Finite series - exam questions

Question 1: Jan 2008
(a) Show that

(2r+1P —(2r—1)° =242 42

(b) Hence, using the method of differences, show that

n
2 =gn(n+1)(2n+1)

r=1
Question 2: Jan 2009
(a) Given that f(r) = 3—1:'2(1' + 1)2. show that
f(r) — f(r—1) =17
(b) Use the method of differences to show that
2n
3
21'3 :erz(h' +1)(5n+1)
r=n

Question 3: Jan 2010

The sum to r terms, S,., of a series 1s given by
S, =r2(r+1)(r+2)
Given that u, is the rth term of the series whose sum is S,.. show that:
(a) (1) wu;p=6;
(i) wup =42;
(i) w, =n(n+ 1)(4n —1).

(b) Show that

2
Z w, = 3n>(n+ 1)(5n +2)
r=n+1
Question 4: Jan 2006
(a) Show that
1 1 2r+1

” (r+1)2_r2(r+l)2

(b) Hence find the sum of the first n terms of the series

3 N 5 N 7
12x22 22x32 32x42

+. ..

Question 5: June 2007
(a) Given that f(r) = (r — 1)r?. show that
f(r+1)=1(r)=r(Br+1)
(b) Use the method of differences to find the value of
99

Zr(3r+ 1)

r=50

(3 marks)

(6 marks)

(3 marks)

(5 marks)

(1 mark)
(1 mark)

(3 marks)

(3 marks)

(2 marks)

(4 marks)

(3 marks)

(4 marks)




Question 6: Jan 2007
tan4 — tan B

(a) Use the identity tan(4d —B) = ——————— with 4 = (r+ 1)x and B = rx to show

| +tan Atan B
that

tan(r + 1)x _ tanrx

tanrx tan(r + 1)x =
tanx tanx

(b) Use the method of differences to show that

2n
a2 a2 4t an % 20 tan—= 20
an—tan — an—tan — dl——n—— — = — 4
50 50 50 50 50 50 g~
50

Question 7: June 2009
(a) Given that

14 N B
42 -1 2r—1 2r+1

find the values of 4 and B.

(b) Use the method of differences to show that

n

Y5
42— 1 2+l

n

(¢) Find the least value of n for which Z

2 _
= 4r
Question 8: June 2010
(a) Express ——— in partial fractions.
r 2
(b) Use the method of differences to find
250+2)

giving your answer as a rational number.
Question 9: June2008
(a) Given that

1 4, B
rir+Dr+2) rr+1) (F+1D(r+2)

show that A 2% and find the value of B.

(b) Use the method of differences to find

98
; r+l rir+1)(r+2)

giving your answer as a rational number.

(4 marks)

(5 marks)

(2 marks)

(3 marks)

l differs from 0.5 by less than 0.001 .

(3 marks)

(3 marks)

(5 marks)

(3 marks)

(4 marks)



Finite series - exam questions

Question 1: Jan 2008
2r+1)°%—(2r-1)° = (8r* +12r° + 6r +1)— (8r* —12r° + 6r —1)
24r% +2

n n n

b) 24i =Y (@r+1°-(2r-1°-2)=3((@r+1°-(2r-1°)-32

r=1 r=1
=3P 145 -F+7* -5 +..+
2n-1°-(2n-3)*+(2n+1)°* - (2n-1)*-2n
=-1+(2n+1)%-2n=-1+8n*+12n° +6n+1-2n
=8n°+12n° +4n

24 r* =4n(2n” +3n+1) = 4n(2n+1)(n +1)
r=1

Zn:rz :%n(n+1)(2n+1)
Question 2: Jan 2009
a) f(r)- f(r—l):%rz(wl)z—%(r—l)zrz

[ - -]

:%rz(r2+2r+l—r2+2r—l)

:%rz(4r)
f(r)-f(r-n=r?

b)zzf‘r3=22" f(n-f(r-)=f(n)-f(n-1+

f(n+1)—f(n)+
f(n+2)-f(n+)+
vt
f(2n-1)-f(2n-2)+
f(2n)-f(2n-1)

all the terms cancel except f (2n) — f (n-1)

iﬁ: f(2n)—f(n-1)

1 2 1 2 1
:Z(Zn)2(2n+l) 7Z(n71) n2:2n2[4(2n+1)27(n71)2]
:Enz(l(inz+4+16n7n2+2n71):£n2(15n2+18n+3):§n2 (5n2+6n+1)
4 4 4

2n

>l =%n2(5n+1)(n +1)

r=n

Question 3: Jan 2010
S, =r’(r+1)(r+2)
a)i)S, =u +U, +Uy+...+U,_, +U,
so forr=1 S =u,
U =x@)x3)=u,=6
ii)S,=u,+u,=6+u,
and S, =22x (3)x(4) =48
u,=48-6=
u, =42
iiiju =S, -S, ,
=n?(n+1)(n+2)—(n-D*(n)(n+1)
=n(n+1)[n(n+2)—(n-1)°]
=n(n+1)(n*+2n—n’-1+2n)
u, =n(n+1)(4n-1)

b) zzn u, = i Sr_sr—l:sn+l_sn+

r=n+1 r=n+l
Sn+2 - Sn+1 +
S,3=Sppte
+ Szn - SZn—l

i u, =S,,-S, =(2n)’(2n+H(2n+2)-n*(n+Y(n+2)

=8n’(2n+D(n+1) -n’(n+1)(n+2)

=n’(n+1)[8(2n+1)—(n+2)]

=n’(n+1)(15n+6)=3n’(n+1)(5n+2)
Question 4: Jan 2006

a)

11 (r+Y? rr rf+2r+l-r*  2r+1

b) 3 5 7 2n+1 2r+1

+ + +..+ =
1Px2? 22x3% 3Fx4? n?(n+1)° ,Z::‘rz(rwul)2
i 2r41 &1 1
Sri(r+1)? St (r+1)?

1111 1 1 1 1 1
=l——t———t———t St

4 4 9 9 16 (n-1)° n* n® (n+d)
Allthe terms cancel out exceptthe firstand thelastone:

L 2r+1 1
Z 2 7=1- 2
=ro(r+l) (n+1)

r2 (r+1)? ri(r+1)> - rP(r+1)?  ri(r+1)?  ri(r+1)?

and



Question 5: June 2007
a)f(r)=(r-nr?
f(r+)-f()=r(r+1)°-(r-nr’
=r[(r+1°-r(r-1]

=r[rP+2r+1-r’+r]

=r(3r+1)
b)ir(sml): f“ f(r+1) - f(r)= £461) - f(50)
+1452) —H5T)
HEZ 1457
+ f(100)

All the terms cancel except f (100) — f (50) = 99 x100% — 49 x 50?

99
3 r(3r +1) = 867500

r=50

Question 6: Jan 2007

a)Tan(A-B) =Tan((r +1)x—rx) =Tan(x)
Tan((r +1)x) —Tan(rx)
1+Tan((r +21)x)Tan(rx)
Tan((r +1)x) —Tan(rx)

and Tan((r +1)x—rx)=

So Tanx =
1-Tan((r +1)x)Tan(rx)
1+Tan((r +1)x)Tan(rx) = Tan((r +1)x) —Tan(rx)
Tan x
Tan((r +1)x)Tan(rx) = Tan((r+1)x) _Tan(rx) ,
Tanx Tanx

b)Tan 7 Tan 2z +Tan 2—Tang—” +...+Tan ﬂTan 207

N % 2. & Tan(r+) g ) Tan(r )
=Y Tan(r ~)Tan((r+1) =)= >’ 9

r=1 50 50 —1 Tanl Tan%

Tan(z/ Tan( o8 Tan(/%z/) s
1+ - 0 _1+ 0 -1
Tan— /l/an” /4&\
50 50
Tan(zz/ \ﬁwf Tan(’ ") Tan( )
4.t 0" 1
/ /&\ Tan ~ /ém”
50 50 50 50

207

Tan( ) Tan(—)
all the terms cancel except — 507, -1-1-1-1.-1
Tan Tan
50 50
Tan(—zon) Tan(z—ﬂ)
:—1+7—19:—5—2o
Tan-— Tan 2~
50 50



Question 7: June 2009
a) A N B :A(Zr—1)+B(2r+1)
2r-1 2r+1 2r+D)(2r -1)
_(2A+2B)r+A-B
- 4r2 -1

this is equal to4 21 1 when A-B=1and 2A+2B=0
r-—

A:land B:—l
2 2
L | d 1 1 11 1 1
b)z 2 :z T olor 1N o e TR
4arc-1 “=H2(2r-1) 2(2r+1) 2 6 6 10
1 1
10 14
1 1
- +
4n-6 4n-2
1 1
4n-2 4n+2
1 1
All the terms cancel except ——
4n+2
i 1 1 1 _4n+2-2_  4n _.n
“ari-1 2 4n+2 2(4n+2) 4(2n+1) 2n+1

. 1
Cc)=- <0.001
)2 Z4r2 -1

r=1

1 (1 1 Y ooo1 L o001
2 \2 4n+2 4n+2

an+2 >

4n > 998
0.001

n>2495 n=250

Question 8: June 2010

a) ! =A+ B xr(r+2)
rr+2) r (r+2)
1=A(r+2)+Br

r=0gives 2A=1 A:%
. 1
r=-2gives -2B=1 B=_E
1 1 1
rir+2) 2r 2(r+2)
Zr(r+2)_22r 2(r+2)

Wk

Z ==

rlr(r+2) 2" 2 98 100 T 1225

Question 9: June 2008

A N B _A(r+2)+Br _ (A+B)r+2A
r(r+1) (r+)(r+2) rr+0(r+2) r(r+1)(r+2)

This expression is equal to ———— for
r(r+1(r+2)

A=1 and B:—1
2 2
& 1
)rzl;)r(r+1)(r+2) ,Z r(r+1) 2(r+1)(r+2)
-+ .t 1.1 1.
220 264 264 312 312 364
N 1 1 N 1 1
19012 19404 19404 19800
All the terms cancel except — L L ﬂ

220 19800 19800



