011

) C .
— in the form . where C is a constant.
dr+1 3x+2 (4x +1)(3x + 2)

@  Write
(1 mark)

(b) Evaluate the improper integral

o0 10
JI (4x+ 1)(3x +2) dx

showing the limiting process used and giving your answer in the form Ink, where k
is a constant. (6 marks)

Question 2: June 2011

(a) Find J_TE Inxdx. (3 marks)
€
(b) Explain why J x* Inxdx is an improper integral. (1 mark)
0
€
(c) Evaluate J x? Inxdx, showing the limiting process used. (3 marks)
0

Question 3: Jan 2009

(a) Use integration by parts to show that J]nx dy = xInx — x4+ ¢, where ¢ is an arbitrary
constant. (2 marks)

1

(b) Hence evaluate J Inx dx, showing the limiting process used. (4 marks)
0

Question 4: June2006

. , 3a+2 3 _
(a) Show that a]l,mgc (2.:1 m 3) =5 (2 marks)
b) Evaluat Jx 3 2 dx, givi in the fi Ink, where k i
valuate - iving your answer in the form Ink, where & is a
( L Bxp2 2x g3/t EVInEY :
rational number. (5 marks)
Question 5: June 2010
o0
(a) Explain why J 4xe* dx is an improper integral. (1 mark)
|
(b) Find J‘4~_1rt:_'1"r dx. (3 marks)

0o
(c) Hence evaluate J 4xe~* dx, showing the limiting process used. (3 marks)
|




Question 6: Jan 2007

=

1

(a) Explain why J X dx is an improper integral.
RVA

1
(b) Use integration by parts to find Jx “Inx dx.

lnx i .
(¢) Show that J —— dx exists and find its value.

0 Vi

Question 7: June 2007

(a) Write down the value of
lim xe *
X — 00

e (1 —x)

(b) Use the substitution & =xe *+ 1 to find
xe ¥ +1

o0

(¢) Hence evaluate J -
1 X e

Question 8: June 2009

Evaluate the improper integral

el 4
-— dx
J] (I 4I+1)

dx, showing the limiting process used.

(1 mark)

(3 marks)

(4 marks)

(1 mark)

(2 marks)

(4 marks)

showing the limiting process used and giving your answer in the form Ink, where & 1s a

constant to be found.

(3 marks)



Limits and Improper integrals — exam questions - answers

Question 1: Jan 2011

(a) | 12x+8—-12x—3 _ 5
(Ax+D(Bx+2) (dr+D(Bx+2) Bl
by | . 10 ( 3
—  dx=2 - :
-l(ct‘\-+1)(3».\-+2)(Y [ 4x+1 3x+2J T M
= 2[In(4x+1)-In(3x +2)] (+c) Al
im e | 10
I=
a—ee L | (4x+1)(3x+2) Ml
_~ lm -
=2 [In(4a+1)—In(3a+2)] - (In5-In5)
a—soo
f 4+ 1 A
lim “4a+1) fimm 7
=2 dmsen {hl[ P ]} =2 a_:m In f_: ml.ml
T ’ 3I+—
\ a )
4 16
= zl.ﬂgzhl; Al
Total
Question 2: June 2011
a 3 301
( ) J‘\’z 111.’( dﬁ'_xThlx—J‘xT(_J d_x M1
J 3 X
Al
3 3
...... = —Inx—— (+ C) Al 3
(b) | Integrand is not defined atx =0 El 1
¢ )
© J.exz Inx dx = {hm ‘x2Inx dx}
0 a—0 a
= e—shlefﬂ — lim H—mafﬁ /
3 9 a=01] 3 9 Ml
lim 3 _
But 0 Ina=0 El
7.3
SOJ.;TZ]_D.Y(].T:% Al 3
Total 7
Question 3: Jan 2009
(a) 1
flnxdx=xlnx—fx —]d,\' M1
¥
=xlnx—x +ec Al
(b) 1 lim 1
'folnad,\ =0 Lln,\d,\ M1
lim
= {0—-1-[alna—al} M1
a—0
But alna=0 El
a—0
o [ Inxdr =
So JO nxdy = -1 Al
Total

Question 4: June2006

(@) R
= lim J+; = 3+0*i
-0 2+i 2+0 2 I\[l_dx]. 2
a
by = 3 2
IR
) (3x+2) 2x+3
= [In(3x +2) ~In(2x + 3|~ Ml
[ (3x+2)—In(2x 3)]1 Al
_[]n ;Hiﬂ
=X/ ml
; .
= ]ll{lilll(_a-'—zj}hll M1
a=we\ 2a+3
3 3
= ]115—1111: ]_115 Al 5
Total 7
Question 5: June 2010
(a) | The mnterval of integration 1s mnfinite El 1
(b) _ _
[Are™dy = —xe™ — J —e Mdx MI
Al
=t oge ™ v AIF | 3
() = lim
I= J-’Lxe’“ dr= J4xe’“ dx
1 a—>oeo Ml
lim 5
r—ﬂe 4a 6740}7 77674
a— oo 4 4
lim ge™ =0 Ml
a —» o2
5 _
[=—e” Al 3
Total 7
Question 6: Jan 2007
(a) | Integrand is not defined at x = 0 El 1
1 1 el
(b) jx 2 Inx dv=2x2 ]nx—j2x2 —]dx M1
X
Al
1 1
...... = 2x?Inx —4x? (+c) Al 3
e lnx Im ,elnx
CHR B e M M1
L lim 1 1
= —2e? - 2a* Ina —4a? Ml
a—0
But lim éh 0
1 lna=
a— amd Bl
So I ¢lnx dx exists and = fZe% Al 4
0 \/; )
Total 8




Question 7: June 2007

@|o Bl 1
(b) rf:xe_'”+1:>d11:(e_x—xe_‘)dx M1
I w dx = J‘l dir=lnw+c
xe 41 u
:lll(xe_x +1]{+ c} Al 2
—X
© .[ 1 xx dx:J‘ wdﬁ\‘ Bl
x+e xe " +1
J‘W I=x dx= lim [ln(xe’xqtl)T
T x+e* a—= 1
1 —a -1
—algl;{hl(ﬂe +1)}—]JI(B +1) M1
_ : —a _ -1
—hl{!}glolﬂ(ﬂe +1)} ]n(e +1)
= -1 - -1 M1
7]111—111(8 +1)7—h1(_e +1) Al 4
Total 7
Question 8: June 2009
1 4
—— dyr=Inx—-In(4x+1){+c
f{x 4X+J (dx+1){+c} B1
lim J.n 1 4 J N
= —_ dx
a—ee 1 \x 4dx+l Ml
Lim a
= []11::r—111(4;\-+1)}1
a—> o2
lim a J 1
= In —In—
a—o0 { (4a+l 5 ml
lim
= In ! —lnl_
T 4+— > ml
a
1 1 5
=h—mh—=Ih- N
4 5 4 Al )
Total 5




Limits and McLaurin series — exam questions

Question 1: Jan 2011

(a) Write down the expansions in ascending powers of x up to and including the term
in x3 of:
(i) cosx+sinx; (1 mark)
(i) In(1+ 3x). (1 mark)
(b) It is given that y = e'®*,
i) Find & and sh nat & (1 +tanx)? ¥ (5 mark
i = and show th: _ anx)? —
ind - and show that — 5 anx)” = marks)
3y
(ii) Find the value of d_—"g when x = 0. (2 marks)
X

(iii) Hence, by using Maclaurin’s theorem, show that the first four terms in the expansion,

in ascending powers of x, of e™"* are
1+x+ %.TE + %_TB (2 marks)
(c) Find
lim [€™™ — (cosx + sinx) (3 marks)
x—0 xIn(1 4+ 3x)
Question 2: June 2011
(@  Given that y = In(l + 2tanx). find = and
a at v — an - S oond =2
siven that y = In anx), find - and -5
: dy
(You may leave your expression for 2 unsimplified.) (4 marks)
x=
(b) Hence, using Maclaurin’s theorem, find the first two non-zero terms in the expansion,
in ascending powers of x, of In(1 + 2tanx). (2 marks)
(c) Find
lim |In(1+ 2tanx)
T ———— 4 marks,
x—0 [ In(1 —x) ( )




Question 3: Jan 2009

-2
The function f is defined by f(x) = ¢™*(1 4 3x) 3.
(a) (i) Use the series expansion for e* to write down the first four terms in the series
expansion of e . (2 marks)

_2
(ii) Use the binomial series expansion of (1 + 3x) * and your answer to part (a)(i) to
show that the first three non-zero terms in the series expansion of f(x) are
1 4 3x% — 6x° . (5 marks)

d?y

(b) (i) Given that y = In(1 + 2sinx), find F} (4 marks)

(i1)) By using Maclaurin’s theorem, show that, for small values of x,
In(1 4+ 2sinx) A2 2x — 2x? (2 marks)
(¢) Find

lim _ 1—f(x)
*=0xIn(1 4+ 2sinx)

(3 marks)
Question 4: June 2006

(a) (i) Write down the first three terms of the binomial expansion of (1 +y)~', in
ascending powers of y. (1 mark)

(i1)) By using the expansion

and your answer to part (a)(1), or otherwise, show that the first three non-zero terms
in the expansion, in ascending powers of x, of secx are

2 4
x°  S5x
l—l—?—l—ﬁ (3 marks)

(b) By using Maclaurin’s theorem, or otherwise, show that the first two non-zero terms in
the expansion, in ascending powers of x, of tanx are

x3

X —I—? (3 marks)

tan 2
(©) Hence find lim (ﬁ) (4 marks)



Question 5: June 2010

(a) Write down the expansion of cos4x in ascending powers of x up to and including
the term in x*. Give your answer in its simplest form. (2 marks)
dy  dZy 3y
(b) (i) Given that y = In(2 — &), find a} . é and EJ;
: dy
(You may leave your expression for unsimplified.) (6 marks)

d?

(i) Hence, by using Maclaurin’s theorem, show that the first three non-zero terms in the
expansion, in ascending powers of x, of In(2 —e*) are

—x—x2—x° (2 marks)
(¢)  Find
_{ltnn lj%;j;}] (3 marks)
Question 6: Jan 2007
The function f is defined by f(x) = (1 +2x)%.
(a) (i) Find f"(x). (4 marks)

(i) Using Maclaurin’s theorem, show that, for small values of x,
flx) =1+x —%_x‘j‘ —|—é_x3 (4 marks)

(b) Use the expansion of e* together with the result in part (a)(ii) to show that, for small
values of x.

1
e*(1 4 2x)7 =~ 14 2x + x% + kx?
where k is a rational number to be found. (3 marks)

(¢c) Write down the first four terms in the expansion, in ascending powers of x, of e>*.
(1 mark)

(d) Find

|
lim (1 + 21)2- — X
x—0 1 — cosx (4 marks)




Question 7: June 2009
The function f is defined by

1
f(x) = (9 + tanx)’
(a) (1) Find "(x). (4 marks)
(ii) By using Maclaurin’s theorem, show that, for small values of x,

X _1'2

1
(9 + tanx)? z3+g—m (3 marks)

(b) Find

lim [f(x)—3 "
e 0 [m} (3 marks}



Limits and McLaurin series — exam questions - answers

Question 1: Jan 2011

a)(i R B1 1
@) cos 1‘+si11x:]+.rfl.\" 71.\‘3
2 6
ii 1 , 1 9, Bl 1
@ | 430 23— L (3 + 1 3x) = 3x— 2 a? 495
2 3 2
(b)) ) tanx Ml
v= ——=sec xe
dx Al
Iy ml
EILT; =2sec? xtanx ™ +sect x ™ Al
= sec’ x e™"(2tan x +sec’ x)
dy 2
= i(:fﬂlll’+1+tall_.‘f)
dx
d’y »dv Al 5
—— = (l+tanx) — -
dv? dy
i) | d*y , dy , d'y
—=2(1+tanx)sec’ y—+ (1 +tanx)" - J
dx? ( ) dx ( ) dx? M1
d’y
When x = 0. d—£:2(1)(1)(1)—(1)(1):3 Al 2
@ii) | $(0)=1: »(0)=1: y"(0)=1; y"(0)=3:
1, 15, M1
V) =y(0) T2y '(0) + -7 y"(0) + $x 1"(0)
tanx s 1 2 1 3
e = l+x E.\ +E.\‘ Al 2
(© | Lm [e™*_(cosx+sinx)
x—0 xln(l+ 3x)
Rl Rl
B lim 1+_\’+7+?—]—X+T+F
x—0 ( 9 5, ) Ml
x| 3x—=x +|
\ 2 /
2,25 142+
Clim | +§‘T te _lim +§'\+"
N B ml
=0 33 2\'3 =0 372.\‘...
2 2
1
=— Al 3
3
Total 14
Question 2: June 2011
@ dv _ 2sec? x M1
dv 1+ 2tanx Al
ﬂ _ (1+2tanx)(4sec? ytanx) — 2sec? x(2sec? x) M1
dx? (1+2tan )2
Al 4
2
® |\ ec. Th $(0) + x 7(0) + % 17(0)
(0)=0); ¥(0)=2: ¥"(0)=—4 M1
In(1+2tanx)= 2x—2x2 Al 2
© ln(l*x)Z—x—%xz.‘.. Bl
{lﬂ(l+2tan&‘]}\ 2x—2x2..
In(l—-x) . _lle__ M1
_ 2-2x.
—l—lx... ml
So =2 AlF 4

x—0

lim {h1(1+2tanx'}:| 2

In(1-x) -1

Total

10

Question 3: Jan 2009

()

e:‘:1+2x+2x3+§x3+ M1
Al 2
(ii) i, _2
{00} = e (1+3x) ?
5 N
-i ([ 2) 3 _5](3 " w0,
(1+3x) 3 :l+l\—§,l(3x)+%—?x Ml
, 40
= 1—2x+51;—Tx3 Al
{fx)=}

Ay . , 3| ml
1+1x+:x1+T’(—z.qr—atf—4x’+:’ax-+1¢:b:’—40A Alft
=1+3’ -6 Al 5

b)(i) . y M1
y=In(l+2sinx)=> —=————x2cosx
y=In( sinx) & 1i3enx cosx Al
Q _ (1+2sinx)(-2smx)—2cosx(2cosx) —2(sinx+2) M1
dx? (1+2sinx)* (1+2sinx)’ Al 4
(i) | y(0)=0, y(O) =2, y"(0)=—4 M1
2
McL Thm.: {In(l1+2sinx)}=0+2x— 4[% R Al 2
(c) | lm 1-f(x) _ lim —3x? +6x° MI
x—0 xIn(l+2sinx) x—0 2x° —2x° :
_lim —3+6x
Tx—=0 2-2x ml
=3
2 Al 3
Total 16
Question 4: June 2006
@O | (14y) " =1-y+)* . Bl 1
@) secx !
oyt Bl
-+
2 24
2 4 T
=[1-2+X | = Ml
2 24
a2 Ay o2 ay
fl_[_L+L|+ x. x MI
1\224_}\224/
P
= ——
2 24 4
-1 x’ + sx*
= +? gy Al:Al 5
Alternative: Those using Maclaurin
f(x) =secx
£(0) = 1; £(x) = secx tanx; {f'(0) =0} B
f'(x) = secx tan"x + sec’x; f "0)y=1 (M1)
£"(x) = secx tan’x + Stanx sec’x; (m1)
f5)(x) = secx tan*x +1_8tan3x sec’x .
+5secx = f0)=5
sec x = printed result (A2)
(b) | fix) =tanx;
£(0) = 0; F(x) = sec™x; {F(0) = 1} Bl
() = 2secx(secx tanx); £ "(0) =0
f'"'(x) = 4secx tanx(secx tanx) + 2sectc M1
f"0y=2
1, 2 3 13
tanx=0+1x+0x—;x ...=x+Ex Al
Alternative: Those usi-ng otherwise
sinx [x‘ x \[H_xl ‘I (M1)
= | X —— . .-
cosx | 6 . 2 ) (aD
_ Y ox B
= X+?—?...—.\,+—.\, (Al)




1 2
© | (rtan2r) x(2x+00) B1 @ | 1-eosy=—x" +{o(x)} B1
) 1 ] 1
secx—1) xT+o(x4) M e*(14+20)7 —e™ )
, - 1-cosx
_2+0(x7)
1 2 Ml per? 25 [1iin2 it s
;+o(x") 1+2x+x +§x —|1+2x+2x +Ex Ml
- . 1, 4
. [ xtan2x ) =x +{o(x )}
lim{ === |=4 Al | 4 2
\secx—1) lim lim —x*+{o()} ALF
' Total 13 x>0 xaom_
Question 5: June 2010 7F e
5(a) Ax)P (4x)? M1 lim —1+o(x
::054.7(31—(#}+ﬂ 017() -2 AlF 4
2 4 = z”(’“)
losl 1t Al 2 Total 16
E Question 7: June 2009
b dy_ 1 R M1 () L
o 2 =) Al £(x)=(9+tanx)’
d_v:( —< K_ )_( exl_ex M1 so f'(.x)=l['9+tanx}7?sec3x M1
dx! ( _e‘, Al 2" Al
—2e" 0= —l['9+ranx)_3sec*x
= - + M1
e L
@y (oefae)-(Caepl—et)oer) | m +5(0+tanx) " (2sec’xtanx) | 4
3 ' ! a)(i) | f0) =3 BI
(2-¢) I
Al 6 ‘(0)——(9) =2
0 M1
(@ | y(0) =0 '(0) =—1; y'(©) =2; y”'(O) -6 M1 ,.(0)___(9) I 1(le
Ln(2—e")=p(0)+xy (0)+—y”(0) 1’”(0)... ) = KOy £(0)+ E"’ £7(0)
e A Al 2 L x 12
(9+tanx) =3+=——— Al 3
6 216
() x X
© |:xh1(2—ex)}z—x1—x3—x*... f()-3, 6 216" M1
1—cosdx 2 32, Mi sin3x (3x)
8x 7‘—A X—T,,,
1i oy} 1 x
Limit= 170“4) 6 216 ml
x—=0 8~ —o(x") 33—
. . It f(x)-3 1
o o —l-o(y) ,ilo [%} T Al 3
x—=0 8—o(x?) ml . i
’ Total 10
_ 1
------ =3 Al 3
Total 13
Question 6: Jan 2007
1 1
(a)(@) f'(x:]=l(1+2x)_3(2):(1+2x)_5 MI1A1
£r(x)=— 1+2x] AIF
£7(x)=3(1+ 20) 3 Al 4
(i) f(x):(l+2x:]::f(0:]:1: Bl
fro)=1; £"(0)=-1,f"0)=3 M1
AIF
£ () = (0) + xf '(0) +§f'f(0)—;ff"(0)
Q:~1+X——+i Al 4
1
M) | e (1+2x)2 ~
[' X: 3
l+x+—+— \1+x—?+ ML
=14y (1+1) + x(—0.5 + 1 +0.5) Al
1 1.1 1)
+x [7—7+7+7]
2 2 2 6)
2,
=14 2x+x° +3X Al 3
(c) e —1+2x+(2") (2;,)-+ B1 1
:l+2x+2x‘+gx3 + .




