Roots of polynomials — exam questions

Question 1: Jan 2006
The cubic equation

¥+ p,\'z +gx+r =20

where p, ¢ and r are real, has roots o, ff and 7.
(a) Given that
a+p+y=4 and a2+ B2 492 =20
find the values of p and q.

(b) Given further that one root is 3 +1, find the value of r.
Question 2: Jan 2007
The cubic equation

2421 —i)z2+32(1+1) =0

has roots o, f and y.

(5 marks)

(5 marks)

(a) It is given that o is of the form ki, where & is real. By substituting z = ki into the

equation, show that &k = 4.

(b) Given that f = —4, find the value of 7.
Question 3: Jan 2008
The cubic equation

D4zl +3z—(141)=0
has roots «, f and 7.
(a) Write down the value of:
() a+f+7;
(i) af + fy +ya;
(iii) afy .
(b) Find the value of:
(i) o?+p*+9%;
(i) «?p?+ p2y? +y2a;
(iii) o2y,

. . . 2 2 2
(¢) Hence write down a cubic equation whose roots are o=, i< and y~.

(5 marks)

(2 marks)

(1 mark)
(1 mark)

(1 mark)

(3 marks)
(4 marks)
(2 marks)

(2 marks)




Question 4: Jan 2009

It is given that o, f and y satisfy the equations

o +p +y =1
a2+[f2+}'2:—5
o+ B4y = =23

(a) Show that aff + fiy +yo =3. (3 marks)
(b) Use the identity

(@ +B+7) (e + B+ —af — fy —ya) = + B> +9° —3apy

to find the value of afiy. (2 marks)
(¢) Write down a cubic equation, with integer coefficients, whose roots are o, f# and y.
(2 marks)
(d) Explain why this cubic equation has two non-real roots. (2 marks)
(e) Given that o is real, find the values of o, f§ and y. (4 marks)
Question 5: Jan 2010
The cubic equation
23 —i—pzz +qgz+ 16 =0
where p and ¢ are real, has roots o, f and 7.
It is given that o = 2 4+ 2+/31i.
(a) (i) Write down another root, f, of the equation. (1 mark)
(i1) Find the third root, 7. (3 marks)
(ii1) Find the values of p and g. (3 marks)
Question 6: June 2007
The cubic equation
z —I—pz?‘ +b6z4+g=0
has roots o, ff and 7.
(a) Write down the value of off + fiy + px. (1 mark)
(b) Given that p and g are real and that 22 + 2 +92 = —12:
(i) explain why the cubic equation has two non-real roots and one real root;
(2 marks)
(1) find the value of p. (4 marks)
{c) One root of the cubic equation is —1 + 3i.
Find:
(i) the other two roots; (3 marks)

(1) the value of ¢. (2 marks)



Question 7: June 2006
The cubic equation

234z 4 gz —(4-20)=0
where ¢ is a complex number, has roots «, f§ and 7y .
(a) Write down the value of:
(1) a+f+y;
(i) ofiy.
(b) Given that « = f§ + 7, show that:
(i) o =2i;
(i) fy =—(1+2i):
(i) g= —(5+2i).
(¢) Show that ff and y are the roots of the equation
22 —2iz—(142i)=0
(d) Given that f§ is real, find § and 7.

Question 8: June 2008
The cubic equation

P 4gz+(18=121))=0
where ¢ 1s a complex number, has roots o, ff and y .
(a) Write down the value of:
(i) afy:
(i) a+p+7y.

(b) Given that f +7 = 2, find the value of:

(1) o
(i) py:
(i) ¢.

(¢) Given that § is of the form ki, where k is real, find f§ and 7.

(1 mark)

(1 mark)

(1 mark)
(2 marks)

(3 marks)

(2 marks)

(3 marks)

(1 mark)

(1 mark)

(1 mark)
(2 marks)
(3 marks)

(4 marks)



Question 9: June 2009
The cubic equation

23 —I—pz2 +25z2+qg=0

where p and ¢ are real, has a root o = 2 — 3i.

(a) Write down another non-real root, f, of this equation.

(b) Find:
(i) the value of aff;
(i1) the third root, 7, of the equation;

(111)  the values of p and ¢.

(1 mark)

(1 mark)
(3 marks)

(3 marks)



Roots of polynomials — exam questions - answers

Question 1: Jan 2006
a) x>+ px* +qgx+r=0 has three roots «, # and .
a+pf+y=4 sop=-4
a’+ vyt =(a+ f+y) —2af+ay+fy)
20 = (4)* -2q
g=-2
b) p,qand r are REAL numbers soif 3+iisaroot,thenitsconjugateisalsoaroot
a=3+1, f=3-Ii
a+p+y=4 gives 6+y=4 and y=-2

r=—afy =—(3+i)3-i)(=2) = (9-i%)x2=20 r=20

Question 2: Jan 2007
a)z°+2(1-1)z*+32(1+i) =0 has roots «, 3,7
a =ki so
(ki)® +2(1—i)(ki)* +32+32i=0
—ik®—2k?* +2ik*+32+32i=0
(—2k? +32) +i(—k®+2k*+32) =0
This gives
-2k*+32=0 and -k®+2k®+32=0
The first equation gives k=4 or k =-4
—(—4)* +2x(—4)* +32=64+32+32=128 k=4
—(4)°+2x(4)°+32=-64+32+32=0 k=4
b)a =4i, f=—-4 and we know that
a+f+y=-201-1)
4i—4+y=-2+2i
y=2-2i
Question 3: Jan 2008
2° +iz* +3z—(1+i) =0 has roots a, 3, 7.

aA))a+L+y=-i iaf+ay+ Ly=3 i) afy =1+1i
b)i)o’ +5* +y* =(a+f+y) ~2(af+ay+ br)
=(-i)*-2x3

a’+ iyt =1
i’ +a’y" + 2" =(af+ay + Br)* —2(a’ By + fay +y’ap)
=(ap+ay+Py)’ —2afy(a+f+7)
=(3)* —2x(1+i)(=i) =9+ 2i + 2i*
a’fe+alyt+ Byt =T+2i
i) a’ B2y =(afy)’ = 1+i)’ = a’ Py’ = 2i
)2 —(-71)z2*+(7+2)z2-2i=0 2 +72°+(7T+2)2-2i=0



Question 4: Jan 2009
a)(oz+,6’+7/)2 =a’+ B+ +2(af+ay+ypB)
1*=-5+ 2(af+ay+yB)
SO aff+ay+yf =3
b)(a+p+7)(a’+ B+ —aB-ay—yB)=a’+ [+ - 3ayB
1x(-5-3)=-23-3apy
SO affy =-5
)2’ —(a+pB+y)* +(af+ay+yB)z—aBfy =0
2 —7°+32+5=0
d)a’® + %+ y* =-5<0 so at least one of the root is complex;
And because the coefficients of the equation are REAL,
its conjugate is also a root.
e)z’—z°+3z+5=0 has an "obvious"root :a = -1
indeed : (-1)° — (-1)° +3x(-1) +5=-1-1-3+5=0
Factorise the polynomial (z +1)(z*—2z+5)=0
Discriminant of 2> —2z+5: (-2)* —4x1x5=-16 = (4i)?

2+ 4i 2-4i
= and y =——
F== ’=

a=-1 B=1+2i, y=1-2i

Question 5: Jan 2010
27° + pz® +qz+16 =0has roots «, 3, 7.
p and g are REAL numbers
a=2+2i\3
a)i) Since the coefficients of the equation are real numbers,
o isalsoaroot so S =2-2i3

i) afy = —% =-8
afy = (2+2ix3)(2-2iv3)y = (4+12)y =16y
SO y = —%

iii)—g:a+ﬂ+y:2+2i\/§+2—2i\/_—%
p=-2(4-7)=p=-1
2
q 1
E:aﬁ+a7/+,87:aﬂ+7/(a+ﬂ):16_5x4
q=28



Question 6: June 2007
a)afi+ Py+ay =6
b)i)a® +f°+y*=-12<0
This can only happens if one of the root is not a real number so if « is a complex number,
then f=a because p and gare real numbers and y is real
(because otherwise »~ would be a root too, making 4 roots instead of the expected 3)
ia®+p2+y> =(a+p+y) —2f+py+ay)
-12 =(a+pB+y) -2x6

—12=(a+f+y)*-12 a+p+y=0
So p=—(a+p+y)=0 p=0
C)a=-1+3i f=a =-1-3i
a+p+y=0 -1+3i-1-3i+y =0 y=2

i) = —afy = —(~1+3i)(~1-3i)(2) = —2(L+9) = 20

Question 7: June 2006
2° —4iz* +qz—(4-2i) =0 has roots «, S,y

a)i) a+f+y=4 i)afy=4-2i
bla=p+y
Da+ p+y=4i becomes a+a=41 S0 a=2i
iafy=4-2i
ﬂ}/:4—2i:4—_2ixi:4i+2 By = —2i—1= —(1+2i)
o 21 1 -2
i g=af+ay+ Ly
=a(B+7y)+pBy
=a’+ fy =(2i)* - (1+2i)
q=—-4-1-2i q=-5-2i

C)f+y=2i and py=—-(1+2i)
so B and y are roots of the equations
7?2 -2iz—(1+2i)=0
d) 8 =1is an "obvious"root (1> —2i—(1+2i)=0)
7* -2iz—(1+2i)=(z-D(z* +(1+2i)) =0
roots are f=1 and y=1+2i



Question 8: June 2008
2°+qz+18-12i =0 has roots a, S,y
a)i)afy =-18+12i ia+pB+y=0 (*+02°+qz+..)
b)p+y=2
Na+p+y=0
a+2=0
a=-2
i) afy =-18+12i
—2fy =-18+12i
By =9-6i
lii)g=ap+ay+py=a(f+r)+pr
q=-2x(2)+9—6i =5-6i
c) B =ki and it is aroot of z®+qz+18-12i=0
s0 (ki)* + (5 6i)x (ki) +18—12i = 0
—ik® +5ki + 6k +18—-12i =0
(6k +18) +i(—k® +5k —12) =0
6k +18=0 and —k®+5k-12=0
k=-3 and —(-3)°+5x-3-12=27-15-12=27-27=0
S0 @=-2,f=-3i,y=2-f=2+3i

Question 9: June 2009
2° + pz® + 252 +q =0 has roots «, 5,y
p and g are real numbers.
a)a=2-3i.
Because the coefficients of the equation are REAL numbers,
a*isalsoaroot : f=2+3i
b)i)aB =(2-3i)(2+3i)=4+9=13
iaf+ay+ Py=25
aff+y(a+pf)=25
13+yx4=25 y=3
lii)afy =—q=13x3=39 q=-39
a+p+y=—p=4+3=7 p=—7



