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Key dates

Further pure 2 exam: 6" June 2013 am

Term dates:

Term 1: Monday 3 September 2012 - Wednesday
24 October 2012 (38 teaching days)

Term 2: Monday 5 November 2012 - Friday 21
December 2012 (35 teaching days)

Term 3: Monday 7 January 2013 - Friday 8
February 2013 (25 teaching days)

F.Y.I: Further pure 1 (re-sit): 18" January 2013 pm

Term 4: Monday 18 February 2013 - Friday 22
March 2013 (25 teaching days)

Term 5: Monday 8 April 2013 - Friday 24 May
2013 (34 teaching days)

Term 6: Monday 3 June 2013 - Wednesday 24
July 2013 (38 teaching days)




Scheme of Ass essment Further Mathematics
Advanced Subsidiary (AS)
Advanced Level (AS + A2)

Candidates for AS and/or A Level Further Mathematics ate expected to have already obtained (ot to be
obtaining concurrently) an AS and/or A Level award in Mathematics.

The Advanced Subsidiary (AS) award comprises three units chosen from the full suite of units in this
specification, except that the Core units cannot be included. One unit must be chosen from MFP1, MFP2,
MFP3 and MFP4. All three units can be at AS standard; for example, MFP1, MM1B and MS1A could be
chosen. All three units can be in Pure Mathematics; for example, MFP1, MFP2 and MFP4 could be chosen.

The Advanced (A Level) award comprises six units chosen from the full suite of units in this specification,
except that the Core units cannot be included. The six units must include at least two units from MFP1, MFP2,
MFP3 and MFP4. All four of these units could be chosen. At least three of the six units counted towards A
Level Further Mathematics must be at A2 standard.

All the units count for 331/3% of the total AS marks
162/3% of the total A level marks
Written Paper
1lhour 30 minutes
75 marks

Further Pure 1
All questions are compulsory. A graphics calculator may be used

Grading System

The AS qualifications will be graded on a five-point scale: A, B, C, D and E. The full A level qualifications will
be graded on a six-point scale: A*, A, B, C, D and E.

To be awarded an A* in Further Mathematics, candidates will need to achieve grade A on the full A level
qualification and 90% of the maximum uniform mark on the aggregate of the best three of the A2 units which
contributed towards Further Mathematics. For all qualifications, candidates who fail to reach the minimum
standard for grade E will be recorded as U (unclassified) and will not receive a qualification certificate.

| Title Type | Unit |.&ward Name Max Grade (UMS/Points) Boundaries
Mathematics |[GCE [MDO1 Decision 1 100 UMS A{80) [B(70) C{ED] Di50) [E(40)
MD02 Decision 2 100 UMS A(B0) |B(70) |C(B0) |D(50) |E(40)
MFP1 Further Pure Mathematics 1 100 UMS A{B0) [B(70) |C(BD) |D{50) [E{40)

Further pure 2 subject content

Roots of polynomials
Complex numbers
De Moivre's theorem
Proof by induction
Finite series
The calculus of inverse trigonometric functions
Hyperbolic functions
Arc length and area of surface of revolution about the x-axis



Further pure 2 specifications

Candidates will be expected to be familiar with the knowledge, skills and understanding implicit in the
modules Core 1, Core 2, Core 3, Core 4 and Further Pure 1.

Candidates may use relevant formulae included in the formulae booklet without proof except where proof
is required in this module and requested in a question.

Roots of Polynomials

The relations between the
roots and the coefficients of a
polynomial equation; the
occurrence of the non-real
roots in conjugate pairs when
the coefficients of the
polynomial are real.

Complex Numbers

The Cartesian and polar
coordinate forms of a complex
number, its modulus,
argument and conjugate.

x+1iy and r(cos@+isinf)

The sum, difference, product
and quotient of two complex
numbers.

The parts of this topic also included in module Further Pure 1 will be
examined only in the context of the content of this module.

The representation of a
complex number by a point on
an Argand diagram;
geometrical illustrations.

Simple loci in the complex
plane.

For example,

z—2—i|£5,arg(z—2):%

Maximum level of difficulty |z - a| = |z —b| where a and b are complex

numbers.

De Moivre’s Theorem

De Moivre’s theorem for
integral n.

Use of z +l =2cos6 and z 1 2isin@ leading to, for example,
z z

expressing sin’ @ in terms of multiple angles and tan 50 in term of powers
of tan@.

Applications in evaluating integrals, for example, j sin’ 0d6.

De Moivre.s theorem; the n™
roots of unity, the exponential
form of a complex number.

The use, without justification, of the identity e’ =cosf+isinf .

Solutions of equations of the
formZz"=a +ib.

To include geometric interpretation and use, for example, in expressing

Coss—ﬂ in surd form.
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Proof by Induction

Applications to sequences and
series, and other problems.

E.g. proving that 7" +4" +1 is divisible by 6, or

(cos@+isin@)" =cosnf +isinnd where n is a positive integer.

Finite Series

Summation of a finite series
by any method such as
induction, partial fractions or
differencing.

E.g. err'—z (r+1)=r!)

r=1

The calculus of inverse trigonometrical functions

Use of the derivatives of sin”' x,cos™ x,tan”' x as given in the formulae
booklet.

To include the use of the standard integrals. j j \/7

a+x

given in the formulae booklet.

Hyperbolic Functions

Hyperbolic and inverse
hyperbolic functions and their
derivatives; applications to
integration.

The proofs mentioned below require expressing hyperbolic functions in
terms of exponential functions.

To include solution of equations of the form asinh x+bcoshx =c.

Use of basic definitions in proving simple identities.

Maximum level of difficulty:

sinh (x +y) = sinh x cosh y + cosh x sinh y .

The logarithmic forms of the inverse functions, given in the formulae
booklet, may be required. Proofs of these results may also be required.

Proofs of the results of differentiation of the hyperbolic functions, given in

the formula booklet, are included.
Knowledge, proof and use of:

cosh? x —sinh? x =1
1—tanh?® x = sech’x
coth? x—1=cosech’x

Familiarity with the graphs of
sinh x , cosh x , tanh x , sinh™' x, cosh™" x , tanh™' x.

Arc length and Area of surface of revolution about the x-axis

Calculation of the arc length of
a curve and the area of a
surface of revolution using
Cartesian or parametric
coordinates.

Use of the following formulae will be expected:

Bl a5 ()
=2l o[ 2 acmn ] [ 2] o]
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The formulae booklet

Mensuration

- - 2
Surface area of sphere = 4w
Area of curved surface of cone = mr X slant height

Arithmetic series
up=a+(n-1)d
S”=%n(a+f') =%n[la+(n—1}d]

Geometric series

R |
U, =ar

_a(l-r"

n 1_r

Sw=ﬁ for |r|e:l

Summations

=

Sr= %n(n +1)

r=1

H 3 1

Nyt == 7
dri=- nn+1)(2n+1)
r=1

H 1

zr'g =%n'(n +1)?

e
]
LN

Trigonometry — the Cosine rule

2 2
a’=b>+ ¢? — 2bc cos A

Binomial Series

R

(a+b)" =a" +[

T a™ b +(TJG”"EE=1 +...+[”]a”""b" +. . +b" (neN)

r

i

n !
where ="C, S -
r rl(n—r)!

-1 =1 (n—r+1) ,
(1+_r)"=1+m+¥x2+m+ﬂlﬂ 3jLn r+ }I,+
2 e

Logarithms and exponentials

(|x|-f:1. ne R)

ax — Exlna

Complex numbers
{r(cosf +1sm#)}" =r"(cosnf +1smné)
e’ =cosf +1isiné
The roots of z" =1 are given by z=¢ " .for k=0,12, .. n-1




Maclaurin’s series

2 r
N — oy L X e x o)
f{x)=10)+x1(0)+ T t10)+. .+ " 0+
x? x
ex=e:-;p(x}=l+x+?+___+—1+___ forall x
2! ¥l
2 3 r
l+x)=x—E-+I -+ 4 (-l<x=1)
smx:x—£+i—...+(—1}TL+... for all x
35 (2r +1)!
CDEl‘=1—£+L—...+(—1)r Y 4+ forallx
2 4 (2r)!

Hyperbolic functions
cosh? x —sinh® x =1

sinh 2x = 2sinh xcosh x

2 . 2
cosh2x=cosh” x+sinh” x

cosh x=1In {x +xT —1 } (x=1)

sinh T x=1In {x Ay P+l }

. (1+x
tanh ! x = %ln[ ] (|x| <1)
- l-x
Conics
Ellipse Parabola Hyperbola Rectangular
hyperbola
STEillda l‘d x] }:] _ 1 5 xl },}. 3 1 ,
form a® B Y =4ax PERT Xy=c¢
Asymptotes none none X i% x=0y=0
a

Trigonometric identities
sin(A+ B)=sm AcosB+cos4dsmn B
cos(4t B)=cos Acos BT sin 4smn B

tan 4 +tan B

lFtanAtan B

. . . A+B A—B
sin A+sinB=2sn . cos

tan(A4+ B) = (4+B% (Ek+Dn)

2 2
. . A+B ., A—-B
sin A —sin B=2cos . s
cos A+cosB=2cos A+5 cos A5
2 2
. A+F . A-HB
cos A—cos B =—2s51n 5 511 .
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Differentiation
f(x) f(x)
sin ' x L -
1-x"
R 1
cos X - -
1-x-
tan~' x 1 .
1+x
tan ko Esec’ kx
cosecXx —cosecxcotx
secx secxtan x
cotx —cosec” x
sinh x cosh x
coshx sinh x
tanh x sech” x
sinh ™' x 1
A1+ x?
cosh™ x L
x =1
a1 1
tanh ™ x -
1-x°
f(x) £'(x) g(x) —f(x) g"(x)
g () (2(x))’
Integration
(+ constant: a >0 where relevant)
f(x) [f(x) ax
tan x ]nlse-: x|
cotx ]nlsj.u :r|
cosecx - ]_11|msecx + cot x| = 1n|tan(%x}|
secx hﬁlsecx+tanx|:1n|tan(%x+%nj|
sec kx %tankx
sinh ¥ cosh x
cosh x sinh x

tanh x Incosh x




1 x
f - 5111'1[—} {|.7:|-::a)
va' —x* a
; 1 3 L tan ™ E}
a +x a
1 ' r ;
cc:sh"[i} or m{x+yx'—a’} (x>a)
f 2 2
NxT—a .
1 - . 3 ol
—— smh"[i] or In{x++x? +a}
va +x° a
a+x af x
_ ! _ L] =l’ralﬂ1 ! —} [|x|-c:a}
a —x la |lga-x| a a
1 x—a
1 1,
X" —a” la |x+a

Iuﬁdx:uv—.[v du dx
dx dx

Area of a sector

A :é [rj dé (polar coordmates)

Arc length

2

VPRY
.5'=I 1+ dy dx (cartesian coordinates)
Vo ldr

| 3 2
(dx\™ (dv) .
=| | - ar . .
s Jd‘l,'( ) + ( dr ] dr (parametric form)

Surface area of revolution
2

[ (dy
S, = hjy‘.'h(di]

I' ) 3 o 2
S, =2m I y Hull[ jj] +( ji} dr (parametric form)

dx (cartesian coordinates)

Numerical integration

n

b
The trapszium rule: | y dx = Lhi(yg+3,) +2(y; +y,+...+¥,1)}. where h=
w {1 = -

. . b
The mid-ordinate rule: j ydx=h(y, +y; +...+¥
a 2 2 n—=

[B] (W8}

+y ! )}, where h=

b—a
n

b—a
M

. - b
Sumpson’s rule: Iay dx = %h{(}u} + y”)-i—il(yl + 3 +...+yn_1)+ 3(}’2 +ys+.+ y”_z)}

where h= b-

a .
and n is even
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Roots of polynomials

A polynomial ax’ +bx” +cx+d =0 has roots o, 3,y

b
eThe sum of the roots:Za =a+f+y=——
a

eThe product of the roots: offy = —i

a

eThe sum of the double productszz af =af+oay+ Py =
a

c

If we are given the values of

a) the sums of the roots,

b) the sum of the double products and
c) the product of all the roots,

then we can form the corresponding cubic equation :

x° —(sum of roots)x? + (sum of the double products)x — (product of roots) =0

or using the notations

x> —(Za)x2 +(Za,8)x—(aﬁ;/) =0

Identities to remember :

oa2+ﬁ2+y2:(a+ﬁ+y)2—2(aﬁ+ay+ﬁy)

Using the notations:

Z(az):(Za)2—2Za,B

a’+ B3 +y3 :(a+ﬁ+y)3—3(aﬁ+ay+ﬁy)(a+ﬁ+y)—3aﬁy

If all the coefficients of the polynomial (of order 3) are REAL numbers,
there are either:

*3 real roots

o] real root and 2 complex CONJUGATE roots

If the coefficients of the polynomial are complex numbers, there are no rules.

11
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Roots of polynomials — General case

Consider a polynomial of order n ( degree n):
az' +a,_z"" va, 2"+ . +a 2 +az+a,=0

where a,,a a,,a, are numbers

n_l,--,

This polynomial has roots ¢,,a,,...a,

a
eThe sum of the roots:Zai =+, +a,+..+a, =——"11
a

n

eThe sum of the double productszz af = G2
a

n

oThe sum of the triple products:z afy = _ s

n

a
eThe product of the roots: a,a,t5...x, = (—1)" —*
a

n

When all the coefficients of the polynomial are REAL numbers,

If a root a 1s a complex number, then its conjugate o* is also a root.

12




Roots of polynomials - exercises

Question 1:
The following equations have rootsa,f3,y.

In each case, work out i)Za =a+f+y

ii)Zaﬁ =af+ay+ By
iii)afy
a)z’ +2z2° —4z+6=0 b)2z°+6z°-4=0 )2 +Q+i)z —iz+3-i=0

iv) For each of the above equations, work out o” + 8° +y°

Question 2:
The equation z° —9z° + pz—36 =0 has rootsa, S and y
a)Write down the value of
Na+p+y
ii)afy
b)Itis given that o’ + B> +y* =73
i) Work out the valueof p
c) It is also known that « is of the form ki, wherek is a positive real number.
i) work out o and 3

ii) work out y

Question 3: AQA June 2005
The cubic equation x’ —11x —150 =0 has roots a, 3,y.
a) Write the value of a + S+
b) i)Explain why o’ =11a +150
i) Hence or ortherwise show that a® + 8° +y° =450

¢)Given that o = -3 + 4i, write down the other non-real root £ and find the third root y.

d) Show that (3-4i)’ +(3+4i)" =-234

Question 4:

The cubic equation x° + px” +gx +30 = 0, where p and q are real numbers,
has aroot o =1+2i
a) Write down the other non-real root, 3, of the equation.
b) Find
af
i) the third root,y, of the equation.
c) Hence, or otherwise, find the value of p and q.

13
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Question 5:
The cubic equation z° +z” + pz +15 = Ohas roots o, 3,y

It is given that &” + 8° +y° = —49
a) Write down the value of a + S +7.
b)i)Explain why o’ +a* + pa+15=0
ii) Hence, show that a” + 8 +y> = p+4
iii) Deduce that p =—1
¢)i) Find the REAL root « of the equation
ii)Find B and y

Question 6:
The cubic equation z*° — (8 + 4i)z* + gz —30i =0 has roots a, B,y

a) Write down the value of
a+p+y
it) affy
b)Itis given that o = B +y
Show that
Doa=4+2i
ii) By =3+6i
iif)q =15+22i
c)Show that 8 and y are the roots of the equation
22 —(4+2))+(B+6i)=0
d)Given that S is a real number, find S then y

Question 7:
The cubic equation x° + px” +gx +r = 0with p,q and r real numbers
has roots a,f3,y
ayoa+f+y="7 and o’ + B> +y*> =31
Find p and q
b)Given that one root is 4—1i, find »

Question 8:
The cubic equation z° + pz° +49z +¢ =0 has roots a,f3,.

a) Write down the value of aff +ay + By
b)Given that g and p are positive real numbers and thata® + B> +y* =—17
i) Explain why the cubic equation has 2 non-real roots
ii) Find p.
¢)One root is —2 +5i
i) Find the other root
i) Find ¢

14
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Finite
series

Hyperbolic

Inverse trig
functions

Complex
functions
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Complex numbers

Basic operations with complex numbers

z,=x,+iy, and z,=x,+iy,

Addition / Subtraction :z, £z, = (x, £ x,) +i(y, £ y,)

Multiplication :z,z, = (x, + iy, (X, +iy,) = (x,x, = y,¥,) +i(x,, + X, ),)
4_zn

Division:— =

* 2.
because z,z, = |zz| is areal number.
2, 54

Cartesian and polar form of a complex number

z = x +iy can be represented by a point M (x, y)in a set of axis (Argand diagram)
The distance OM is called the MODULUS of z, noted ‘z‘

The angle made by OM with the x-axis is called the ARGUMENT of z, noted arg(z)

0|z| = |x+iy| =./x"+y" (Pythagoras)

earg(z) = arg(x +iy) =tan”' (yj whenx >0
X

X Mz)

x+iv| = x2+_}?2
[+ =

)

arg(z) = tan'l[

3 4 4]

Aarg(z) = tan™’ (zj + 7 when x <0.
x

1

R

. _ T b1
because the function tan™ returns angles only between 5 and EX

Loci

0|z - ZA| =r is the circle centre A(z ,)and radius 7.

earg(z—z,) =ca 1is the halfline from A with gradient m = tan .
(this half line make an angle o with the "horizontal")

o |z -z, | = |z — 2z, | is the perpendicular bisector of the segment line AB.

44

Z-Z41=12-25]1
or
lz+a+i|=]z+2-2i|

Perpendicular bisector of AB

|z-z;1=3
|z-2-i]=3

Circle centre C radius 3
|Zz-2,1=3

5 |z-2-i|=3
(disk=inside the circle)

- a4
Ig=-2+ 2

=2+
ot
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Complex numbers - exercises

Question 1:
On a Argand diagram, represent the locus of the points satisfying

a)|z|=5
b)|z-2-3i=2
c)|z—2i|£4
d)|z-3|=|z-1-]
e)|z| :|Z—5+3i|

T
farg(z) = 2
r

g)arg(z+4-5i) = 5

h)OSarg(z+3+2i)£%

i)shade the locus:|z+5i| <3 and|z+5i| > |z—2+5i|

18




Question 2:
The complex number z satisfies the relation

|z+2-2i|]=2
a)Sketch, on an Argand diagram, the locus of z.
b)Show that the greatest value of |z| is 2(1 +2 )

¢) Find the value of z for which arg(z+2—-2i) = %7[

Question 3:
a)On one Argand diagram. sketch the locus of the points satisfying
i|z—4+i]=3

iiarg(z—-2)= —%

b)Indicate on your sketch the set of points satisfying both
|z—4+i|<3 and mg@—l)z—%

Question 4:
a)Sketch on one Argand diagram

i) the locus of points satisfying |z -3+2i | =3

ii) the locus of points satisfying |z - 2| = |z -2+ 4i|
b)Shade on your sketch the region in which

both |z-3+2i|<3 AND |z-2|<|z-2+4i]

Question 5:
a) Indicate on an Argand diagram the region for which |z + 61 | <3

b) The complex number z satisfies |z + 6i| < 3.Find the range of possible values of arg z.

Question 6:

A circle C and a half-line L have equations
|z-1-2:43]=4

and arg(z+1)= % respectively

a)Show that:

i) The circle C passes through the point where z = -1
ii) the half line L passes through the centre of C.
b)On one Argand diagram, sketch C ad L.
c)Shade on your sketch the set of points satisfying both

P—l—%Jﬂ£4

and O<arg(z+1)< %

19
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Complex numbers — exercises - answers

Question 1:

a) Circle centre(0,0) radius 5 b) Circle centre(2,3) radius 2

¢) Disc centre(0,2) radius 4 d) Perpendicular bisector of (3,0)and (1,1)

e) Perpendicular bisector of (0,0)and (5,-3) f) Half line from(0,0) gradient tan% =1withx >0
g) Half line from(—4,5) gradient tan% = % withx > -4 h) and e) see diagram

Question 2:
a) The locus is the circle centre (-2,2) radiusr =2

b) The greatest value of |z]is[~2 +2i+r = \/(-2)* +(2)* +2
=2V2+2=2(1++2)

¢) We need to find the coordinates of the point Z. o0

Using trigonometry in the right-angled triangle AEZ,

3

we have:EZ:2xsin%:2x7:x/§ and AE:2xcos%:1

I=
1
—
T
]
]
me — — — —

This gives Z(-1,2+\/§ ) A 2

Question 3:
a)i) The locus is the circle centre (4,1) radius » =3

ii) Half line from (2,0) with gradient tan(—%j =—1 withx >2

b) The set of points which are solutions contitute the segment line
intersection between the half line and the disc (inside of the circle) |

20



Question 4:
a)i)Circle centre(3,-2) and radius r =3

ii) Perpendicular bisector of (2,0) and (2,—4)
b)|z -3+ 2i| < 3is the disc (3,—2) and radius r =3

|z - 2| < |z -2+ 4z'| is the half plane containing the point (2,0)

Question 5:
a) The locus is the disc centre (0,-6)radius r =3

b) The range of the arg(z) is given by drawing the
tangents to the circle going through the origin (0,0).
Knowing that the radius is perpendicular to the tangent,

we can use trigonometry to work out the angles needed.

In OAD, angle AOD =Sin"' OPP | _ Sin™! (gj -
hyp 6 6

The arg(z) goes from —277[ to—% (—120° t0 - 60°)

Question 6:

a)i) ‘2—1—21\/5‘ = ‘—1—1—2;\6‘ :‘—2—21\/5‘ = (2 +(-23)* =16 = 4

z =—1 belongs to C
ii)arg(z +1) = arg(1+ 2ix/3 +1) =arg(2+ 2ix/3) = 0
tané’zﬁzﬁ tanfl\/_zﬁ
2 3
z=1+2i\3belongstoL
b)

c) see diagram.
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De Moivre’s theorem

Trigonometric form of a complex number
z=x+iy and |z| =r,arg(z)=60

The trigonometric form of z is : z = #(Cos 0 +iSin0)

De Moivre's Theorem
For alln € Q,andall@ R,(Cos 0+i Sin@)" = Cos (n0) +i Sin (n0)

Expressions of sin @ and cos 6
If z=cosO+isinf

then z+l=2cosé’ and z—l:2isin6’
z z

AND

n

z"+ L 2cos(nf) and z" —in = 2isin(n0)
V4 V4

Exponential form of a complex number
z=r(cos@+isin@)is noted z =re”
The rules of calculation with exponential remain valid
with complex numbers.
i.e: ei@ Xeia — ei(0+a)
i0 )
I ez(@—a)

i

e

i0\" in . ,
(el ) =¢e"  (Demoivre's theorem)

Expressions of sin @ and cos 6
[f 7= ei@

then cosf = %(6[9 + e’[g) and sinf = %(6[9 —e’[g)

AND

cos(nd) = %(e[”g +e ) and sin(nf) = %(e"”g _ e )

The n™ roots of the unity: z" =1

2k

z=e " k=0,1,2,.,n—1

Solving z" = x+iy

n__inf

. i0,
z"=r"e" and x+iy=r,e"
1 0+2kn
z=re " k=0,1,2,.,n-1
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De Moivre’s theorem - exercises

Question 1:
Work out the exact value of the following complex numbers:
37 .. 3nY r .7\
a)| cos—+isin— b) | cos—+isin—
7 7 4 4
.. T .. T
cos— +isin— COS— +isin—
0)# d) 4 4 _
no.. T T o
6 6 ( 7 7 j
Question 2:

By finding the modulus and argument first,

work out the exact value of the power of these complex numbers
5
6
a{ﬁgﬁ} b)(1+ix/§) c)(4—4i)8
2 2
6 9
d)(3++31) e)(-2-2i43) £ (=1-i)"

Question 3:
Using De moivre's theorem, express

a) cos(260)in terms of cos @ and sin @
b)sin(30)in terms of cosé and sin6

c)cos(360)in terms of cos6

Question 4:
The complex number z = cos 0 +isin 8§ with6 € R.

a)Show that z +l =2cos@ and work out z 1 interms of sin 8.
z z

i

b) Using the exponential notation, z =e

. e 1
c) Find a similar identity for z" ——.
z

d) Linearise cos’ 0

. . . 4
e) Linearisesin” 0

F)Work out jfsin“ 0do

1 .
¢ show z" + —- = 2cos(n0) for any integer n.
z
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Question 5:
Using the De Moivre's theorem, show that

a) sin560=5cos‘@sin@—10cos’ Osin’ O +sin’ O
b)Find a similar expression for cos 56

5tan@—10tan’ 6 +tan> 6
1-10tan’ 0 + 5tan* 0

¢) Hence or otherwise, show that tan 56 =

d)Show that x = tanziois a solution of the equation x* — 5x* —10x> +10x”> +5x+1=0

e) Find the other 4 solutions.
T RY/4

/) Show that tan— + tang—ﬂ —tan——tan—=4
20 20 20 20

Question 6:
a) Solve the complex equation z° =1.

Give your answers in exponential form.
b)If wis one of the solution (not 1), show that 1+ 0+’ + @’ +0* + @’ =0

c) lllustrate your solutions in an Argand diagram.

Question 7:
a)Solve z* = —i.Give your answers in the form ¢ with —7 <6 <.

b) Explain why the sum of the solutions is 0.

Question 8:
a)Solve in the set of complex numbers

2> =32
Give your answers in the exponential form: ¢” with —7 <0 <7
b) Given that the sum of the root is 0, show that

2 Ar 1
cos| — |+cos| — |[=——
5 5 2
Question 9:

a) Expand (z° —€°)(z> —e™)
b)Hence, solve z° +z° +z° +1=0
Give your answers in the for x +iy

c) lllustrate these solutions on an Argand diagram.
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Proof by induction

INDUCTION PRINCIPAL
A proposition P ,is to be proven true forn >n,
*Basiscase: Show that P, is true.
o Assumption | Hypothesis

Suppose that P, is true.
e /nduction: Show that P, ,is then also true.
eConclusion:

"If the proposition P, is true then P_, is true.

Because P, is true,according to the induction principal

we conclude that the proposition is true foralln >n,"
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Proof by induction - exercises

Question 1:
Prove by induction that

foralln>1,» 7 —4r:%n(n+l)(2n—ll)

r=1

Question 2:
Prove by induction that

foralln>1,n” —9n+7 is divisible by 2

Question 3:
A sequence is given by

u=3 and wu,,=2u, -5
a)Work out u,,u,,u,.

b)Show by induction that foralln>1, u, =5-2"

Question 4:
The function f, is defined by

f(n)=3"-2" foralln>1
a)Work out f(1), f(2), £(3).
b) Express f(k+1)—4 f(k)in terms of k.
¢) Prove by induction that for all n >1,3*" —2*"is divisible by 5

Question 5:
a) /)Show that x =1 is a root of x°’ +5x> +2x—8=0
if) Factorise fully x* +5x” +2x—8
b)Prove by induction that
foralln>1,> 4r° —12r = n(n+1)(n+3)(n-2)

r=1
Question 6:
A sequence is given by
u =6 and u, =3u, —6
a)Work out u,,u,,u,.

b)Show by induction that foralln >1, u, =3" +3

Question 7:
The function f, is defined by

f(n)=7"-2x3"+1 foralln>1
a)Work out £ (1), £(2), f(3).

b)Show that f(k+1)—49 f(k)=ax(bx3" +c) wherea,band c are tobe found.

c) Prove by induction that for alln >1, 7% —2x3* +1 is divisible by 16
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Finite series

Method 1:

You might be asked to prove a result using the induction principal.

¢.g.: Show by induction that "for all n>1,» r* = %n(n +1D)(2n+1)"

r=1

A In FP2, do not use the standard series from the formula book (unless told to do so).

Method 2 : Differencing
Consider two functions u(7) and f'(r)
If we can write u(r) = f(r+1)— f(r)

then | u(r) =Y £ (r+ )= £(r) = f(n+1)~ £ (1)

eg: f(r)=2r -1
a)Show that 4r+2 = f(r+1)— f(r)

b) Hence work out z 4r+2

r=1

Anwers :
a) f(r+)—f(r)=20r+1)" =1-Q2r’ =) =2r" +4r+2-1-2r"+1
=4r+2
b)Y 4r+2=> f(r+)—f(r)=f(n+D—-fD)=2(n+1)’-1-1
r=1 r=1
=2n" +4n
Partial fractions
if F(x)= ax+b then it exists two real numbers A and B
(cx+d)ex+ f)
Property: y B
so that F(x)= +
cx+d ex+f
1 A B

eg: =—+— xr(r +1) gives
gr(r+1) r r+l ( (r+h g )

1=A(r+1)+ B(r)
r=0 gives A=1
r=-1 gives B=-1
1 1 1

r(r+1) :r_r+1
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Finite series - exercises

Question 1:

(a) Given that f(r) = %r(r +2), show that

f(r+l)—f(r)=r+%
(b) Use the method of differences to find the value of

99 ( 3)

dir+=

r=50 2
Question 2:

(a) Consider the polynomial P(x) =x" +10x” +37x+ 60
i)Show that -5 is a rootof P

ii) Show that P(x) =(x+5)(x2 +5x+12)
(b) Given that f(r) = %(r +1)*(r+2)?, show that

S+~ f(r)=(r+2)

(c) Use the method of differences to work out in terms of n

> (r+2)y
r=1
Question 3:
2
a) Given that 2r+2r=2 =A+ B(l —Lj
r(r+1) r r+1
find the value of A and B
b)Find the value of
i 2/ +2r -2
= r(r+l)
Question 4:
a)Show that

1 1
(n+1)n+2) n+l n+2
b)Hence find the sum of the first n terms of the series
I 1 1 1

—t+—+—+
6 12 20 30

Question 5:
The sum to r terms, S_, of a series is given by

S =r(r+1)r-1y
Given that u, is the 7" term of the series whose sum is S, , show that:
(@1i)u =0
i) u, =6 and u, =42
(iii) u, =n(n—1)(4n->5)
(b) Show that

2n
z u, =n(15n" —=7n* —=3n+1)

r=n+1
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Techniques of integration

1) The usual functions
1) Power, logarithm, exponential, trigonometric functions

1
jx”dxz—x"“ +c¢ n#-1
n+l1

jldx=1n|x|+c
X

o jexdxze"ch cisany real number: ce R

j cos(x)dx =sin(x)+c¢

'[ sin(x)dx = —cos(x)+c¢

2) Usual function composed with a linear function :

The general integral is J.g(ax +b)dx = 1 G(ax+b)+c where Gisanintegralof g
a

which means:

o '[(ax+b)”dx:l><
a

1(ax+b)”“+c n#-1
n+

'[ ! dx=11n|ax+b|+c
ax+b a

1 .
'[e”“bdx =—e"" 4 cis any real number: ce R
a

'[cos(ax +b)dx = 1 sin(ax+b)+c
a

jsin(ax +b)dx = 1 cos(ax+b)+c
a

) Recognising expressions

The general integral is J.f'x gl f(x)]dx =Gl f(x)]+c where Gisanintegral of g

which means:

. jf'Xf”dszf””ch n#-—1
n+l

j?dx=1n|f|+c

'[f'xefdxzefwtc
'[f'XCOS(f)dX:SiH(f)-FC
j 7 xsin( f)dx =—cos(f)+c
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) Integration by part

b
u'xv:[uxv]ﬁ—j uxvy'

a

b
Formula: j

a

This technique is used to integrate functions like:
x"e’, x"In(x), x"cos(x), x"sin(x) where n is an positive integer

1Iv) Integration by substitution

We use this technique when changing variable make the integral easier to work out

1) Direct substitution

Consider

1 =J.f(x)dx let x=h(u)

We have then f(x)= f[h(u)] and dx = h'(u)du

the integral becomes / = J. fTh(u)]xh'(u)du (and should be easier to integrate)

If the integral is definite (integrate between two values), do not forget to change them according to u.

2) Indirect substitution
It is the same principal, but instead, we let a whole expression of x be u.

V) Partial fractions
b
An algebraic fraction can be written ( ; where P(x) and Q(x) are polynomials.
X
3x+4 4x-5

r ... How do we integrate those functions?

Like for example: — 0
x —4x+6 x+1

Case 1: degree of P = degree of Q (=1)

I @:ax+b’ transforminto < + whereezb—%.
O(x) cx+d c cox+d c

2043 _2x+2)+e_20x+2)-1_2(x+2) 1 _, |

Example 1: =

x+2 x+2 x+2 x+2  x+2 x+2
Thereforej2x+3dx=.|.2— ! dx=2x-In(x+2)+c

x+2 x+2

3 3 7
3x+2_5(2x—1)+e_5(2x—1)+5_3Jr % 3.7 1

Example 2: = = =— =—4+—X
2x -1 2x -1 2x -1 2 2x-1 2 2 2x-1

Therefore I3x+2dx=.|.§+z>< ! dx=§x+leln(2x—l)+c=§x+zln(2x—1)+c
2x -1 2 2 2x-1 2 22 2 4

Case 2: degree of P < degree of Q

38



Theorem:

If an algebraic fraction is R(x) = cx+d ,then we can find two numbers A and B so that
(rx+s)(px+q)
R(x) = 4 + B .
x+s px+gq
How to find A and B?
Consider the algebraic fraction — +4 .
X +x-2
i , Sx+4 ] ) A B

Factorise the denominator: ——————, then equal this expression to +—

(x+2)(x-1) x+2 x-1

Sx+4 A B . .
ol - + ‘Now multiply by (x +2)(x+1) both sides

(x+2)(x-1) (x+2) (x-1
We have

5x+4 = A(x—1)+ B(x + 2).Because this identity is true for all values of x,

it is true in particular for x = land x = -2.

Ifx=1, 5x1+4=A4A(1-1)+B(1+2)
9=3B B=3
Ifx=-2, 5x2+4=A4A(-2-1)+B(-2+2)
-6=-34 A=2
Sx+4 2

= + . We can now integrate this function.
(x+2)(x-1) x+2 x-1

4 2
[t g2 & dx =2Inx+2]+3In[x—1[+c =In((x+2)’ |1} +c
(x+2)(x—-1) x+2 x-1
Vi) Trigonometric functions
1) tan(x)
Remember: 4 tan(x) =———— =1+ tan’(x) =sec’(x)
dx os”(x

Therefore also remember that:

. '[ sec’ (x)dx = '[ cosi = dx = tan(x) +c

o'[ tan’(x) = tan(x) —x +¢

Explanation :J. tan (x)dx = J.l +tan’(x)—1dx =tan(x)—x+c

2) Recognising expressions

Instead of learning yet another formula, it is often useful to recognise familiar expressions (see chapter 1)

J. tan(x)dx = J. sin(x) _ _ J. —sin(x) dx.This is the form f7 which integrate into 1n| f | +c

cos(x) B cos(x)

'[ tan(x)dx = —1n|cos(x)| +c=In

! +c= 1n|sec(x)| +c
x)
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J.sec(x)tan(x)dx :J. ! X sin(x) dx = —J.Ln(x) dx. This is the form f ' f" with n = -2,

cos(x) cos(x) cos’(x)
which integrate into b e
n+1
° '[ sec(x) tan(x)dx = _il cos ' (x)+c =sec(x)+c

3) Linearisation of cos® and sin’

How to integrate cos’(x) and sin’(x)?
We use the following formulae (“double angle” formulae re-arranged)

) 1 1
cos (x) =—+—cos(2x
(%) 5t (2x)
sin®(x) = 1.1 cos(2x)
2 2

VIl) *Useful substitution

If the integral includes try

(ax+b)" ax+b=u

YVax+b ax+b=u"

a—bx’ X= \/E sin(u)
a

a+bx’ X= \/E tan(u)
a

bx*—a X= ﬁsec(u)
a

X

X
e e =u

In(ax + b) ax+b=e"

1
Vi) Useful trigonometric substitution ¢ = Tan (2 x]

When using this substitution, Tan(x), Cos(x) and Sin(x) become rational functions.

Tan(x) = 2t2
1-1 1 1 2 2 1
1—¢2 J. ' dx:J. X 2dl‘:J.—dl‘:J.—dl‘=h’1|l‘|-l—c
Cos(x) = 5 Sinx 2t 1+t 2t t
1+¢ Example: 1+1°
Sin(x) =2 1 1
- 2 dx=In|Tan| —x ||+c¢
) L+1 J.Sinx (2 j
dx dt

C1+f



Calculus of inverse trig functions

Reminder

Y =C0SX —— =-—sinx
dx

y=sinx ——=COSX
dx

y=tanx L =l+tan’x =
dx COS™ X

se|nuIog

sjooy

siequinu

=sec’ x

Inverse trig functions
arccos(x) =cos ' (x)

[-1,1]—[0,7]
a—0

so that cos(0)=a

arcsin(x) = sin™'(x)

T
L= =771

a—0 so that sin(0) =a

arctan(x) = tan™' (x)

T
R—>[-—,—
=53]

a—0 so that tan(0) =a

y=arcos(x)

™2

T T T T
-4 3 2 -1

y=arctanix) ¥ = arcsini

2

Calculus with inverse trig functions

Differentiation

-1
=cos 'x @ —=-
o d

y=sin'x ==

@_ 1
dx l+x

y= tan”' x >

for all x

for —1<x<1

for—1<x<1

Integration

If a>0

dx 1 . (x
J. —— =—tan | — |+k
a +x a a

41
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Inverse trig functions and calculus - exercises

Question 1: Differentiation
Differentiate the following functions

a)y =sin" 4x b)y =sin" %x c)y= 3005*12 d)y = xtan™' (x)
e)y=cos ' (Vx) f)y=3tan"'(4x7)

Question 2: Integration
Find the value of the integrals

6 dx 1 odx > dx dx
a)| —— b c)|? d)y| —
)104/36_)62 01+ x> )I§4x2+9 )Ix2+6x+18
J- 4x+5 J- 6x+3
\V4—-6x— x x2+6x+l3
Question 3:
oy 2 1 1
Use the substitution x+/3 = 2Tan6 to show that J.O —dx= 3
(3)62 + 4)E
Question 4:
(a) Differentiate x tan~ ! x with respect to x. (2 marks)
(b) Show that
1
[ tan "' x dx = g —Inv2 (3 marks)
J0O

Question 5:

By using the substitution u = x — 2, or otherwise, find the exact value of

5 dx _
J —_— (5 marks)
1V32+ 4x —x2
Question 6:
o : do : dt
a) Use the substitution # = tan € to transforms the integral J. 5 >— into J. 5
9Cos°0 + Sin"0 9+t

z do T
b) Hence show that .[03 9Cos0 1 Sin’0 = T
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Hyperbolic functions

Property:Any function can be written as the some of an even and odd function

In particular, y = e* can be written ¢ = cosh x+sinh x.
R —[1,+o0] and R—->R

y=cosh(x)
x — cosh(x) = 1 (e” + e’”) x — sinh(x) = 1 (e” - e’”)
2 2

e cosh is an even function because cosh(-x) = cosh(x)

The graph of cosh is symmetrical around the y-axis 2 A o i
e sinh is an odd function because sinh(-x) = —sinh(x) d
The graph of sinh is symmetrical around the point O

(or rotational symmetry order 2) y=sinngo |

Properties and calculus
In a certain respect, the properties of cosh and sinh are very similar to those of cos and sin.

You need to know and to be able to prove that:

e cosh’x —sinh” x =1 (" ="indicates an identity and means "= for all x")
e cosh(A + B)=coshA coshB t+sinhA sinhB

sinh(A + B)=sinhA coshB +cosh A sinh B
ecosh (24) = cosh’ 4 +sinh® 4 =1+ 2sinh® 4 =2cosh® 4 -1

sinh 24 =2sinh Acosh 4

Calculus
y =coshx d_y = sinh x and J. sinh xdx = coshx +k
X
y =sinh x d—y:coshx and J. coshxdx =sinhx +k
X
Other hyperbolic functions
Tanh 5
e R>]-LI[
X —> tanh(x) = sinh x P OO R S
cosh x
dy 2 1 2 y=tanhix)
ey=tanhx —=I1-tanh"x=—-—=sech’x o
dx cosh” x
o =sechx - = cosech(x)
cosh x sinh x
1
= coth x
tanh x
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Hyperbolic functions - exercises

Question 1:
Express, in terms of exponentials:

a) sech x b) coth x ¢) tanh (% xj (d) cosech (3x).
Question 2:

Show that

a)cosh’ x —sinh® x =1

b) sinh (x—y) =sinh x cosh y — cosh x sinh y

c) cosh (x £ y) = cosh x cosh y £ sinh x sinh y

2 tanh x

d)tanh 2x =
1+tanh” x

Question 3:

Given that u = tanh x, use the definitions of sinh x and cosh xin terms of " and e

to show that x= %ln (H_uj

1—u
Question 4:
Differentiate the following expressions:
a) cosh 3x b) cosh®(3x) ¢) x* cosh x,
h 2
d) COSh 2% e) x tanh x f) sech x g) cosech x.
X
Question 5:

It is given that x = % cosh2t and  y=2sinht

dx Y dy ’
Express | — | +| — | in terms of coshz.

dt dt
Question 6:
Given that y = ln(tanhgj , Where x > 0, show that Z—y =cosechx (6 marks)

X

Question 7:
Evaluate the following integrals:
(a) J.cosh 3xdx b) J.coshz xdx c) J. xsinh 2x dx d) J.tanhz xdx
Question 8:

a)Given that u = cosh’ x, show that% = sinh 2x.
X

sinh 2x

b) Hence show that J.Oll o dx =tan™' (cosh2 1) —% (5 marks)
+cosh™ x

Question 9:

Use the substitution x = 4sinh? 6 to show that J. N X+ 4dx =2sinh 20 +40 +¢
X

(Smarks)
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Inverse hyperbolic functions

Definition and graphs
o [1,+oo[— [0,400]

x —cosh™'(x)= ln(x+\/x2 —1)

° R N R y=arccosh(x)
T

x —>sinh*1(x):1n(x+\/x2+l) -

y=arcsinh(x)

o]-1L1[ >R i
-1 1 1 +X _.-=-]I-Zt.]_]|1- %)
X —> tanh (x) = —ln - 2
2 1—x
CALCULUS
Differentiation
_ dy 1
=cosh'x <=
’ & e
y=sinh'x —=
dx  1+x°
. dy 1
= tal’lh ! —_—=
Y dx  1-x°
Integration

if a>0,

dx = cosh™ (£j+k=1n(x+\/x2 ~a’ )+k
j+k=1n(x+\/x2 +a’ )+k

j+k=L1n(a+xj+k
2a a—x

N
Nrvs

I ! dletanhl(

IS

dx =sinh™ (

Q=

2 2
a —Xx a

Q=
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Inverse hyperbolic functions - exercises

Question 1:
Show that
a)Sinh™'x = ln(x N 1)

b)Tanh™'x = %ln

1+x
1-x
Question 2:

Differentiate the following:

a) tanh%% b) sinh’lz c) cosh™'2x
X3 -1 1 -1.2 1 1
d) e*sinh™ x e) —cosh™ x f)cosh™ —
X
Question 3:

14sinh x—10cosh x
b) Hence solve the equation 14sinh x—10cosh x

a) Show that the equation

Question 4:
Solve the equations:

a) 4sinh x + 3e¢* = 9

d) cosh2x —3cosh x = 4

b) 3sinh x + 4cosh x

Question 5:
Evaluate the following integrals

dx dx
a)j VX +9 b)j Jx* 16
d)J- dx

dx
g)J. VX’ +4x+5 “ h)'[

dx
xP=2x=2

e) 8sinh x = 3sechx

5 canbe expressed as 2e** —5e* —12=0.

5, giving your answer as a natural logarithm.

=4 c) cosh2x — 3sinh x = 5

f)3sech’x+ 7tanhx = 5

C)J- dx
Vax? +25

e)J. dx f)J- dx
Jx+1) +4 J(x=2)*-16
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Inverse hyperbolic functions — exercises - answers

Question 1:
a)y=sinh”' x so sinhy=x

e’ =sinh y +cosh y =sinh y +/1+sinh® y
e’ =x+1+x"
y=1n(x+\/1+x2)

b)y=tanh' x so tanhy=x

— 2
e’ —e”? eV -1

tanh y = = = x making e*’ the subject :
Y e +e”’ e +1 & J
e —l=e"x+x e” :1+_x yzlln(H—xj
1-x 2 1-x
Question 2:
B T i e
dx 3 X 9—x dx 4 ) \/16+x2
6
3 4
dy 1 2 dy . .. e’
c)— =2x = d)——=e¢e"sinh™ x+
dx \/(2)5)2 -1 \/4)62 -1 dx V1+x*
1 2

1 1 1
e)——cosh™ x* +—x2xx =——cosh™'x* +
x

X V() -1 S xt -1

e —e " e +e”

—-10x

Question 3:

=2¢" 12"

a)14sinh x —10cosh x =14 x

soldsinhx—10coshx =5 becomes 2e* —12¢* =5
(xe") 2¢’" —12-5¢" =0
b)2e™ —5¢" —12=0
(2e"+3)(e"—4)=0

X

e’ = —% (impossible) or ¢" =4

x=In4=2In2
Question 4:
a)4sinh x +3e* =9 c)cosh2x—3sinhx=6

o o 2sinh” x+1-3sinhx-6=0

4% +3ex _9=0 b)3smhx+4coshx=4 2Sinh2x_3sinhx_5:0
e —e” e +e” ' : :

) . ! = x 2sinh x —5)(sinhx+1) =0
Sex _2e x _920 (Xex) 3x > +4x ) 4 (><Ze ) ( sim xs )(Sl X )
562):_96): _2:0 7e2x+1_8ex :0 Sinhxzz or Sinhx:_l
(5e*+1)(e" ~2) =0 (7e"=1)(e"~1)=0 s sy

1 _ _ x=In| —+ (—) +1
e’ =—5(impossible)0rex =2 e=gore =1
x=In?2 x==In(7) or x=0 or x:]n(—1+ (—1)2+1)

x=ln(5+@J or len(\/z—l)

2
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d)cosh2x—3coshx=4 e)8sinh x =3sech x
2cosh®x—1-3coshx—4=0 8sinh x =
2cosh’ x—3coshx-5=0

(2coshx—5)(coshx+1)=0

sinh x

sinhz)c:E
8
5 . . . 3
cosh x :E or coshx=-1 (zmposszble) s1nhx:4_r\/;
2 3 3 3 3
x =+cosh™ i =+In §+ f 1 X—h{\fﬂfﬂ})r x_h{_\/;Jr /SHJ
2 2 2

\/7 x=In (\/E+ Jorx=ln( ll_ﬁj
5+4/21
x== n[ J

22 22
=ln£\/—2+\/—] or x=ln£\/z_\/g]
4 4

f)3sech’x+7tanhx =5
3(1-tanh® x)+7tanhx-5=0
3tanh’ x—7tanhx+2=0
(3tanh x+1)(tanh x+2) =0

1
tanh x = -3 or tanh x = -2 (impossible)

-2
x =tanh™ —l :lln _3 :lln 1
3)720 L2 e

3

Question 5:

a)J.\/xT—smh (xjntc
b).[\/i—cosh (qutc
dx dx 1. 2x
| —x——— = ginh | ==
N =l e (5 )

dx 1 dx 1 3x
d)| ————= —X—zcoshl(ijc
'[\/9x2+49 I3 x2+(49j 3 7

J. —————— =sinh"~ (x+lj+c
«/(x+l) +4
fJ.W—cosh (x—2j+c
= | —= ____ _—ginh™! 2
of oo Ty e
N =2 [ & =sinh1£x_1]+c
V¥t -2x-2 7 Jx-17 -3 NE)
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Arc length and area of surface of revolution

Arc of length

b d :
s:'[ lw{—yj dx
a dx

If y = f(x), the length of the arc of the curve from @ = ) +2

: ]
the point where x=a to the point where x=b is given by \

\

siequinu

w
Ed— — = =

The length of arc of a curve in terms of a parameter t is given by

2 2
s§= " (@j w{ﬂj dx
4 dt dt

where t, and t, are the values of the parameter at each end of the arc

Area of surface of revolution

The area of surface of revolution obtained by rotating an arc
of the curve y = f(x) through 27 radians about the x-axis

between the points where x = a and x =bis given by

b d :
SX=27TJ. v lJ{d_yj dx

a5

ox

oy

The area of surface of revolution obtained by rotating an arc of

a parametric curve through 27 radians about the x-axis is given by

2 2
S =2 tzy (@j j{d_yj dx
’ g dt dt

where t, and t, are the values of the parameter at each end of the arc
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Arc length and area of surface of revolution - exercises

Question 1:
3

. . . 1 > .. .
Find the length of the arc of the curve with equation y = gxz ,from the origin to the point

with x-coordinate 12. (Hint: substitute (1 + % x) by"u"to integrate)

Question 2:
The curve C has equation y = ln(cos x). Find the length of the arc of C between

: : . T
the points with x-coordinate 0 and 3

Question 3:
The parabola P has the following parametric definition: x=4t> and y=4t.

Work out the length of the arc between the point A(z = 0) and B(¢ = 3).
(Integration hint: Let %sinh u=t)

Question 4:

(a) Use the definitions
sinhf = %(ee —e Y and coshtl = %(e{" +e )
to show that:
(1) 2sinh6coshf = sinh 20, (2 marks)
(i) cosh?@ + sinh? O = cosh 20. (3 marks)
(b) A curve is given parametrically by
x = cosh? 0, v= sinh> #

(1) Show that

2 N2
(j;‘) + (:g) - %sinhz 20 cosh 20 (6 marks)

(ii) Show that the length of the arc of the curve from the point where 6 = 0 to the
point where 6§ = 1 is

=100

[(cosh 2)2 — l} (6 marks)

2| —

Question 5:

. X
(a) Given that y=In lunh;._ where x>0, show that

v
& cosech x (6 marks)
dx

. RY - -
(b) A curve has equation y = Intanh, where x>0. The length of the arc of the curve

between the points where x =1 and x = 2 is denoted by s.

(1) Show that

2
§ = J cothxdx (2 marks)
1

(i) Hence show that s = In(2cosh1). (4 marks)
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Question 6:
The arc of the curve y = x°, between the origin and the point (1,1), is rotated through

4 right-angles about the x-axis. Find the area of the surface generated.
Question 7:
The arc, in the first quadrant, of the curve with parametric equations

x=secht and y=tanht

between the points where ¢ =0 and ¢ =1In 2,is rotated completely about the x-axis.

Show that the area of the surface generated is 2?7[

Question 8:

A curve has parametric equations

1
x=t—=t, y=1>
3
(a) Show that
dx\2 dy\? 2.2
—] + (=) =(1+t7) 3 marks,
(3) + (&) —a+n (3 marks)
(b) The arc of the curve between ¢t = 1 and ¢ = 2 is rotated through 2n radians about the

X-axis.

Show that S, the surface area generated, is given by § = kn, where k is a rational
number to be found. (5 marks)

Question 9:

(a) Use the definition coshx = %(e"r +e™) to show that cosh2x = 2cosh?x — 1.
- (2 marks)

(by (1) The arc of the curve y = coshx between x =0 and x = Ina 1s rotated through

2n radians about the x-axis. Show that S, the surface area generated, 1s given by

Ina 5
S = ZnJ cosh® x dx (3 marks)
0

(i1) Hence show that

a*—1
S=mn|lna+ 12 (5 marks)

Question 10:
A curve has parametric equations

) T ) ..
x=a(l—-cos’@) and y=asin’, for 0<H< E,Where a is a positive constant.
Show that, when this curve is rotated through 2z radians about the x-axis,

.6
the curved surface area generated is gﬂaz.

53

se|nuIog

sjooy

siaquinu
xajdwon

we109y}
BIAI0N 80

uoionpul
£q jooud

sal9s
ajulg

suoauny
6143 asaaAu|

suopouny
oljogsadAH

yibus| ay

ssaded
ised

9002 ver

9800z unr

2002 ver

L0oozg unr

800z ver

800z unr

6002 ver

6002 unr

010z ver

0Loz unr




(tusoog)uy=s (Lep+0)ur+Lpro=9, quis+ 9+[px9=5

Tquis Tqurs 0 >
Tusooquisz )M = | 7 quss up = (TyuIs)u[ — (g quis) uf = Txﬁ:&:&lw o_‘ﬁ_mT+:N€Mm+;::ﬁL . ém?+:m8:€:& s
xquis X quis 1 I xp 1 0 4 0 0
=y V| = M= _ = n+ngyuIs — |=np+ng ysod =npn_ysod =s

%x:mooﬁ_. u%:xN:Em N._. Xp X Y0309+ N._. u%N i +1 N._. s(1(q @_ﬁ_mﬁ cqut ; pI+ngy W_Em.— pn. Nu_‘ﬁ_m.—
[4
X quIs W:mooWQEmN W:Em WNJmoo z Wﬁﬁ p :%:amooﬂxxamoovo ﬁa.— :ﬁxamoo x£+:~€:m X149 0 ﬁa.— s
X 03800 = = = X X—= =— . .
I I m:moo I (T .6)° dp 9 _UIS=n‘g=juaym (=n Q=17 uaym
) xel ! ::moﬂuml@ leqsmmNmﬂ
4 I :
—yuey ([uy=4(p
x ue Jur=4( PO+ N [=1p )+ (1)) [ =5
g uonsanY o p
= € puv jp=x
z z ° ¢y S PP 8=y w=4p
- $00) == S00)— $00) == $00)—
I WAE Ik MQE ) MAS Ik ﬁ MGS ) ——
[+u o ¥ Am\z+NvEH€E|Am\(+NVEH e[ (xuey+x008)up =5
wd = %S [=0ploruson)pzuusse [ o=s ¢
1
or 0P\ \o (3y00q vpnuiof) XP X 03S mo._. H%%x:ﬁlvi\( mo._.n s
S00 Sm\ — |+ | = =s(1 ¥ B
ov grwooparans = G |+ | |, [=sa B
XUg)—=—— = — T«moovin
b b xuis— Ap
07 Us0d 9z N:Em\ (6T ysod) o7 s 6= 'z uonsanp
4 . 1
€ € ¢ € I
QN:Em+%~ﬁoov%Namoo%u::mon T q o u%vxm\(?—umsgmﬁ
0 . Yuis g _Ysod 6+ @ Uysod g Yuisg = or + or (1
vﬁﬁ . Nﬁﬁ vﬁﬁ Nﬁﬁ . |N \ﬂ.NQ . R.NQ . b xp
p=ngr=xudym [=n‘() =X Udaym pup —=—
X r np
%Ezﬁ%:moomn\% pup %Emoomasﬁmn@ b
P xp X —+ = n uonynynsqns oy} uisn

o qus=4 puv g ysod=x(q I

4 X xw+ o.—lx > + .—lumﬁoéo o Suoy o
O7yYsod=——= 4 I .= %N e I U3 JO [3sua] YL,

%N\%..T%NQ
X

b b z z & Jamxm Pl

ot o= | s T | s | =0 uus g usoa(n I €1 4 o
Cm g2t g2 CTH o2t g N N T :T Uonsand

C C C
uls = = = S0d uIs 7z (1(»
L S B TRl el e siamsue

:p uoISaNy - S9S12J9X93 - UOIIN|OA3J JO 9@Jke}INS JO eale pue r_u.w:w_ Y




S S 0 S 0
ENWH O|M PL9= mmﬁmﬂ Nmﬁonm%mvﬁmmmoom._.mm&onh

R

QPO [UIS+( SOONQSOI YUIS Y UIS No._.NSG =g

OPO UIS g SO0+ 9 S00( UISNG UIS mo._.%ﬁé =g

opr NAm UIS 9800 mmv + (9 ;s00gurs mmv\/m s mwo._.am =g

_or _or
0 [UISYS0dDE = o puv @ S0dQuISpg = w
o usp=4 puv (g SOO—[)p=x
0T uonsany
Py
puj+ x=g 0§
I - » S
ve [4 [4 [4
¢ =% =— = 5 = (,pupyquis = (pu[z)yuise
ﬁ| ¥ < NNQ N‘GE - LUl A - o
1 1

0
mcﬁicﬁmvnﬁmwu&u at&qﬁmw 2 =Xp[+XZYS0d _.§ g
puy

up

0 0
Xpx _4sod SL.&N = XpX _YUIS + [ NX [S0D SL.&N =g

xp "

XUIS =) XS00= (1(q

X mOQI%IW|%I A —x _ysoog(v
O o 0T Tt oo OTITAROX

6 UoNISaNYD

P
9¢¢

mmmm ﬂmm ﬁ
\|\|‘+\§NHN+N§NH§N+NN ._.wmnw
LT g

1 1
(102 [Jrz=1p L+ DM Jre=5(@

p p
L J+D=JT+ J+1= 0+ Jg— g+1= 00+ (J-D= TL m u@
T T
7 |NNQ uy 71— |NNQ N|\m‘ uv NM|N
NI@% z ﬁlﬁ J=4p 1T
:g uonsanp
o Mlﬁ xg=g8 os
xz \¥
LA —— = (g up)ysoo
m WL_.N NEQ.T NE\%.TNEQ
ﬁ 1
(zup)ysoo o 7ys0o
— 1 |%C= —|¥C=§
I wl T

7.4sod  7ysod

._.§N|% x

SO0 X J qUIS
1A H JUSOO  JYUIS zup

xre=8

cul

7,1s09 7.4s00 ._.w
— ue
%N I +N Jqurs e )

7_1S0d 7_Y4soo )
F =A pup Fl — N
I Jyquts xp
jquuey =4 puv Jyo9S=Xx
£ uonsanp

0

ATS Svmu ?aiv X
01ft01)~, ﬁ P

XpX6+TIN ém \l@ ( x@i\/%w?mnw

xp

Nka\m‘%

19 uonsanY

mk.H;.\

Yo}
(e}



56



E|

nwao.
-~

5)00;

| uononpuy | wesosy) | ssequnu |
Aqj00id | ainjop og | xeidwogy |
g f i i

osJenu|  Bjuld
-~ r -~

'd - SuQjouny | suonauny | saues u npu
WIBUSI 9V | oyi0quadAH B

sisade

g
w
-
L
-
o
=
=1
@D
@&
()
£
=1
Lo
(=1
=
ke 5
i
—-
i
=1
o
=i
i
-
c
=1
o
=
o
=1
>
-
o
=
(=1
-0
>
-
£
=
ol
=
=
-
>
-
i
=1
e
@
o
=)
£
=
nN
=
=1
©
v
-
o
3
s
b
>
-
£
=
Y
=
-
S5



58



Formulae | Roots | Complex | De Mcivre | Proof by Finite  lInverse trig Hyperbolic | orc jength | _Past Jan 2006 | Jun 2006 | Jan 2007 | Jun 2007 | Jan 2008 | Jun 2008 | Jan 2009 | Jun 2009 | Jan 2010 | Jun 2010

numbers | thecrem | induction series functions | functions Papers
/
4!
=yt D
(sy4vut §) ¢hMtT=1 c uey Q
1e1} moys o} weidelp puedry ok asn  (9)
(sysowt 7) - Tz 41z pue Uz ‘Iz Sunuesarder sjurod o) moys 0} weiSerp puesry ue mei (p)
(sy4vut §) U S 9> U— PUR () <. AIOYM ,on uwoj oy ut ¢z pue 'z yioq ssaxdxyg (o)
(syimut 7) |z =1z | yem mous  (Q)
(yavut 7) 1= 1z e moyg  (e)
T T - "1oPj00q o1 woxj ‘Jooxd motm ‘pajonb oq AT QB[NULIOJ ‘OSIMISTIO PIJLIS SSI[U[)
— 4 2=1z pue : =lz ’ ’
BN 1+ ANAPY
£q uoald am z pue Iz soqunu xo[dwon YL ¢ "S1OYOBIq T UMOTS 9Te SToT}sonb I0J SYTew oI, o
' "G/ st zaded sTi) JOJ JIBTT WINTUTXEW U], o
uoneuLIOJuY
(syavu §) "4 JO 9n[BA 911 pul ‘I + ¢ SI 1001 SUO 1By} IO UALD  (q) "1SO 9q ABTI POT[JOUI JOJ SHIEUI OSIMIST}O TMOYS 9q PINOTS SULTIOM ATESSIOQU [V o
‘suonsonb [e 1omsuy o
(sy4vut §) b pue d jo sonfea o1} puiy TdAIN St 2oua22y 42dpd U], VOV I Joded
ST I0J Apog Supupunxg 1], "00q IOMSUE INOK JO JUOIJ o1} U0 PaImbel TONETLIONT 2T} JILIA o
0T = NA + Nn + % pue p=d+g+» ‘SuimeIp J0J pasn oq AJuo pinoys [wued ued jutod-[1eq 10 NUI Jov[q IO ON[q 9S()
suonIn.suy
e uoAlD  (B)
“{ pue ¢ ‘» s)1001 SB[ ‘[BAI AT £ PUE b ‘d 2roUM SaINUIW Qg JNOY | ‘pamolje swll]
= b d
0=+ fa + e -Joje|nojed soydelt e asn Aew noA
so|qe) [eOShelS PU. SBINWIOY JO 19P{00d YDV aN|q aU) «
uoyenbs o1qno YL, 7 300q Jamsue sbed-g ue o
:9AeY Jsnw noA Jaded sy} Jo4
(sy4vut ) ...+viNm+meNN+NNXN~
L s € wd go'g oy wd 0g'L 9002 Aenuer sz Aepud
SOLIOS OT[) JO SULI) ¥ JSIIJ A1} JO Tuns oty puij 9duel (q)
sanvity ¢ aind Jayung jun
SHorivIIsIIvND ¢ddiN SOILVINIHLVIN
NAMATKVN,\ NAMx__vkv A PuUe INIWSSISSY

(Syavut 7) = _

[+4C I I uojjeullExy [9A9T POOUBAPY
< 900¢ Aenuer
wm moys (8) T V\ UONEONPT JO 91BDIILISY) [BIoUdS)

‘suonsenb [re omsy




SNOILSHNO A0 dANA

(syivui 9) T -z ﬁsvﬁ
€
SI [ = g o1oum jmod

ot} 01 ) = g 2reym juiod o1} WO} SAIND I} JO oIk oI} Jo YITuel oty ey} moys (1)

(y40ut 9) 6T Us02 9T Ngamm = %mv + %mlxwv

req moys (1)
0 uis = £ ‘g (Uso0 = x
Aq Aqreomewered uoald st oAmMd ¥ (q)
(yavut g) 9T S0 = g quis + ( ,4s0d  (1n)
(yavut 7) ‘goyus = gusoo gyuis g (1)

“JeT]} MOTS 01

T _ <_
Amwo + movﬂ = 8use pue C\o n movﬂ =ouus (syivut §) Q1+ b UIIOJ 91} Ul IOMSUR INOA 9AILD)
suonuyyop oy os()  (B) L w2 = (1~ p+ 2)8m
[oIMm IOJ Z JO onfea oy purf (o)
(sy4vut §) Q1+ p WIOJ 9} Ul s)001 21} SuIAld
(syavut ¢) (I +g/A) v st |z] Jo onjea 3se1ea18 QU3 jey mous  (q)
0= ~+N\NNN+mN\vN
(syivut §) ' Z JO SO0 o1} ‘weIdelp puesIy ue uo YolNs (e)
uonenbe onrenb o) oajos 2ouey  (q)
by =1 —y+2|
(sy4vut §) fS00T — g 800y = Nﬂm+ M -tz 2 UONR[QI O} seysiies z roquinu xodwod o,
1e) moys 9OUSH (1)
[+u=1
& (sysou §) (I - (ul)utt= NC+bN
(sy4vut 7) ﬂ + Z Y £ 1+ut/u 1—4 =
Joy uoissardxo se[ruts g pur{ (1) e soys  (q)
(Sy4vut 7) gsoog = M 4z (s34 9) ‘[ £ u s193aul || 10§
wpaogs (D (B) W= (I +m+ "+ {Txpy)+{Txe+1T
g =Z e uoAI ST 9 1e1 UONONpUI Aq 9A0I (B)

60




(4! 1e10],
ST 10§ Of wies jsnwt Hy € v gptrT=
4
pauIes Qg J1 MO[[Y IN L . ﬁm:ﬁ
4 <
T
4}
umoys Ajesa|) 19 ﬁd =(%+1k)8ry | (G
1001100 AJereunxordde oq ysnur ‘oo : z
yoes 0} aane[al sjutod ¢ oY) JO SUONISO z Iza .H ]
_ 1
LESE()
€.C
SUOTIN[OS BIYXD JT SHEUI T JONPa(] I3 1919 v ‘u_=¢
I 1
d 1d I=+4|0)
¥ r
7 | IVIN [Z=1=5+7 =" | @
ov| ¢ IVIN ()¢
sjuswuIo)) 101 | Sydeq uonnjog [e)
1u03) TIAN
ZdAN

o1 1oL
[831 ST 4 POPIAOL] 01Ty 0T =+
I 197 +81= (1+¢)
g 9+8= (1+¢)
IN uonenbs oy 1 + ¢ oyMsSqng
(q) 03 danE W)Y
TN S v 0z+=4
Ago 1eay a1V 0—=
IN (@)(a-g)(1+g)=Ago
J1d 7~ S13001 pIY],
d joo1e St I1—¢ | (q)
< arv -=b
ATV -=¢ox%
v FoIT+0T=91
N %@NN.TNBNHNQ.T%.IS
Id p—=d | (@)
9 1oL
+u
4 arv E -1
i
IN UOTJR[[20URD T8I
%T.Slh:ﬂ NQ.TSN:
i [ T+ug
sour] £ 159 1€ 10J [V IVIN b X
I 1 L
Nm NN NMX NN
T 1 s
£od_@xd | o
1 1 ¢ 4
+.d) d
ov 4 v E -
I+
IN E = E |N|x ®)1
A NQ +.4) i 1
SIUSWWO)) 1ejog. | syaen uonnjog 0O

=L}

WdAN

61



6 1ejoT,
€ drv ouawa#iua
uonrsod J001I00UT UT S[OII0 YSNOIY) MO[[0,] ATV A gpT- wv =
[rfoer-r)
ﬁﬂ SO0y — |—=»
IN 791°¢ z Jo uonisod 1001100 | (9)
ov| ¢ v G + Q,vw =
uonsod Jo9LI00UT UT S[OI0 YSNOIY) MO[[0,] v b+ vt =
poylw € sty + f+ N 1doooy N yo=xeul] | @
X
- =T
» . Y
soxe yjoq Suryono], I g '\
21D J02110)) g L™y ﬂ__
¥, ¥ /
s
Hrg
a[oR) 1d | HSsaa St
1 1 (e)s
[SUETTT ) Tejo], | sydepy uonnjos [o)
3u02) TIAN
Zdan

6 ¥10L,
ov | ¢ v :NAT E@:u
v ull = T UT =
SOLIdS 7 =4 =4
U22M10q SOUSISEIP A1} Je Jdwdpe S[qIsusg N L2+ K- e+ @
U uzg
pauIes syjrew ¢ snotadid papiroig 9 14 onn st Iy pue Fly = 4y
1d KCXI=C=XT 1=u
v (1+%) T =
(z+x2) o=
w (T+y+3) 2=
1=4
IVIN o)+ zr=a(i+9)<
T+
=4
=L+
k4
¥ =u 10J onp jmsarownssy | (@)
Sjud WIuIo)) 10T, | SyIeA uonnjog 0O
(1u02) TIAN

=L}

62



SL TVIOL
LT e,
ov| 9 v *l Z ysoo mu
0 X
v dozusod) (=
T
n— ¢ X Lo np N._
v e e
IVIN opPOTYWST=np  HTYs00=
co
N #PaT SO NMaT s ._ =g | (W
¥
DV 9 v 67 Y4s00g7 N%:wm =
aroymoawos Jeadde jsnur syrwy yng
SO0 urs L o._ dooo
P GTIPOOGL NS, [ J IRV v (6 wurs+p usoo) g usoog quis =
oy
N | 8 ZUse?s uuse+
8 yuIsg  ysoog= A+ x
N\.m + X st uonsonb ur wins 1eopo
5q Jsnw 9no paienbs jou JT TIN STY) MO[[Y
v 61s00g quisg =4
z 4+ ;¥ spiemoy oprwr ssaxgoxd
[eaLssa[UN ¢ € YUIS 10,0 JO SULID)
ur Sumnd 10J O]\ Inq ‘UOHRUSIDIJIP
1e jdwope d[qeuosea. 1of TN MO[[Y IVIN L, OUUISH Ysoog =X | (1(q)
oy € v gTysoo =
v v =
07> TCT Pt g2 TT~ 4
4 . 4 @
IN o+ 2 s— o |
8 8 z 8- 8
4
DV [4 IVIN fTyuIs=————=
gt— 6t
4 (4
— 7 | @)L
mlo..r mu
sjusuIwo)) ejoy, | SyJdey uonnjog 0O
yu02) TIAN

Zdan

(4} [e10],
19 KJUO IoMSUE JOO1I00 SU()
v SIS MSUR 1001100 7 AUy
IN 6 JO sonjeA Z 3001100 Aue 10
4
—_—=Z 1I=Z
v TEM
x £ g x ¢ 81
—_ — 4+ =
TN 1 1 :
dANCUIY
Vv Am\: ¥ Q 2 o=z oSLMIoNI0 ouop J1 (q) 03 uonnjos jdoocoy
€_ ¢ < _
IN IF=0 =g 500 drv L
v IF=z
_
IN L—F=¢ 0=¢500 z
1 IVIN 0=1+z-,2 ﬁnﬂ.,rm
PANRWIY
z
IVIN IT=z 0=y +2 @
DV € v S0~ S0 =
Tw [ =6 ;5097 =T 509 JO 35()
N 7+88097 —ggsoog =
i o)
+——C+z— m
I 1 ¢ <
H0O C v G S0 =
IN | (gz—)wst+(gz—)so0+
z
fTUISI+97 500 = Nﬂ +,2 | @
DV 4 v @807 =
N | (o) wst+(p—)s00
z
o+ —+Zl z
o T 0 +m££+mwoonﬂ+m @9
SJUIWWO)) Je1o1, | syde]n uonnjog 0O
(1u02) TIAN
cddn

63



AQA - Further pure 2 —Jan 2006 — Answers

Question 1 Exam report
1 1 (r+1)° r P 4+2r+1-r? 2r+1
a)—5 - 2T 2 2 2 2 = 2 2 2 2
r- (r+1)° ri(r+1)° r(r+l ro(r+1) re(r+1)
b) 3 5 7 2r+1 an There were many fully correct answers to

r=1r
I 1 1 1 1 11 1 1

=l-—+———+ it ———
44 9 9 16 (n—-17 > n* (n+l)

All the terms cancel out except the first and thelast one :

TRV BN | 1
;rz(rﬂ)z_z 2 (r+1)

i 2r+l 1
r*(r+1)° (n+1)*

r=l1

2 2+ 2 2+ 2 2++ 22n+12:z 2 2
I"x2° 2°x3 3"°x4 n“(n+l)” ST rir+l)

this question. A few candidates did not spot
the connection between the parts (a) and
(b). Otherwise, the only errors in part (b)
were errors of sign leading to the

_ 1
(n+1)°

or the summation of n +1 terms rather than n
terms of the given series.

answer 1 —

Question 2:

Exam report

a)x’ + px> +gx+r=0 has three roots a, 3 and y.
a+pf+y=4 sop=-4
a’+p +y =(a+f+y) ~2af +ay+ py)
20=(4)-2¢q
qg=-2
b) p,qand r are REAL numbers so
if 3+iis aroot,thenits conjugateis also a root
a=3+i, f=3-i
a+pf+y=4 gives 6+y=4 and y=-2
r=—afy =—B+i)3-i)(-2)=(9-i*)x2=20
r=20

Candidates were also able to achieve good results on
this question. In part (a), where errors occurred they
were almost always errors of signs. For instance the
value of p was given as 2 instead of .2 or the formula for

(Z a )2 was incorrectly quoted asz a’ - 22 af .

There were fewer completely correct solutions to part (b)
often due to inelegant methods of solution. The most
successful candidates obtained the values of the other

two roots and then worked out the product afy . The

main loss of marks using this method was to equate rto
afly instead of - afly . The other main method of

approach to this part of the question was to substitute

3 +i into the cubic equation with the values of p and q
already found in part (a). However any error in the values
of p and q or in the substitution inevitably led to r having
a complex value. Surprisingly this did not seem to worry
the candidates in spite of the fact that the question stated
that r was real.

Question 3: Exam report
1+i 1 3.
zy=—— and z,=—+——Ii
1—i 2 2 Part (a) was well done, as was part (b). In part (c) it was
l+i 1+i 1+2i+ iz 2 surprising to note how many candidates could not
a) = 1— X 1+ = 1—7 = 3 =1 express the complex number in the form re” , although
—1 +1 —1

b)|z|=i|=|0+1]=V0* +1* =1
1 3

|Z2| = §+_l =

2

o)z, =i= e?
z, = % +§i = Cos(%) T iSin(%) ¢t

T
L
2z, was almost invariably correctly written as e >
Errors in part (c) however did not deter candidates from
drawing a correct Argand diagram as they usually used

the form a + ib when plotting their points. Although the
o . . 5w
vast majority of scripts ended with Tan— =2+ \/g ,
12
very, very few candidates gave convincing proof that
Sw
arg(z, +z,) was—, but rather seemed to take it for
12

granted.
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Question 3: (continues)

d)
arg(z,)—arg(z,)

e) The argument of z, is arg(z,) +

2
T 2T and lofzzi
2 3 6 276 12
T 7w 5Sr
ar =—f+—="
8(z) 3 12 12

t'\!'\.I

1.54

=]

r\!"\-I

Question 4:

Exam report

a) Notation : 2+(3x2)+ (4+2%) 4.+ (n+1)2"" = (r+12"",

r=1

Proposition P, :Z(r +1)2"" =n2" is to be proven by induction.
r=1

eBase case: n=1
LHS:2 and RHS:(1+1)x2"™' =2  The proposition is true for n=1.

ePropostion P, :Let's suppose that for n = k, the proposition is true,

k
meaning we suppose that z (r+1)2"" = k2",

r=1
Let's show that the proposition is then true for n =k +1,
k+1

meaning let's show that z (r+1)2"7" = (k+1)2"".
r=1

k+1 k
O (r+127 =D (r+ 127+ (k+2)2°
r=1 r=1

= k2" + (k+2)2" = k2" + k2" 425" =2k2" 4+ 2
— k2k+l +2k+l — (k +1)2k+1'

eConclusion:

If the propostion is true for n = k then it is true forn =k +1,

because it is true for n=1,

we can conclude, according to the induction principal,

that it is true foralln>1:  for all n>1, Z(r +1)27" =n2"

r=l1

Responses to this question were only
fair. Although candidates had some idea
of what was required for the inductive
process, in part (a) they appeared to be
easily confused. Common statements
were for instance

(k+2)2° = k2“ or (k +1)2"" + (k + 2)2" or
to even write down correctly

k2" + (k+ 2)2k but without any reference
whatsoever as to what the expression
represented.
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Question 4:

Exam report

b) 22 (r+1)2"" :i(wl)z“l—i(wl)z“l

r=n+l1
=2nx 2> —n2" =n2"(2x2" -1)
2n

D (r+127 =n2" (2" 1)

r=n+l

In part (b), unless candidates realised that the given
series was the difference of two other series no
progress was made and only a few realised the
connection with part (a). A common approach was to
try and prove this result by induction also.

Question 5:

Exam report

Call the complex number —4+4i, z, and

A(—4,4) the corresponding point in the Argand diagram.

M is the point corresponding to the complex number z.
a) |z+4-4i|=4
|z —(—4+ 4i)| =4 corresponds to the locus
AM =4

This is the circle centre A radiusr = 4.

b) The furthest point away from O on the circle is K.

o =OK = 0447 =|z,[+4=(-4)’ +4 +4
2] = V32 +4 =442 +4=4(2+1)

|z
N T T
clarg(z+4—-4i) = P means angle(AM ,ox) = ’E

We show the position with the point L.
Using trigonometry in ALH, we have

X, :a=—4+AH=—4+4cos%=—4+2J§

and y, :b:4+LH:4+4Sin%:6

z, =(—4+2:3)+6i

Most candidates realised that the locus in part (a) was
a circle although it was frequently drawn in an
incorrect quadrant, and occasionally with a radius of 2
rather than a radius of 4. The correct answer to part
(b) was usually obtained although sometimes with a
less than convincing argument. There were relatively
fewer correct solutions to part (c). Those candidates
who addressed the geometry of the figure were the
most successful, but those who converted the
equations of the circle and line into the Cartesian form
and then attempted to solve a pair of simultaneous
equations usually abandoned their solution after
making algebraic errors.
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Question 6:

Exam report

Z:e[G
) | B 1 : >
aA)i)z+—=e"+—=e"+e"
i0
z e
= Cos6 +iSinf + Cos6 —iSin0
1
z+—=2Cos0
z
1 - 1 - -
ey 2 _i20 _ i20 —i20
ii)z +?—e +—el_29—e +e

=Cos20 +iSin20 + Cos20 —iSin20

22+ iz =2Cos260

z

i) z* —Z+2—l+i2=2C0S29—2C0S9+2
z z

we know that Cos26 =2Cos*0—1 so

22—z+2—l+i2=
z z

2(2Cos*0 —1)—2Cos0 +2

z'—z+2 ! + iz =4Cos*0 —2Cos0
z z
byz' -2’ +22° —z+1=0 factorise by z*

(Z—OiS notasolution)
22(22—Z+2——1 +—1 )—0 This gives
2 8
z Z

22—z+2—1+i2=0
z z

4Cos*0 —2Cos6 =0
2Co0s0(2Cos0—1)=0

Cos8 =0 or COSQZ%
0="or0=-20r0=20oro=-=
2 3 3
z:eilz—ﬂ or z—eil?:liii
2 2

Parts (a) was quite well done and many candidates scored the
available seven marks. There were however some serious
algebraic errors, the commonest of which was to equate

1 (Y
z+ — fo (z + —j in part (a)(ii) with some consequent faking
z z

to arrive at the printed result in part (a)(iii). Part (b) however was
very poorly attempted. Candidates did not seem to realise that z
could be equal to zero and consequently multiplied

(Cos0 + iSin@)’ by 4Cos’6 — 2Cos . Of those candidates who

realised that 4Cos” — 2Cos6 was equal to zero, the
factorisation of this quadratic in Cos6@ evaded most and, even

when attempts were made to solve 4Cos’0—2Cos0 =0, the

factor Cos0 disappeared and the other solution Cos@ = —
2

T
usually produced just one root from 6 = — . Candidates who

1
were able to obtain both Cos@ =0 and Cos6 = — usually
2

produced only two solutions and subsequently two roots. It did
not seem to occur to candidates that a quartic equation would
have four roots.
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Question 7:

Exam report

a)i) Sinh6 = % (€’ —e™®) and Cosh® = %(e67 +e%)
2 Sinh6 Cosh =2 x % (€’ —e?)x % € +e?)

_(6294_60_60_6729)

1

:E(e” e %) = Sinh(20)
ii) Cosh™0 + Sinh~0 = E(e —e )| + E(e +e")
=l(ez‘9—2e°+e’2‘9)+1(629+2e°+e’29)
4 4

i(zew +2¢) = ;(e” +e )= Cosh(26)
byx=Cosh’0 , y=Sinh’0

)(dxj {dy j = (38inh0Cosh*6) +(3CoshoSinh*0)
d0) "\de

=9Sinh*0Cosh*0 +9Cosh*0Sinh*6
= 9Sinh*0Cosh*0 (00sh29 + Sinhzé’)

2
= 9(% Sinh26’j (Cosh20)

2 2
(dxj {dyj _ 2 Sinh?20Cosh20
d6) \d0) "4

i) S = ax ) (Y gy j 2 Sinh*20Cosh26 do
\la0) "\ a0
S = j; % Sinh20/Cosh20 do = 5 jol Sinh26/Cosh20 do

1
_3 [ ' Sinh20 x Cosh220 do.
2 0

1 fn+1

This is an integral of the form .[ fxf"=
n+l

N 3 3
S=i lx%xCoshz%’ =l Cosh?*2—Cosh?*0
212 3 . 2

= ;[(Cos}ﬂ)z — l]

Candidates were generally well drilled in proving
the identities of parts (a)(i) and (a)(ii) although in

2
(a)(ii) sometimes (eg - e’g) was written as

2
e + e’ with the same result from (eg + e’g)

thus obtaining the correct answer from incorrect
algebra. Part (b)(i) was usually quite well done so
long as candidates did not write

1
Cosh’@ as —(eg +e”’ )3 . Those who worked in
8

powers of ¢’ and e’ found it impossible to

reconcile their formula with the printed result and
so make little meaningful progress. Part (b)(ii)
proved to be beyond all but the most able
candidates. The required integral,

3
.[ — Sinh26~/ Cosh20d0 , was tackled
2

successfully by these candidates by a variety of
methods. Some spotted the integral, others used

the substitution u = Cosh26 whilst others again
integrated by parts.

Grade Boundaries

Comp. Maximum
Code Component Title Scaled Mark
MFP2 GCE MATHEMATICS UNIT FP2 75

Scaled Mark Grade Boundaries
A B Cc D E

58 51 44 38 32
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AQA - Further pure 2 - Jun 2006 — Answers

Question 1:

Exam report

1)a)r2”_1=A+B(1—Lj
r(r+1) r r+l
_Ar(r+1)+B_Ar2+Ar+B
o+ Hr+D)

It is now clear that A=1 and B =-1

_4+B r+l-r
r(r+1)

|

Many candidates experienced difficulty in finding the
values of A and B in part (a). They seemed to want to
equate the left hand side of the identity to

g + i , thus ignoring the fact that the powers of

r r+l
rin the numerator and denominator were equal.
Generally the most successful candidates were those
who rewrote the left hand side of the equation as

r +r-1 & & 2 1 1 1 with the subsequent expressing of
)z =M= =1 ——— r(r+1)
= r(r+l) = r r+l = Sr r+l
1 in partial fractions. If candidates were
zr +r—1_ ///X g\ \ r(r+1)
7S successful in finding the values of A and B, they
r=l r(r + 1) 100 usually went on to complete part (b) correctly. The
main source of error in this part, if mistakes were
=99 -1+——=98.01 made, was to overlook the fact that that the constant
100 term, as well as the variable terms, had to be
summed from 1 to 99. The constant term was often
left as 1.
Question 2: Exam report
2 2
a)(dxj +(dxj =(1-22) +(2) =120 41 447
dt dt

:(l+t2)2

=142 +¢*

2 2
b) From the formulabook : S = 27r'[lzy (dxj w{dyj dt

dt

dt dt

dt

S=2nfy (@j (dyj dt_znjt x(1+2%)dt

2
S=27T.[2t2+t4dt=27z lt3+lt5 =27 8 2
1 3 5

This was a very well-answered question with the vast majority
of candidates either gaining full marks or losing one mark
through faulty arithmetic. Very occasionally a candidate
differentiated t*+t* or integrated t2+t4, but wrote down
£t

_ + _—

3 4

1 37
256
S =
15
Question 3: Exam report

a)i)y =Coshx—3Sinhx meets y=-1 at (k,—1)
This gives —1=Coshk —3Sinhk

—l—l(ek+e’k) (ek—e’k)
—l—lek +le’k -=é +§e’k
2 2 2 2
—1=—¢" +2e™* (xe")
e =—"+2
e —ef-2=0
i) () - -2=0

(e =2)(" +1)=0
e =2 or " =—1(Nosolution)

=In(2) (e is positive for all x)

Again, this question proved to be a good source of marks for
many candidates. Some candidates in part (a)(i) mixed the
exponential forms for cosh x and sinh x,whilst others, having
expressed cosh x and sinh x in exponential form correctly and

. . k —k
having arrived at —¢" +2¢~" = —1 were unable to take the
final step which led to the printed result. There was, also, not

always a very convincing reason for the rejection of ek -1
in this part of the question. A very common error in part (a)(ii)
was to write

2k — k —In 2 = 0 after the printed answer, leading to the correct
answer by totally incorrect mathematics.
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Question 3: (Continues)

Exam report

b) C intersect the x - axis when y =0,

we have to solve: Coshx—3Sinhx =0
1
E(e" +e")—%(e" -e)=0
e'+e " —3e"+3e " =0
4e ™ =2 =0 (xe'/2)
2-e"=0
e =2 2x:1n(2)

x:;ln(2)

ii)ﬂ = Sinhx—-3Coshx=0
dx

Sinhx =3Cosh x
Tanhx =3
No solution as : forall x, —1<Tanhx <1
Chas no stationary point.
iii)d—? =Coshx—3Sinhx =y
dx

and y =0 only for x= ;ln(2)

Part (b)(i) was usually answered well, as was part (b)(ii), apart from
those candidates who thought that the derivatives of hyperbolic
functions followed the pattern of the derivatives of trigonometrical
functions and so incurred sign errors. The explanation for the

. . . 2x T .
rejectlon of solutions to € = _2 was more convincing in this part

of the question than was the rejection of ek =—1in part (a)(ii). Part
(b)(ii) was usually correct.

Question 4:

Exam report

a)i)Let z ,be3—-2i and A(3,-2)
and M(z)
Then |z—3+2i|=4
isequivalentto AM =4

This is a circle, centre A, radius » = 4.

ii)Let z, =1 and B(1,0)
andf M(z)

Then arg(z—1) = —%
is equivalent to angle (BM ,ox) = —%

This is a half-line, y = Tan(~ %)x —x ,x>1

2

Responses to this question were usually quite good and it was
pleasing to note some quite accurate neat diagrams using a ruler and
compasses. Errors in parts (a)(i) and part (a)(ii) were usually errors of
sign. For instance in part (a)(i) the centre of the circle was sometimes
taken to be the point (—3,2)or even (3,2) and in part (a)(ii) the half line
would be drawn from either (0,1)or (—=1,0) . Just occasionally the
radius of the circle was taken to be 2, or the direction of the line was

V4 RY/4
taken to be +—or +T . In part (b), a substantial number of

candidates thought that the set of points must involve an area and
consequently shaded some region in their sketch.
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Question 5:

Exam report

2’ —4iz* +qz—(4-2i)=0 has roots o, f,y

ai)a+p+y=4i iafy =4-2i
bya=p+y
)a+ p+y=4i becomes
a+a=4 so a=2i
iapfy =4-2i
,37/:4_2i:4_2ix£:4i+2

a 2 i -2
By =-2i—1=—(1+2i)
iiiyg=af +ay+ Py

=a(f+y)+ Py

=a’ + By =(2i)* —(1+2i)
g=—4-1-2i

q=-5-2i

c)f+y=2i and Py=—(1+2i)
so [ and y are roots of the equations
2 =2iz—(1+2i)=0

d) B =1is an "obvious"root (1> —2i—(1+2i)=0)

22 =2iz—(1+2)=(z=1)z" +(1+2i)) =0
roots are =1 and y=1+2i

Apart from the occasional sign errors, part (a) was answered
well. Where sign errors did occur there was some faking to
establish the printed answers in part (b).

Part (b) is an example of what was mentioned at the
beginning of this report in that with all three answers being
printed, sufficient working needed to be shown in order to
obtain full credit.

Whilst most candidates knew roughly what was required for
part (c), few candidates could express their argument
succinctly. A number of candidates attempted to divide the
cubic equation by z—-2/ with varying success.

Probably the commonest method of approach in part (d)
was to substitute ,3 for z in the quadratic equation in z and
then to equate real parts. Equating real parts led to
,32 =1 from which a substantial number of candidates

assumed that ,3 = linstead of considering the imaginary
parts of the equation as well.

Question 6:

Exam report

a) f(n+1)=8f(n)= (15" -8"")—-8(15" —8" %)
=15""-8""' —8x15" +8""
=15"(15-8)

f(n+1)=8f(n)=7x15"

b)Propostion, P, :For all n>2, 15" —8" is a multiple of 7.
Basecase: forn =2, 15 -8"2=225-1=224=7x32

the proposition is true for n = 2.

Although there were some good
solutions to part(a) of this question it did
show in many cases a lack of
understanding of the theory of indices. It
was quite common to see 8x15" written
as a 120" and 8x8" as 64" . There was
also a lack of clarity in part (b). It was not

We suppose that P, istrue: forn =k, f(k)=15"-8"7is a multiple of 7.
Let's show that P, is the true:let's show that f'(k +1) =15 — 8"
is a multiple of 7.
According to question a) f'(k +1)=7x15" +81 (k)
7x15" is a multiple of 7
8f (k)is a multiple of 7, because f'(k) is (hypothesis)
therefore /' (k +1)is a multiple of 7
Conclusion :If P, is true then P_, is also true, because P, is true,
according to the induction principle, we can conclude
that for alln > 2,P istrue.

unusual to see the first line of the
inductive proof to state “Assume result
true for n=ki.e. thatf (k) =15%—g“—2”
to be followed by “f (k+1) — 8f (k) is a
multiple of 7”, showing a lack of
understanding of the proof by induction
in the case of multiples of integers. Some
candidates tried to establish the result
for n = 1 in spite of being told that n was
greater than or equal to 2. A substantial
minority of candidates ignored the hint
in part (a) and in part (b) considered

f (k+1) — f (k) with a measure of success
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Question 7:

Exam report

a) Let note z =re” then z° = r® x e’

and 1=1e"
The equation z° =1 is equivalent to
rxe® =1xe"
This gives r® =1 r=1

6p=0+k2r  -3<k<3

¢:k% ~2<k<3

il i ) L s )
SO z=e 3 ore 3 oréore’ ore’ ore”
21 201 O _ o0 _ _
py WLt L@ =eT) oo Zoising
w e e
W 1 1 i i
M) —— == X =~
w” =1 2iSin@ 2iSin@ i 28in6
i) 2020 1 e CosO—iSind
wr =1 2iwSin@ € xSinf@ Sind Sind
_ CosO _ Sin6  Coth—i
Sin@  Sinf
) ) 2i
iv)z=Cot0—i so ———=z
w" —1

2i=zw —z
z42i=zw’
¢)i)(z+2i)° = z%is equivalent to
order 5 polynomial=0
(the terms in z° cancel out)
i) (z +2i)° = z°

NG
(z+2zj 1
z

(W) =1
ik
So w* =e 3 (question(a))
ik
w=e ¢
This gives

. T, T .
z=cot0—i,cot——i,cot——i

2
cot—ﬂ—i , cots—ﬂ—i
3 6

z:—i,ﬁ—i,\/j—i,—*/j—i—ﬁ—i

Although part (a) of this question was standard work it was
surprising to see many candidates fail to obtain full marks. The
commonest errors were either to express the six roots of z° =1
in the form a + ib, or to give the roots in the range O to 2t . A
few candidates wrote down the 6 roots as € > with
k== 1,% 2,£3.In part (b), parts (i) and (iv) were often well
done, but relatively few candidates spotted part (b)(ii) as the

reciprocal of part (b)(i), and it was not unusual to see 3 1
W J—

. —1
rewrittenas W —Ww.

Part (b)(iii) was beyond all but the most able candidates

although quite a number arrived at —

Sinf e
their solutions usually petered out. There was a wide variety of
reasons why the equation (z + 2i)® = 2° had only 5 roots with
about 50% of them spurious.

5 at which point

In part (c)(ii) only one or two candidates used the hints given in
the earlier parts of the question, but instead, solved the
equation (z + 2i)® = 2° from first principles by writing

kr

z+2i=ze * followed by Z =

e’ -1

Of the few serious attempts made by candidates at this part of
the question, most solutions ended at the point indicated and
only the most able candidates found the five roots of the
equation in the required form.
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AQA - Further pure 2 —Jan 2007 — Answers

Question 1:

Exam report

a)4Cosh*x = 7Sinh x +1

Using Cosh’x — Sinh’x =1,

The equation becomes
4(Sinh*x +1) =7 Sinh x +1
4 Sinh’x—7 Sinhx+3=0
(4Sinh x -3)(Sinhx—-1)=0

Sinh x:i or Sinhx=1

é+ (Ej +1

4 4
:ln(%lenQ)
or x=Sinh’1(l):ln(l+\/12 +1) :ln(l+\/§)

b)x= Sinhl(%) =In

Apart from a few candidates who factorised the quadratic in
sinh x incorrectly, most candidates worked part (a) correctly.
However, many candidates spent more time on part (b) than
was necessary. They expressed sinh x in exponential form
and solved the ensuing quadratic equations rather than
quote the formula for sinh™ x given in the formulae booklet
which they were entitled to do. This method also led to
superfluous incorrect solutions which candidates needed to
reject

Question 2:

Exam report

a)i)Let z,=4-2i and A(4,-2)
The point M represents z in the Argand diagram.
|z—4+2i=2
|Z—ZA| =2 is equivalent to AM =2
The locus of M is the circle centre A(4,—2) radius » =2
ii)Letz, =3+2i and B(3,2)
|z| =|z -3 —2i|

|z—zo

= |z -z B| is equivalent to

OM=BM
The locus of M is the prependicular bisector of OB.
b)|z -4+ 2i| <2 is "inside" the circle

|z| < |z -3-2i | is the "half-plane" containing O.

A few candidates misplotted the centre of the circle, usually
at (.4, 2). Apart from this most drew the circle correctly. Not
all recognised the line as the perpendicular bisector of the
line joining the origin to the point (3, 2) in part (b), but
rather thought that this equation represented another
circle. This in turn had an effect on the shading in part (c)
although the interior of the circle was usually shaded. It
should be said that the diagrams were neat and in the main
well labelled and in proportion; a great improvement on
sketches submitted in previous years.
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Question 3:

Exam report

a)z’ +2(1-)z> +32(1+i) =0 has roots a, B,y
a=ki so
(ki)’ +2(1-1)(ki)* +32+32i=0
—ik® =2k +2ik* +32+32i=0
(—2k* +32)+i(—k* +2k* +32)=0
This gives
—2k*+32=0
and —k*+2k*+32=0
The first equation gives k=4 or k =—4
—(—4) +2x(—4)* +32=64+32+32=128 k=4
— (4P +2x(4)° +32=-64+32+32=0 k=4
bya =4i, =-4 and we know that
a+p+y=-201-i)
4i—44+y=-2+2i

Although this question was attempted by almost every
candidate, there were few whose solutions presented the
rigour required. Most substituted ki for z in the cubic
equation, equated real parts and subsequently wrote z° = 16
50 z = 4, not realising that z =- 4 was also a root of z° = 16
and that imaginary parts had to be equated in order to reject
the solution z = 4.

Part (b) was not particularly well answered either. The most
common errors were errors of sign in the use of o +B +y or
oy, and those candidates using the product of the roots
made extra work for themselves as they obtained a rational
expression for y which needed to be simplified.

Some candidates thought that ¥ equalled -4i, the complex

conjugate of & .

y=2-2i
Question 4: Exam report
a)y =Secht =
)y Cosht
N dy Secht . 34 S!
)—=——-> if y=— then —=—=—
)dx Cosh> t Wy fz)
d Secht 1 Generally, candidates scored quite
& __Seehlt =—SechtxTanht well on this question. Some
dx Cosht Cosht

2
if) (?j = (=SechtxTanht)’ = Sech*tx Tanh’t
X

Using ‘Tanhzt =1- Sechzt‘

2
(%j = Sech’t(1— Sech®t) = Sech’t — Sech’t
X

byx=t-Tanht and y=Secht

2
i)@ =1-Sech’t and (@j =1-28ech’t + Sech*t
dt dt

dr dt

=1—Sech’t = Tanh’t

dr dt

ii)s = jo \/ (d’“j +(@j dt = .[;Tanh(t)dt:[ln(Cosht)]; — In(Cosht)

=S
SO e

iii)e’ = Cosht =Secht=y

Cosht

dx\ (ayY
( j +(—yj =1—28ech’t + Sech*t + Sech’t — Sech’t

candidates struggled with part (a)(i)
by not realising that

sech t was (cosh t)'l, instead
expressing sech t in exponential
form.

This latter method rarely led to a
correct solution. However, apart
from some sign fudging in part (a)(ii),
most candidates were able to
recover to answer parts (a)(ii) and
(b)(i) correctly. Very few candidates
were able to score the three
available marks in part (b)(ii), by
either ignoring the limits of
integration completely or by writing s
= In cosh t + ¢ with no effort to show
that the value of c was zero. In spite
of some inelegant methods, part
(b)(iii) was usually answered
correctly.
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Question 4: continues

Exam report

2 2
c)S, =2ﬂj§y\/(%) w{%j dt=27z.[0tSecht><Tanhtdt

Sinht
Cosh*t
S =2 (—Sech t+ 1) =2rn(1+e’) because Secht=e* (Qb)iii))

S = 27[](; dt = 27[](; Sinhtx Cosh™tdt =2n [—Cosh”t}

Part(c) caused problems, often by
candidates attempting to integrate e” tanh
t with respect to t by regarding e” either as
a constant or else as e” Of those who

! correctly integrated to arrive at .secht,

0 again very few candidates recognised the
need for limits and so were unable to
arrive at the printed result.

Question 5:

Exam report

a) Proposition,P, :
for all npositiveinteger, (CosO +iSin0)" = Cos(n8) +iSin(n0)
is to be proven by induction
Base case:n =1, (CosO +iSind)' = Cos(0) + iSin()
Cos(10)+isin(10) = Cos(0) +isin(0)
Fistrue
We suppose that for n=k, the proposition is true
(CosO +iSin0)* = Cos(k0)+iSin(kO)
Let'sshow that P, , is true,
let's show that (CosO +iSin@)"*" = Cos((k +1)0) +iSin((k +1)0)
(CosO +iSin0)*"" = (CosO +iSin6)* x (CosO +iSin6)
= (Cos(kO) +iSin(k0)) (Cos@ + iSinH)
= [Cos(k@)Cos@ — Sin(k@)Sin@] +i [Cos(k@)Sin@ + Sin(k@)Cos@]
using the trig identities: Cos(a +b) = Cos(a)Cos(b) — Sin(a)Sin(b)
and Sin(a+b) = Sin(a)Cos(b)+ Sin(b)Cos(a)
we have :
(Cos6 +iSin0)*™" = Cos(k6 + 0) +iSin(k6 + 0) = Cos((k +1)0) +iSin((k +1)6)
Conclusion :
If P, is true then P, ,, is true, because P, is true
we can conclude, according to the induction principle,

that P, is true for all n positive integer

It was clear that a good number
of candidates had not met the
proof of de Moivre's Theorem by
induction before and there were
not many solutions gaining full
marks. It was also not
uncommon to see expressions
such as

cos kB +i sin kB + cosB + i sinB =
cos (k+1)0 +isin (k+1)0
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Question 5:continues

Exam report

6
b)(Cos% + iSin%j = Cos%[ + iSin%[ = Cosm +iSinmt =—1

¢)(CosO +isin @)1+ CosO —isinf) =

(CosO +iSin0) + (CosO +iSin0)(CosO —isin Q) =
(CosO +iSin0) + Cos*0 + Sin*0 = Cos6 +iSinf +1

d)(1+Cos = +iSin ) + (1+ Cos = —iSin2)° =
6 6 6 6

6
(Cos = +isin )1+ Cos E—isin %) | +(1+ Cos % —iSin™)* =
6 6 6 6 6 6

Parts (b) and (c) were generally well done,
although in part (c) a number of candidates,
when multiplying i sinB by .i sin©,

wrote .i sin’8 and thus were unable to
complete this part satisfactorily. Those
candidates who spotted the connection
between parts (c) and (d) usually went on to
write out a correct solution to part (d), but it
was disappointing to see

6
(1 + Cos% + iSin%J written as

6
(COS%JriSin%)G (1+C0s%—i$in%j +(1+C0S%—iSin%)6= 154+ Cos &% +isin &%

6
—lx(l+C0s£—iSin£j +(1+Cos£—iSin£)6 =0
6 6 6 6

with alarming regularity.

Question 6:

Exam report

3
a)z =1
we write z = re” and 1=1¢"
3
z> =1 becomes
3 i30 i0
r'e” =le

r=1and 30 =0+k2x

r=1and szzTﬂ k=-1,0,1

_i2® 27
i0
z=e 3 orz=1=e"orz=e?
2

27
b)we can note e 3 =w
1+ w+®” is the sum of a geometric

series with common ratio @ (@ # 1)

3
lrwrer =20 171,
l-w -
ANl+w+a* =0 o’ =—(1+0)
* _ 1 o 1
1+o 1+ o 10)
N 1 “1-* 1
i7) =—— — ==
1+ o 0} - 0]
1+’ 1 *
2 = —— 2:—&)
0] 0} 1+ o

It was disappointing to find many candidates unsure of the
cube roots of unity and even more unsure of how to obtain
them. It was also disappointing to note that few candidates
were able to establish the result 1+w +w’ = 0 in part (b), in
spite of the variety of ways in which this result could be
established. On the whole, parts (c)(i) and (c)(ii) were
correctly done in spite of using roundabout methods to
obtain the printed results.
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Question 6:continues

Exam report

iii)(lfa)jk {a)?iljk - (_%jk (o)

2k 2k

=(-Dfe 3 +(-Dfe *

2hr ke
:(—l)k[e Yge 2 j

_ (1) 60s(2’;”)

In part (c)(iii), however, most solutions ended at

k
(——j +(—m)"*, but of those candidates who attempted
(0]

this part further, sign errors hindered completely correct
solutions.

Question 7:

Exam report

a)Tan(A— B) =Tan((r +1)x —rx) = Tan(x)
Tan((r +1)x)—Tan(rx)
1+ Tan((r +1)x)Tan(rx)
Tan((r +1)x)—Tan(rx)

and Tan((r +)x—rx)=

This question was
surprisingly well done and
attracted many completely
correct solutions. When
errors occurred, it was

So Tanx = usually in the summation of
1=Tan((r +1)x)Tan(rx) terms in part (b). Candidates
Tan((r +1)x)—Tan(rx) summed 20 terms instead of
1+Tan((r +1)x)Tan(rx) = Tanx 19 which in turn led to some
faking in arriving at the
_Tan((r +1)x) Tan(rx) printed answer, especially
Tan((r +1)x)Tan(rx) = Tans  Tanx the .20. For instance it was
not uncommon to see the
b) TanfTanzf+Tan2fTan3i+ +Tan 197 " Tan 207[ summation written as
50 50 50 50 50 50 21z P
T . Tan(ﬁ) - Tan(%)
19 w Tan((r+1)—) Tan(r —) —20
4 4 50 50 Tan(™
=Y Tan(r—)Tan((r +1)—-)= Y - -1 an( )
r=1 50 50 r=1 44 44
Tan% Tan% followed by the correct
answer.
2 4
T an( Ta n( ) Tan(=) (%)
1+ _ 50° 0 1
T

19 18 207
Tan( O)\1\‘@( 0) T (70) Tan(—;~-)
+..+ - -1+ - -1
an—— an Tan—
50 50 50
T an( ) Ta (20—”)
all the terms cancel except — 5074 -1-1-1-1..-1
T T
Tan—- Tan—
50 50
T an(zo—ﬂ) T an(z—ﬂ)
=140 9= 5 99
Tan ™ Tan =
50 50
Component Maximum Scaled Mark Grade Boundaries
Code Component Title Scaled Mark A B 3 D E
MFP2 MATHEMATICS UNIT MFP2 75 61 53 45 37 29
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AQA - Further pure 2 - Jun 2007 — Answers

Question 1:

Exam report

a) f(r)=(r-Dr?
f(r+)—f(r) =r(r+1)2 —(r—l)r2
=r[(r+1=r(r-1) ]

=r[r2 +2r+1—r2+r]

=r(3r+1)
D)X rGre =3 f(r+1)-f() = L6T) - £(50)

+£652) —f5T)
THEI) —f457)

1. THQO) SHeEg)
+ £(100)

All the terms cancel except £(100) — £(50) =99 x100> —49x 50°

99
3 r(3r+1) =867500

r=50

Almost all candidates were successful with part (a)

However, in part (b) a number of candidates used
99

21”2 and ZF to evaluate 2r(3r+1) contrary

r=I1

to the requirement of the question and so, even
with a correct answer, scored no marks. The most
successful candidates for this part of the question
were those who carefully wrote out a number of
rows including the first and last row, to illustrate the
cancellations. Some candidates went awry when
writing down the first or last terms of the series.

Question 2:

Exam report

a)af+Py+ay =6
byiya*+p*+y*=-12<0

This can only happens if one of the root is not a real number

o .
so if ais a complex number, then f=a because p and q are real numbers

and y is real

Whilst part (a) was usually correctly
done, part (b)(i) was poorly answered.
Some candidates were able to
comment on the condition that as the
sum of the squares of the roots was less
than zero there would have to be
complex roots, but few stated the

(because otherwise 7~ would be a root too, making 4 roots instead of the expected 3) | conditions that the coefficients of the

ia’+ B +y  =(a+B+y) -2(af + By +ay)

12 =(a+pB+y) -2x6
—12=(a+B+y) -12 a+B+y=0
So p=—(a+p+y)=0 p=0
Aoa=—1+3i  f=a =-1-3i
a+p+y=0
—14+3i-1-3i+y =0 y=2

i) q = —afy =—(—1+3i)(=1-3i)(2) = —2(1+9) =20

cubic equation were all real. The value
of p in part (b)(ii) was very often correct
but in part (c)(i) a very common error as

to use Zaz =-12 in order to find the

third root. This method led to o = 4
from which almost all candidates using
this method wrote a =2 without even
considering the possibility that a could
equal -2 . Part (c)(ii) was usually worked
correctly although afy = + g appeared
from time to time.

Question 3:

Exam report

(Cos6 +iSind)" = Cos (150) +iSin(150) = 0—i
Cos(150) =0 and Sin(150)=-1
_dm_7

SO 156’=3—ﬂ 0= =—
2 30 10

There were many incomplete solutions to this question. Whilst
most candidates used the de Moivre's Theorem correctly,
many candidates either equated real parts only to arrive at an
incorrect answer, or equated imaginary parts. In this latter
case, the solution y _ _ 7 appeared frequently in spite of the
30
request in the question that 8 should be positive, or the
correct answer appeared but from an incomplete solution.
Some candidates solved cosb = 0 and sinB =-1 but gave two
different values of O as their answer, one from each equation.
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Question 4 :

Exam report

a)y=xTan'x & IxTan"x+xx 5
dx 1+x
—szczlflyhL 5
dx 14+ x
1 1
b)| Tan'xdx=| (Tan'x + -
).[0 .[0( 1+ xz) 1+x

= [xTanilx]L —.[01 " +xx2 dx
1

= Tanll—[lln(lvtxz)}
2 0

1
=———1n2———ln\/7
4 2

This is the first time that a question has been set on inverse
trigonometrical functions since this topic was included in the
MFP2 specification. It was clear that many candidates did not
know what tan.1x was. They were able to complete part (a)
with the help of the formulae booklet although even then
there was confusion between the derivatives of tan™and

tanh™ x as the derivative of tan™ was given as 1

1-x°
However it was part (b) that revealed the true lack of
understanding of inverse trigonometrical functions. Part (b)
was either abandoned altogether or when attempted tan™ x

was frequently written as .
tan x

Question 5:

Exam report

a) Angle AOB =90° and OA= OB

Incomplex terms this means that |z,| = |z,|

and Arg (ij -
4 2

T
. . z s, .
This gives == =1e * =i z,=iz
z
1

b)i) A(z,), B(z,)and M (z)
|z—z,|=|z—2z,| is equivalent to
AM = BM
L, is the perpendicular bisector of AB.
ii)arg(z —z,) = arg(z,)
L, is the half line from B, parallel to OA.
c) Let's call I the point of intersection and 1(z,)
OBIlAis a square :
Because OAbeing perpendicular to OB
we knowthat IB is also perpendicular to OB

and by symmetry about theline L, , IAis perpendicular toAO.
OBIAis a quadrilateral with 4 right angles and OA=0OB

so OBIAis a square

Explanations in part (a) were very unclear and
generally far from convincing. Candidates
generally referred to what had happened to
the coordinates of the points represented by
z,and z, , but few made allusion to the
significance of i in the iz . The neatest solutions
came from candidates who considered
multiplication of a complex number by ias a
rotation anticlockwise of /2

Inaccurate copying of the diagram in part (b)
caused loss of marks. For instance, although
candidates knew that the locus L; was the
perpendicular bisector of AB, poor diagrams
meant that their line did not pass through the
origin. Again, for the locus L, , although the
majority of candidates drew a half line through
B, their line was not always parallel to OA.

Part (c) proved to be beyond most candidates
probably because few realised that the point of
intersection of L; and L, was, in fact, the fourth
vertex of the square whose three other vertices
were A, O and B

In complex term, z, = z, + z, =z, +iz, = (1 +1i)z
Question 6: Exam report
1 k+1 ((k+1)>=1) k+1
1- > | % = 3 X Part (a) was usually answered correctly although there were
(k+1) 2k (k+1) 2k many very long-winded algebraic methods employed including
k I 2k k+1 k(k +2) (k +2) the multiplication out of just about every bracket followed
immediately by their re-factorisation.
T 2k 2k(k+1) 2(k+1)
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Question 6:continues

Exam report

1 1 1 1
Proposition P, : Forn = 2,(1——2j(1——2j,.,(1——2j _n+l
3 n 2n
is to be proven by induction.
2
Base case: n=2 l—i2 :2 21:§andn_+1:2+1:§
2 2 4 2n 2x2 4

The proposition is true for n=2
Let's suppose that the propostion is true for n=k,

g (1- L1 L} (1-)-£21

1-— -——|=
3? K 2k

Let's show that the proposition is true for n=k+1,

There was however much
muddled thinking in part (b).
Whilst most candidates had some
outline of the method of
induction many candidates

, 1 1 1  k+2 attempted this part with no

Let's show that (1 _?j(l _3_2j {1 B (k + 1)2 } - 2(k+1) reference whatever to the series
product in question, whilst others

__________________________ tried to add the (k + 1) term to

the sum of k products.
(1 1 j(l 1 j {1 1 } ( 1 j(l 1 j (1 1 j[l 1 j Candidates who did consider the
T2 Py RN 2 [TV T2 PV R ) - 2 series usually used 5 rather than
2 3 (k + 1) 2 3 k (k+1) M but this was not penalised.
:k+1>< 1- ! == k+2 from part a)
2k (k+1) 2(k+1)

Conclusion :1f the proposition is true for n=k, then it is

because the proposition is true for n=2, according to te induction principle

I can conclude that the proposition is true for all n > 2:

bt

- 1= [ 1-—

) GEda

n

_n+1
2n

for alln > 2, (

true for n=k+1

Question 7:

Exam report

y=4\/;
a)s=.[01 14{

dy

2
j dx from the formulae booklet
X

dy_, 1 _2 (@f{i}li

dx NEENE dx Jx X
1/ 4 1 [x+4

S=.[0 1+;dx:J‘0 x dx

This question was generally answered well and many
candidates were able to score 12 out of the available 15 marks.
Part (a) was well answered apart from a few candidates who

dy

wrote —

1
=2x ? followed by
dx

1
2x2
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Question 7:continues

Exam report

b)i)x =4Sinh*0 % =4x2x Cosh0 x Sinh0
dx =8Cosh0 Sinh0 dO

when x =1, Sinh6 =—s00 Sinh™'0.5 and when x=0,Sinhf =0

s=| ‘/“ ae=[" 05 |ASIIO 4 o Cosh Sinh 6
4Sinh0

- js’"” o /4C"Sh 0 8Cosho) Sinht do = js’"” 5 €050 | S Coshl Sinh dO
4Sinh*0 inh
Sinh™ 0.3 5
5= L 8Cosh>0.d0
b)ii) Cosh20 = 2Cosh*0 —1 so Cosh’0 = % + % Cosh20
sinhos 1 1 Sinh 0.5
50 § = jo 8(5 +- Cosh20)d0 = jo 4+ 4Cosh20d0

Sinh™10.5

s =[46 +2Sinh20],
Sinh20 = 2Sinh0Cos0 = 2 x Sinh0 x~/1+ Sinh*0

=48inh™' 0.5+ 2Sinh(2Sinh™'0.5)

NG

1

‘/1+l
2 4

with 0 = Sinh™' 0.5 we have Sinh(2Sinh™'0.5) =2 x—
V5

s =48inh™' 0.5+ 2Sinh(2Sinh™'0.5) = 4Sinh™' 0.5 + 27 =4Sinh™0.5+~/5

In part (b) there were two main
sources of error. The first was to
interchange dx with d8 without any

_ ) dx
consideration of —; and the second

was to write
/4Sinh29 +4 us 28inh+2
4Sinh*6 28inh6

There were also a few candidates who

were unable to differentiate 4Sinh0 .

In part (b)(i), most candidates were
able to integrate 8cosh’6 correctly but
few were able to arrive at the printed
result in part (b)(ii). Two factors
contributed to this. Candidates either
failed to change the limits for x to the
corresponding limits for © or else
wrote the answer with no evident
method. This was unacceptable as the
answer for the arc lengths was given.

Question 8:

Exam report

a)i)z’ -4z +8=0

Let 2’ bet, the equation becomes t* — 4t +8 =0
discriminant:(-4)-4 x 1x 8=-16=(4i)’

4+4i

3

Sot=z =242

i) Let's write z° = (re”)’ =r’e"’

242i= 2[(\/_ \/_J N

These complex numbers are equal when

P =2\/§ and 39=i%+2k7r

—V2and0=+" k2 k=101
12 3

This gives 6 solutions :

T ”.371 Lil
V2e 2 or\2e 2 orf2e
b)(z—ke’)z—ke)=2" —zk(e’ +e )+ k€

=z’ —2zkCosO + k’
)z’ -4z +8=
i iz ks —1E frlia 3z

(z=2e2)(z—~2e )z —~2e 2 )(z=2e 7 )(z—\2e 2 N(z—2e )
= (zz - 2\/§COS% - 2)(22 — 2\/§Cos% - 2)( — 2\/7C0€— - 2)

Candidates were usually able to establish the
result in part (a) although the methods used
were sometimes somewhat inelegant. Part
(a)(ii) was reasonably well done although some
carelessness was in evidence in this part. For
instance, some candidates although showing

T
that the argument of z* was £— continued

T
their solution with only +Z and so arrived at

a total of three roots. Others having reached

‘ ‘ = 8 then thought that |Z| 8 also.

A few candidates used a method which,
although possible, was not really suitable. They

replaced the 22 in z° +4z° +8 =0 with 2 +2i
and so arrived at z° = + 8i .

This latter equation gave the twelve roots of
7% = -.64 and the method was incomplete
unless 6 of the roots were rejected. Part (b)
was generally well done, but part (c) was really
only completed by candidates who had
correctly answered part (a)(ii).

Maximum
Scaled Mark

Component

Code Component Title

A

Scaled Mark Grade Boundaries
B C D

MFP2 GCE MATHEMATICS UNIT FP2 75 |

56

49 42 35 29
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AQA - Further pure 2

—Jan 2008 — Answers

Question 1:

Exam report

j4fe

5 i50
e

a)d+4di= 4\f([ 7

b)Let's write z° = (re”)’ =r

2> =4+4i becomes

4[ 2e
so =42 and 50

5 159

+hkx2r1

Part (a) was done well by the majority of candidates.
However, responses to part (b) were less successful. A
number of candidates gave the roots of z° =1 as their answer
to part (b), whilst others left the modulus of the roots as

4\/5 instead of /2 , and others again gave solutions
outside the range of 0 as specified in the question. Some
candidates yet again were either unable to handle

_ _ +kx2m
\/5 and 6 = 2_0+k ? k= 2,-1,0,1,2 1(1+k><2;rj or, when taking the fifth root of 6[4 ] ,
s\ 4
1 1
r=~2 and 6’——ﬁ Iz = 9—” ﬁ (£+k><2—ﬂji
20 20720720 20 wrote e'? 3
The5" roots of 4+4i are:
3 L I 17r
\/56717 , \/567'20 \/76 20 \/76 0 \/Eelj
Question 2: Exam report
2r+1) —=(2r =1y =87 +121 +6r +1)— (8> =127 + 6r —1) Again part (a) was answered well, but

247r% +2

b)24ir2 =i((2r+1)3 ~2r-1)° —2)=i((2r+1)3 —@2r-1’)-

r=1 r=1

=3 -1+5-3+7-5+..+
2n—1)* —(2n=3) + 2n+1)* —=(2n -1y’ - 2n

=—1+Q2n+1)° -2n=-1+8n" +12n* + 6n+1-2n

=8n’ +12n* +4n

24zr2 =4n(2n° +3n+1) = 4n2n+1)(n+1)

Zr

—n(n +1)(2n+1)

solutions to part (b) were mixed.
Generally speaking, the best solutions
came from candidates who rewrote
part (a) as

L (@re1y—@r=1p 2
4

before making their summation. Those
candidates who preferred to use part
(a) in the form in which it was printed
either forgot to sum the 2’s to make
2n or only partially divided by 24. A
small number of candidates used the
method of induction either through
confusing the two methods of
summation or by deliberately choosing
an alternative method. Either way, no
credit could be given.

n

—_

2
r =
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Question 3:

Exam report

a)i)|-i-243 —i| =|-2V3 =21 =(-24B3) +(-2)* =12+ 4 =16 =4
The circle C passes through the point where z = —i
ii) The centre of C is the point where z = 2\3+i
arg(z+i) = arg(2\/§ +i+i)= arg(2x/§ +2i)

2 /4
Tan ' (—=)=~.
(2\6 L
The half-line L passes through the centre of C.
b)

c)

Lack of clear evidence that candidates
understood what they were doing in
part (a) caused a loss of marks for this
part of the question. Methods varied.
Those candidates who turned this part
of the question into a coordinate
geometry exercise probably provided
the clearest solutions.

Those candidates who evaluated

‘—21' N ‘ and arg(2\3 + 2i)

provided less convincing solutions and
in some cases evident error. For
instance it was not uncommon to see

—2i— 23| written as /(23 T (2i)°
[2i-24] (245)

Part (b) on the whole was done well
except that in some instances not all
the results of part (a) were
incorporated in the candidate’s Argand
diagram. Part (c) was done well but, if a
mistake did occur, it was almost always
that the shaded area would be bounded
by the real axis rather than by a line
parallel to the real axis through the
point represented by the complex
number z=—1.

Question 4:

Exam report

2 +iz" +3z—(1+i)=0 has roots a, 3, 7.
a)i)a+p+y=—i
iapf+ay+ Py =3
iiafy =1+i
bya'+ ' +y* =(a+B+y) -2af +ay + By)
=(—i)’ —=2x3
a’+pr+y=-7
iy’ B +a’y’ + By =(af +ay + By)’ —2(a’ By + Bray +y’af)
= (af+ay+Py)’ —20By(a+B+y)
=(3)" —2x (1+i)(—i) =9+ 2i +2i°
o’ B +atyt + Byt =T+2i
iiya’ By’ =(afy)’ =(1+i) =
)z = (N2> +(7+2i)z-2i=0
22 4+72 +(7+2i)z=2i=0

a’ By’ =2i

This question was probably the most
popular question on this paper and
certainly showed candidates well
prepared to answer questions on this part
of the specification. There were many fully
correct solutions or correct apart from the
odd sign error, the most common of which
was to write down (- i)’ as +1 instead of
—1. If there was a major loss of marks, it
was usually in the inability of a candidate
to evaluate Sa’p” and in this case the
candidate started by considering

2
(Zaz) only to find that the evaluation

of 2a* posed a serious problem.
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Question 5:

Exam report

The proposition P,, foralln>1,Y(+* +1)(r!) = n(n+1)!
r=1
is to be proven by induction

Base case: n =1, i(r2 +D(rH) =1 +1) 1) =2

r=1
and 1(1+1)1=21=2
the proposition P, is true
k
Let's supppose that P, is true, ie Z(r2 +1)(#) = k(k +1)!
r=1

k+1

Let's show that P

k+1
r=1

i(r2+l)(r!)= y (7 + DD +((e+ 1) +1) (k +1)!
B =Irc(1k+1)!+(k2+2k+2)(k+1)!
= (k+ DIk +K* +2k+2)
= (k+ 1)k +3k+2)
= (k+DI(k+2)(k+1)
W ks

= (k+2)! (k+1)
Conclusion :
If the proposition is true for n = &, then it is true for n =k +1
and because it true for n =1, we can conclude according
to the induction principal that the proposition is true for all .

Foralln>1) (> +1)(r!) = n(n+1)!

r=1

is true, Let's show that Z(r2 + D)) =(k+1)(k+2)!

Responses to this question varied
considerably. It was not, in general, that
candidates did not understand the method
of induction but rather that the algebraic
manipulation especially in the handling of
factorials proved to be a stumbling block.
For instance

k (k +1)! would be written as (k* + k )! and in
a significant number of solutions candidates,
having managed to reach (k +1)(k + 2)(k +1)!,
abandoned their solutions not realising that
the result was, in fact,

(k +1)(k+2)!.

Question 6: Exam report
a)i)(Cos9 n iSin9)3 — Cos30 +iSin30 Responses to this question were rather

disappointing. In part (a)(i), although most
and also

(C0s9 + iSinQ)3 = Cos’0 + 3iCos’0 Sin® —3Cos0 Sin’0 — iSin’0
=(Cos39 —3Cos6 Sin29) + i(3Cos29 Sin — Sin39)
By identifying the real and imaginary parts, we have
Cos36 = Cos’6 —3Cos0 Sin*6
ii) Sin36 =3Cos’6 Sinf — Sin’@
Sin30 _ 3Cos’0 Sinf — Sin’0
Cos30  Cos’0 —3Cos0 Sin*0

Now divide the numerator and the denominator by Cos’6

iii) Tan30 =

Sin® _ Sin’6
Tan30 = Cos0 Cos’0 _ 3Tan6 — Tan’6 _ Tan*6 —3Tan6
|3 Sin’0 1-3Tan’0 3Tan’0 -1
Cos*6

candidates correctly quoted cos30 + i sin 36 = (cosB
+isinB)’ , some immediately went on to use the
multiple angle formulae instead of expanding (cos +
i sinB)’. Some of those candidates who expanded
(cosB + i sinB)’ did not seem to realise that the
answers to parts (a)(i) and (a)(ii) were obtained by
simply equating real and imaginary parts. Other
candidates wrote i’ as +i and so were unable to
reach the correct result of part (a)(ii) and the printed
result in part (a)(iii). Even those candidates who
worked parts (a)(i) and (a)(ii) correctly in terms of
sinB and cosB , having written Sin30 , did not realise
Cos30
that the division of numerator and denominator by —
cos36 would give the printed result, but rather chose
to use sin’@ + cos’0 =1 to express numerator and
denominator in a different form, with no hope of
reaching the printed result.
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Question 6:continues

Exam report

b)i)For 0 = i,we have
12

Tan3£—3Tan£

Tan3—ﬂ: 12 12 .Letxbetani
12 3Tan® = -1 12
12
3_
then 1:x 5 3x x=3x=3x"-1
3x° -1

X =3x"=3x+1=0

ii) the other values of 6 can be obtained by solving

Tan360 =1 :
30="+kx
4
0=""41pxZ fork:(),g:ﬁ
12 3 12
k=1,6’=5—ﬂ
12
k=2,6’=9—ﬂ:3—ﬂ
12 4
¢) The three roots of the equation x* —3x* —3x+1=0
area:Tanl,ﬁ:TanS—ﬂ,)/:Tan3—ﬂ:—l
12 12 4
a+p+y=3 (x’ —3x*=3x+1=0)
Tan£+Tan5—ﬂ—1=3
2 12
Tan£+Tan5—ﬂ:4
12

Although the question in part (b)(i) started with the word
‘hence’ few candidates took up the hint and replaced 6 by

7 in part (a)(iii).
12

If this part was attempted it was often done by solving the
cubic equation in x to find its three roots and then by

T
quoting that TanE =2 —\/5 and a corresponding result

for Tans_ﬂ and consequently using these results in part
12

(c), a method not indicated by the question.

Question 7:

Exam report

a)yzln(Tanh%j x>0

1 » X X
2 sech? X x
d 2 (sec 2) 1 1 Cosh 5

d Tanh™ Cosh® > Sinh ™
@ _ 1 _ 1 1
A CoshE Sinh™  Sinh(2xY)y Sinhx

2 2 2
il = Cosech x
dx

Although many candidates were able to write down 1

tanhE
2
multiplied by lsechz Y, fewer were able to combine these
2 2
results to obtain cosech x . Even those candidates who

expressed Y entirely in terms of coshi and sjnhi
dx 2 2

seemed to baulk at the algebra which led to 1 .

2sinh X cosh X
2 2
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Question 7:continues

Exam report

2
b)i)s =J.12 1+(%j dx :.[12\/1+Cosech2x dx

. 2 2
1+ Cosech’x = 1+ 1 Sinh’x+1 _Cosh’x

Sinh>x  Sinh*x  Sinh’x
s§= '[ 2Cothxdx
1

ii)s = J.lz Cothxdx = J.lz ??SZX dx = [ln(Sinh x)]l2
inhx
s = In(sinh 2) —In(sinh1)

= Coth*x

Part (b)(i) was done well and many candidates
were able to arrive at s = In sinh 2 —In sinh1 in
part (b)(ii) but were unable to reach the printed
answer. If the integral of coth x was performed
incorrectly, it was often by coth x being replaced

Sinh2
=In - by 1 followed by In tanh x or In cosh x as the
Sinhl tanh x
. . . integral.
using Sinh2x = 2sinh x cosh x, we have &
sinh 2 = 2sinh1coshl
2sinhlcoshl
s=In| ———
sinh1
s = ln(2 coshl)
Grade boundaries
Component Maximum Scaled Mark Grade Boundaries
Code Component Title Scaled Mark A B C D E
MFP2 GCE MATHEMATICS UNIT FP2 75 | 0 52 45 38 31
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AQA - Further pure 2 - Jun 2008 — Answers

Question 1:

Exam report

a)5sinhx+coshx:%(e" —e")+%(ex +efx)

5.1 . 5 1
=—e +—e ——e +—e

2 2 2 2
5sinh x +cosh x=3¢" —2¢

—X

b) 5sinh x+coshx+5=0 becomes
3" —2¢ " +5=0 (xe")
3¢ =245 =0
3¢ +5¢" —2=0

Be'=1)e"+2)=0

e’ =§ or e ==2 (no solution)

0

Question 2: Exam report
A N B _A(r+2)+Br (A+B)r+24
r(r+1) (r+1)(r+2) r(r+1)r+2) r(r+)(r+2)

This expression is equal to S S for
r(r+1)(r+2)
A+B=0 and 24=1

1

A:land B=——
2 2

98 1 98 1 1
b = -
),;) r(r+1)r+2) r; 2r(r+1) 2(r+1)(r+2)
1 1 1 1 1 1
= ————————
220 264 264 312 312 364
1 1 1 1

et - + -
19012 19404 19404 19800
1 89

1
220 19800 19800

All the terms cancel except
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Question 3:

Exam report

2’ +qz+18-12i =0 has roots o, .y
a)i)aPy =—18+12i

ina+pL+y=0
byp+y=2

Na+p+y=0
a+2=0
a=-2

iiafy =—18+12i

-2y =—18+12i
By =9-6i

i) g =af +ay + Py =a(f+y)+ By
qg=-2x(2)+9-6i=5-6i
c)B =ki and it is aroot of z° +qz+18-12i =0
so (ki)’ +(5—6i)x(ki)+18—12i=0
—ik® +5ki+6k+18—12i =0
(6k +18)+i(—k> +5k—12)=0
6k +18=0 and —k’+5k—12=0
k=-3 and —(-3) +5x-3-12=27-15-12=27-27=0
so a=-2,=-3i,y=2-=2+3i

Question 4:

Exam report

a)z+5-i =2
Let z,=-5+i and A(z,)
Cis the circle centre A, radius » = V2
b)arg(z +2i) = arg(—4 + 2i + 2i) = arg(—4 + 4i)
Tan™' (ij =Tan'(-1) = 3z
4 4

z, =—4+42i lies on L

O)i)|~4+2i+5—i| =[1+i]| =J()* + (1)’ =2
z, liesonC
ii) L touches (is tangent to ) C
if L is perpendicular to the radius

arg(z, —ZA)=arg(1+i):%
arg(zl+2i)=37”

arg(zl+2i)—arg(zl—zA):3Tﬂ—%:%

L is perpendicular to the radius,
L is tangent to the circle C.
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Question 4:continues

Exam report

e

Question 5:

Exam report

a)cosh x = %(e" +e”‘)
cosh? x = %(e" + e”‘)2 = %(ez" +e 4+ 2)

1 1 1
cosh’ x = —x—(e* +e ™) +—
2 2 2
1 1
cosh? x = —cosh 2x +—
2 2

cosh2x =2cosh® x—1

2
b)i)S = 27r_[ y 1+(Zjdx 27r_[ cosh x xv/1+ sech’xdx
X

Ina Ina 5
S = 2ﬂ_[0 cosh x x cosh xdx = 27r_[0 cosh” x dx

) na | 1 1. 1
zz)S=27rL) Ecosh2x+5dx=27r Zsmh2x+5x

0

1 1
=2z (—sinh(2 Ina)+—Ina- OJ
4 2

2

4
S=r 1 a’ —i +Ina a 21+lna
4 a’ da

S =z| Lsinh(ina®)+Ina|=r lxl(el‘”’z—e*l“"z)Jrlna
2 2

Question 6:

Exam report

I:JS o dx
32 4+4x—x°
32+4x—x>=—(x—-2) +4+32
=36—(x-2)’

=du

I=J~5 dx =.[5 dx u=x-2 and dx
32 +4x—x" 36— (x-2)

whenx=-1Lu=-3

whenx=5u=3

g (L e )
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Question 7:

Exam report

a)nand n+1 are CONSECUTIVE numbers so one of themis EVEN
therefore n(n+1) is a multiple of 2
b)i) f(n) =n(n*+5)
fk+1) = fk) =k +D((k+1)*+5)—k(k* +5)
= (k+1)(k* + 2k +1+5) - k(k* +5)
=(k+1)(k* + 2k +6) —k(k* +5)
=k>+2k> + 6k +k* + 2k +6—k> -5k
=3k> +3k+6=3(k+1)(k+2)
(k+1)(k +2)is a multiple of 2 as the product of two consecutive numbers
so f(k+1)— f(k)is a multiple of 6
ii) Proposition P , for alln 21, f(n)is a multiple of 6 is to be
proven by induction
base case:n =1
f()=1x(1* +5) = 6 which is a multiple of 6.
B is true.
Let's suppose that for n =k, f (k) is a multiple of 6
Let's sahow that f(k +1)is then a multiple of 6.
fk+1)=3k+1)k+2)— f(k)
3(k +1)(k +2)is a multiple of 6
f (k) is a multiple of 6 (by hypothesis)
so f(k+1)is a multiple of 6 (as the difference of two multiples of 6)
Conclusion:
If P, is true then P, ,, is true. because P, is true,
we can conclude according to the induction principle

that the proposition is true for all n > 1.

Question 8:

Exam report

a)z)(z+

ii)(

(z——j—z _1+1_L222_i2
z z

)
JH (=l
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Question 8:continues Exam report

b)i)z" +in = (cosn0+isin n0)+(cos nf —isin n9) =2cosnb
z

1 . . .
iz ——= (cos nf +isin n9) —(cos nf —isin n6’) = 2isinn@
z

o)
(el
2

cos 60 —2¢08260 +4cos 40 —4)

=——c0s69—ic0s49+icos29 +i
32 16 32 16

d)J.cos4 Osin’ 0d6 = J.—icos66’—icos46’ +icos26’ +id6’
32 16 32 16

:—Lsin69—isin49 +isin29+i9+c
192 64 64

Component Maximum Scaled Mark Grade Boundaries
Code Component Title Scaled Mark A B Cc D

MFP2 GCE MATHEMATICS UNIT FP2 i | 58 51 44 37
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AQA - Further pure 2 —Jan 2009 — Answers

Question 1:

Exam report

a)1+2sinh® @ :l+2x%(e‘9 —e*g)2 =1+%(e29 +e7'-2)

14 2sinh*0 = %(ez‘g + 6*2‘9) =cosh 260

b)3cosh20 =2sinh @ +11
3(1+2sinh* @) =2sinh 6 +11
3+6sinh> @ —2sinhf—11=0
6sinh” @ —2sinh @ —8 =0
3sinh?@ —sinhO -4 =0
(3sinh @ —4)(sinh 6 +1) =0

sinh @ :g or sinh@ =-1

2
6 =sinh™ (gjzln §+Jl+(§j =1In3

o0 =sinh™" (=1) =In{~1+ 1+ (1" | =In(~1++2)

Part (a) was reasonably well done, although in a
number of cases candidates quoted other
relationships between cosh8 and sinh6 and so were
unable to gain credit. In part (b), two points are
worthy of note: firstly some candidates thought that
sinh® =—1 had no solutions as a negative sign
occurred, and secondly a substantial number of

candidates solved sinh@ =2 and sinh@ = -1 by using
3

the exponential form for sinh® followed by the
solving of a quadratic equation in e’ instead of merely
quoting the formula for sinh™ (x) given on page 5 of
the formulae booklet.

Question 2:

Exam report

a)|z—4i| <2 is the region inside the circle
centre A(0,4)and radius » = 2.
b) Draw the two tangents to the circle from the
originO. We call the points of contact P,(z,) and P,(z,).

Use trig.properties to work out the argument of z, and z, :

In the right-angle triangle OAP,,sinco = Zp;p _2_1

p 4 2
) l(lj T
Soa =SIn — | =—
2)76

Part (a) was well done apart from a few candidates who
drew their circle at the mirror image of its correct
position in the x-axis. In part (b), although candidates
realised that the tangents needed to be drawn from the

T T T o ) . ) .
arg(z)==-2=2 and arg(z,)=arg(z)+2a =2 origin to the circle in order to find the. possible value of
2 6 3 arg z, few were able to manage the trigonometry
2 involved to reach the correct range, and it was not
T < < T
El arg(z) =3 uncommon to see a4 appearing, suggesting that
3 3 tan 5 pp g, sugg g
g e
/’ . candidates thought that these points were in fact the
/ \\‘ points of intersection of the circle with the line through
5\ f " 1 i 4 its centre parallel to the x-axis.
-\\| : I;"f
Be | o
N/
k ;’f
\ |/
Y
o
* K
L Y
/ h

121




Question 3:

Exam report

1 2 2 1 2.2
Af )= flr=) =y =2 (r=D7r
=%r2[(r+l)2—(r—l)2}
=lr2(r2+2r+l—r2+2r—l)
4
=lr2(4r)

4
f)=fr=D=r

DS P =3 f) - fr=1) = f(n) - f(n-1)+

S(n+1)— f(n)+
f(n+2)— f(n+)+
.
f@2n-1)-f(2n-2)+
S @)~ f(2n-1)

all the terms cancel except f(2n)— f(n—1)

2n

> = f@n)- f(n-1)

r=n

1 2 2_1 _ 2 2
=, (2n+1) 4(n 1) n

=%n2[4(2n+1)2—(n—1)2}
=1nz(16n2 +4+16n—n"+2n-1)
4
=%n2 (15112 +18n+3)=%n2 (Sn2 +6n+1)

2n

S =2 (sn+1)(n+1)

r=n

There were many good and completely correct solutions to
this question. Virtually all candidates completed part (a)
correctly, and in part (b), if an error occurred, it was usually
in the selection of an incorrect value for r at one end. For

2n
instance, Z,ﬁ was taken to be f (2n) — f (n) rather than

f(2n) —f(n—-1).
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Question 4:

Exam report

a)(oz+,8+;/)2 :a2+,82+;/2+2(a,8+a7/+7/,8)
12 :—5+2(a,8+a7/+7/,8)
so aff+ay+yB =3
b)(a+p +7/)(oz2 + B2+’ —a,B—a;/—;/,B) =a’+ B +y’ -3ayB
1x(-5-3)=-23-3afy
so afly =-5
)z —(a+B+y)z +(a,8+a;/+;/,8)z—aﬂ7/ =0
22 =22 +3z4+5=0
d)a’ + B> +y> =-5<0 so at least one of the root is complex;
And because the coefficients of the equation are REAL,
its conjugate is also a root.
e)z’ =z +3z+5=0 has an "obvious"root :a =—1
indeed : (<1 = (=1’ +3x(=1)+5==1-1-3+5=0
Factorise the polynomial (z +1)(z* =2z +5)=0

Discriminant of z* =2z +5: (=2)* —4x1x5=-16 = (4i)’

Parts (a), (b) and (c) of this question were
well done apart from odd sign errors here
and there. However, there was much
woolly thinking in part (d). For instance, it
was not uncommon to see statements
such as ‘the cubic equation has real
coefficients so it must have one real root
and a conjugate pair of non-real roots’ or
‘since o’ +B° +y*=—5, two of a,B and y
must be nonreal’.

Part (e) was poorly answered: it just did
not seem to occur to candidates to use the
factor theorem to find the real root.
Instead they tried to use the symmetric
relations between the roots in order to
find them. This in turn led to heavy algebra
with final abandonment.

2+4i 2—4i
= andy =
p 2 4 2
a=-1pB=1+2i,y=1-2i
Question 5: Exam report

a)u =cosh” x, % =2sinh x cosh x = sinh 2x
X

du =sinh 2x dx
when x =0,u =1
x=1,u =cosh’1
1 Sinh 2)( cosh?1 dl/l cosh?1
I[=| ——7F—dx= =| tan"' u
01+cosh® x jl 1+u® [ }
I =tan"' (cosh2 1) —tan (1)

I =tan" (Cosh2 l) —%

were familiar with J‘

Part (a) was usually correctly done. However, responses to
part (b) were mixed. It was clear that not all candidates

du

~, even though it is given on
I+u

| page 8 of the formulae booklet. A significant number of
candidates gave this integral as In(1+ cosh® x).
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Question 6:

Exam report

The proposition P, :
2x1 2*x2 2°x3 2"xn 2t
+ + +..+ = -1
2x3  3x4 4x5 (n+D)x(n+2) n+2
is to be proven by induction

for n>1,

Base case: n=1

1+1
s 221 L rms 2 124 2L
2x3 6 3 1+2 3 3
B is true

Suppose that for n = k the propsotion P, is true.
Let's show that the proposition P, ,, is true

2x1 22x2 2°x3 2 (k+1) 2%

ie let's show that + +
2x3 3x4 4x5

2x1 2°x2 2°x3 2% (k+1)
+ + +ot
2x3  3x4 4x5 (k+2)x(k+3)
2x1 2°x2 2°x3 28 x k
2x3 3x4 4x5

2 % (k+1)
..t +
(k+1)x(k+2)  (k+2)x(k+3)

B 2/(+1 1 2k+l % (k +1)
(k+2)x(k+3)

k+2

:2"“(k+3)+2"“(k+1)_1:2"“(k+3+k+1)_1
(k+2)(k +3) (k +2)(k +3)
2" (2k+4) 2 (k+2) o2

T (k+2)(k+3)  (k+2)(k+3)  (k+3)

0.ED

Conclusion :
If the proposition is true for n = k, then it is true for n =k +1.
Because it is true for n =1, according to the induction principal

we can conclude that is true true for alln > 1.

(k+2)x(k+3) k+3

One thing which became evident in
the marking of this question was that
although candidates were able to
perform the mechanics of proof by
induction they did not really
understand the theory behind it. In a
significant number of solutions not
one reference to a series or the use of
the X symbol occurred. Solutions
started ‘assume result true forn =k’

k+1 k+1
followed by 2 +1+ 27 (k+D)
n+2 (k+2)(k+3)
2k+2

k+3

which was duly shown to be 1
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Question 7:

Exam report

Few candidates were able to supply a correct

a)—

d (cosh1 lj = —izx
d X X

1
I 1 2 , l—xz x /xz proof of part (a). The derivative of cosh™! (lj
X X was almost invariably given as 1
2
X / 1
x:\1=x X
d 1 1 followed by the correct answer after a small
(coshl j =——— amount of spurious algebra.
dx X xv1—x? Candidates fared better in part (b)(i), although it
1 was a little surprising how many candidates were
_ 2 11
b) y =~1-x" —cosh ¥ (0<x<I) unable to differentiate \/1—x* correctly. Those
d 1 1 1 1 candidates who continued and attempted part
l)_y =_x-2xX + N + (b)(ii) frequently produced a correct solution.
dx 2 \/1 —x2 x\/] —x2 \/1 —x2 x\/] —x2 Solutions to this part which went awry were
dy 1-x° 1-x° those in which candidates wrote
dx x\/l —x’ X

ii)szjf‘ A

s—j ~dx = [mﬂ%:m(ij ln(4j In(3)

followed by 1+1_x (which incidentally gave
X

the correct answer!), or in some cases where

candidates

/ 1
arrived at — orv )Ci2 but were unable to
X

take the square root correctly.

Question 8:

Exam report

a)(z4 ei@)(z4 _e—ié) :ZS _24649
=z~ z*x2cos0+1

(24_61'9)(24_649):28

—2z%cosO+1

—z*%" +1 =28—z4(e[‘9 +e”"9)+1

Part (a) was quite well done, although for
some reason the multiplication of the

b) for cosf = 1 (0="Y, 2 —22* cosO+1 becomes z* —z* +1=0 | brackets sometimes resulted in
2 3 2$—2(e” +7° )" +1 followed by the
lg 7 printed result. In part (b), a number of
We can factorise as A el A e 3 1=0 candidates lost some marks through
attempting to use an ‘otherwise’ method
7 instead of the ‘hence’ method as directed.
We need to solvez' =e ? .
Those candidates arrivingat z~ = ¢ 3
(re"ﬁ )4 _ eif% f,,e-""f,_ T R usually went on to solve the given
o z,f" Y equation correctly.
4 4if ,% f \‘\_ The Argand diagram, however, was poorly
re-=e ,e, " drawn. Frequently no circle was indicated
p i gl | and roots appeared at different distances
r=1or 4¢g=t—+kx2r . r : il from the origin, and in many cases
3 " i candidates seemed to think that the eight
6= +£ n k_ﬂ % 2 /,«"f roots were equally spaced round the
- 2 \\\ _ - origin
1171' N 371' i = ii()l H""E - =
Thlsglvesz—e 2 , € iE e 12 e 12
c)
Component Maximum Scaled Mark Grade Boundaries
Code Component Title Scaled Mark A B c D E
MFP2  GCE MATHEMATICS UNIT FP2 75 60 52 44 36 29
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AQA - Further pure 2 -

Jun 2009 — Answers

Question 1:

Exam report

LT LT
— 4 I—
a)z=2e" 50z =(2e 12

4 T
j =16e

z =16(cos%+iSin%j - 16(1+i£j

22
' =8(1+i3) a=38

b)let's write z = re” | z* = e’
z is a solution of this equation when

r* =16 and 49=%+k2ﬂ

r=2and 0="+kZ k=-2,-1,01
2 2

T St Az I

i— i
Solutions are :2e'? ,2e 2

— —
12 12
, 2e ,2e

This question proved to be slightly more demanding for
candidates than had been anticipated.

The main difficulty in part (a) was that, having written down

2'es (or frequently incorrectly 2¢3 ), candidates were
unsure about how to proceed, and they either abandoned
this part of the question at that point or then tried to

manipulate a(1+i\/§) with little success.

Question 2: Exam report
a) A B AQRr—-1)+B2r+1)
2r—-1 2r+l r+)2r-1)

_(24+2B)r+A-B
477 —1

this is equal t04 21 1 when A—B=1and 2A+2B=0

A:land B:—l
2 2

n 1 n
b)24r2_1 :z

r=1 r=1

1 1 I 1. 1 1

20r-1) 22r+1) 2 6 6 10
11

10 14
1 1

+
dn—-6 4n-2

1 B 1
dn—-2 4n+2

All the terms cancel except -
4n+2

i 1 1 1 4n+2-2  4n _ n
“A42 -1 2 4n+2 24n+2) 4Qn+l) 2n+1

1 1
oL <0.001
)5 ;4#—1
(L1 ) o001 <0.001
2 2 an+2 4n+2
dn+2> ! 4n > 998
001
n>2495 =250

Almost all candidates produced correct solutions to
parts (a) and (b), apart from the odd arithmetical slip.

There was, however, less success with part (c). Few
candidates worked with inequalities (although the use
of the equals sign was condoned) and the lack of ability
to solve an equation in n with decimals involved led to
the solutions for n which common sense should have
told candidates was impossible. It was not infrequent to
see n as a decimal less than unity and, even when
candidates, using equalities, arrived at 249.5, they left it

as their final answer, not considering that n had to be
integral.
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Question 3:

Exam report

2+ pz> +252+9 =0 has roots o, B,y
p and q are real numbers.

a)a =2-3i.

Because the coefficients of the equation are REAL numbers,

a*isalsoaroot : [ =2+3i
b)yiyaP =(2-3i)(2+3i)=4+9=13

iiap+ay+ Py =25

af+y(a+p)=25

Responses to this question were good, and the
vast majority of candidates produced a
completely correct solution. If errors did occur
they were usually arithmetic, although
occasionally p and g were given as Za and afy
respectively with no consideration being given to
their sign.

13+yx4=25 y=3
iii)yafy =—q=13x3=39 q=-39
a+p+y=—-p=4+3=7 =-7
Question 4: Exam report
a)y =tanhx
: 7(ex_e—x) X X
b)u =tanh x = simhx _ 2 SSiinid
cosh x 1(ex+e—x) e +e
2

Factorise num. and den. by e™*

e (e2x -1 e —1

@) il

Now make e** the subject of the expression
™ —1=u(e*™ +1)

e —ue’ =u+1

e(l-u)=1+u

u =tanh x =

e :1+_u SO 2x:1n(1+—uj
1—u 1-u
1 (l+uj
x=—In| —
2 1-u
c)i)3sech’x+7tanhx =5 sech’x = — =1—tanh’
cosh” x

3(1—tanh® x)+7tanh x =5
3—3tanh® x+7tanhx—5=0
3tanh® x—7tanh x+2 =0
if)3tanh” x —7tanh x +2 =0
(3tanhx—1)(tanh x—-2) =0

tanh x :é or tanh x =2 (no solution for all x,—1< tanh x <1)

1
113 1
x=—In| —3 |=x=—1In(2)
2,1 2
3

X

Sketches were poor in part (a). Sometimes
asymptotes were not drawn and even when
they were sketches crossed or mingled with
their asymptotes. It was not uncommon to

T
see E or t on candidates’ diagrams

showing some confusion with the graph of
y=tanx.

In part (b), provided that candidates knew
e -1
e+l

, they almost always went on to complete
this part correctly, but a substantial number
of solutions petered out at this point.

what to do when they reached ,;, —

Part (c) was well done apart from the
rejection of tanh x = 2 where lack of
adequate reasoning for its rejection was
often apparent.
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Question 5:

Exam report

a) The proposition P, :for n > 0,(cos@ +isin0)" = cos nf +isinnf
is to be proven by induction
basecase:n =0
LHS : (cosO+isinf)’ =1
RHS :cos0+isin0=1
B is true
Let's suppose that for n = k the proposition is true
Let's show that the proposition is true for n =k +1

i.e,Let's show that (cos@ +isin0)"" = cos(k +1)8 +isin(k +1)0

1= (cos@ +isinB)" x(cosO +isin0H)

=(cos kO +isinkO)x(cosd +isinO)
= (cos kB cos @ —sin kO sin 0) +i(sin kO cos O + cos kO sin 9)
Using the formulae cos(A+B)=cosAcosB —sinAsinB
and sin(A+B)=sinAcosB+cosAsinB
(cos @ +isin6)“"' = cos(k6 +0) +isin (kO +0)
=Cos(k+1)0 +isin(k+1)0 Q.E.D

(cos@ +isinB)

Conclusion:
If the proposition is true for n=k, then it is true for n=k+1.
Because it is true for n=0, we can conclude, according to the induction principal
that it is true for all n > 0.
foralln >0, (cos@+isin@)" = cosnd +isinnb

so z" =cosnO +isinnf

1_ cos(—0) +isin(-0) soi 1 _ cos(nB) —isin(nb)

z - cos(nf) +isin(nd) cos’(n)+sin>(nb)
= cos(n0) —isin(nb)

b)z=cosO +isin6

1
z" +—n:2cosn9

z
C)Z+l=\/§=2><£=2COS9 with ="
z 2 4
.1 T R4 V4

so z'+—=2cosl0x—=2cos— =2cos— =0
z" 4 2 2

The general rules applicable
to proof by induction in part
(a) were usually understood,
but because candidates
realised that the product of
cosB +i sin@ with

cos kB +i sin kB had to result
in

cos (k+1)8 +isin (k+1)0,
many lost marks through
omitting some of the
intermediate steps.

In part (b), many candidates
lost a mark by assuming that
(cos BisinB)" was equal to
cos nB —i sin nB without any
justification.

Part (c) was almost invariably
correctly done.
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Question 6:

Exam report

a)A(z ) with z, =2+3i
B(z,) with z; =—4-5i
e The mid point of AB, 1I(z,)

1
with z, ZE(ZA +zp)=—1-i

e the radius of the circle is |z, -z A|

r=[-1-i-2-3i|=|-3-4i| =9 +16 =5

C:lz-z|=x |z +1+i1[=5
b)C,:|z—=5+4i|=4

is the circle centre J(z,) with z, =5—-4i
and radiusr, =4

c) Draw the line 1J, joining the centres.

This line crosses the circles at M, and M,
MM, =1J+r+r,
=|z,—z,|+4+5=|-1-i-5+4i]+9
=|-6+3i|+9=/36+9+9

MM, =9+35

The coordinates of the centre of the circle in part (a) were
usually obtained, but the notation was often poor and it
was not uncommon to see the centre of the circle C;
written as (-1,-i) and, on the diagram, the scale on the y-
axis written as i, 2i, 3i and so on. Also, radius and diameter
were commonly confused.

Sketches in part (b) varied considerably, the best being
those who used compasses for their circles. These were
generally readable with centre and radius indicated.
However, some candidates chose to draw their circles by
plotting points and joining up by freehand. These sketches
turned out to be very poor. The circle C, was sometimes
mistakenly drawn in the incorrect quadrant through
choice of centre as (-5, 4) whilst others either failed to
realise that the circle C, touched the x-axis or drew a circle
touching both axes.

In part (c), although many candidates placed z; and z, on
their diagram in the approximately correct positions, not
all realised that these points were at the intersections of
C; and G, and the line 0,0,, and even when they did, the
finding of the length 0,0, proved to be beyond many.
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Question 7: Exam report
2 2
L ds d S 4+
a)i)—=,/1+ D)o+ 2] =
dx dx 2 4
ds 1
= o4
dx
. 1 ds 1
i)—F——==
\ 4+s2 dx 2
Responses to part (a)(i) of this question were reasonable,
.[ — ds _.[ —dx although candidates starting with
2
Va+s’ s :J- IJ{dy) dx tended to flounder.
T ) 1 dx
sinh” | — |[=—x+c
2) 2
Part (a)(ii) was very poorly attempted with the majority of
When x=0,5s=0 so ¢=0 candidates failing to realise that the way forward was to
s ] X separate the variables in order to integrate. It was very
— =sinh— s =2sinh— 5 i
B 9 common to see attempts at J' 4+ 524y treated as if it were
.d . o
zzz)—yz—s—smh— I 4+stds
dx Of the few that did manage to separate the variables, virtually
X no one considered the boundary conditions but merely
y= 2COShE +k assumed that the constant of integration was zero.
Candidates were more successful with part (a)(iii) and,
A(0,2) belongs to the curve so although the constant of integration was omitted in many
2=2coshO0+k k=0 cases, more candidates considered the boundary conditions
than in part (a)(ii).
X
y=2cosh—
2 Those candidates who managed part (a)(iii) usually went on to
X ) X work part (b) correctly.
b)y* =4cosh’ = = 4(1+sinh’ >)
2 2
.. . X S
from a)ii) we know that sinh — =—
2 2
2
2 A)
Y =41+
4
V' =4+5
Grade boundaries
Component Maximum Scaled Mark Grade Boundaries
Code Component Title Scaled Mark A B [ D E
MFP2  MATHEMATICS UNIT MFP2 75 | 59 51 43 36 29
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AQA - Further pure 2 —Jan 2010 — Answers

Question 1:

Exam report

a)cosh” x—sinh” x = %(e" +e* )2 —%(e" —e ¥ )2

2 2
4 4
b)i)5cosh® x +3sinh’ x = 5cosh” x + 3(cosh® x —1)
=8cosh’ x -3

ii) y = cosh x graph
iii)5cosh® x +3sinh”> x=9.5
8cosh’x—3=9.5
cosh’ x =1.5625
coshx =1.25 or coshx =-1.25 (no solution)
x =cosh'(1.25) or x =—cosh™'(1.25)

x:ln(l.25+\/1.252 —1):1n2 or —In2

Part (a) was generally well done apart from a few

candidates who were unable to square l(ef +eﬂ‘)
2

successfully.

Parts (b)(i) and (b)(ii) likewise were well done although
tl did appear on the x-axis of some sketches in part

2
(b)(i). However in part (b)(iii), those candidates using the
logarithmic formula for cosh™ x from the formulae
booklet arrived at a single value of x, namely In2, but
failed to realise that the sketch in part (b)(ii) was
intended to give them a hint that —In 2 was also a
solution of the equation. On the other hand, candidates
who used the exponential form of either cosh x or
cosh2 x automatically produced both answers provided
their working was correct, but some of these candidates
were unable to handle the algebra leading to a quadratic
equation in either " or e

Question 2:

Exam report

a)i)|z—4+2i=4
this is the circle centre A(z ) withz , =4—-2i
and radiusr =4
ii)| 2| =]z —2i|
This is the perpendicular bisector of the line OB
withz, =2i and z,=0
b) The region is the intersection of the inside of the circle

and the half-plane containing B.

g B S

k¥
L

This question was well done overall and many
candidates scored all of the eight available marks. Those
candidates using mathematical instruments, i.e. ruler
and compasses, produced superior solutions. Errors,
when they did occur, were either the misplotting of the
centre of the circle, or more commonly, the misplotting
of the line. The commonest mistakes were either to
draw the line through the point (0, 2) or more
frequently through (0, —1). If serious errors were made
in the plotting of the line, loss of marks in the shading
were almost inevitable.

142




Question 3:

Exam report

22° + pz° + gz +16 = 0 has roots a, B, y.
p and q are REAL numbers
o =2+2i3
a)i) Since the coefficients of the equation are real numbers,

a’isalsoaroot so [3:2—21\/5
16
iafy =—— =8
yaPy 5
afy =(2+2i3)(2-2i3)y = (4+12)y =16y
S0y =——
7=
iii)—§=a+,8+;/:2+2i\/§+2—2if—%
1
=24-)=p=-7
p=—2 2) p

1
%:aﬁ+a7/+ﬁ;f:aﬁ+y(a+,8):l6—§x4
q=28

b)i)a:2+2ix/§:4 l+i£ :4(cos£+isin£j
2 2 3 3
a=4ei§
ia" =|4e3 | =47¢’ =4”(cosﬂ+isinﬂj
3 3
ia"+p"+y" =
p nr .. nw p nt .. nw Y
=4"| cos—+isin— |+4"| cos— —isin— |+| ——
3 3 3 3 2
=4"| 2cos™2 |+ 1
3 2

=2% x2xcosﬂ+(—lj =2 cosm+(—lj
3 2 3

This question provided a good source of marks for
many candidates. The commonest error in part(a)
was to write afy as -16, overlooking the fact that
the coefficient of x* was not unity and, of course,
leading to an incorrect value for y . This error
perpetuated in part (a)(ii) with a + B +y written as p
or —p and the same for g.

Parts (b)(i) and (b)(ii) were generally well done,
although it should be stated that when answers are
printed, candidates are expected to provide
sufficient detail to show clearly how their answers
are arrived at. Part (b)(iii) was also quite well done
and it was pleasing to note that in some cases

where candidates had not arrived at 1 they
2

}/ =
went back to part (a)(ii) to identify their error. Just
occasionally in part (b)(iii), some candidates made
blatant errors in their attempt to convert

4 cos?+4 COST into 22"+ COST

143




Question 4:

Exam report

x=%cosh2t and y =2sinht

a)ﬁ =sinh2¢ and & =2cosht
dt dt
2 2
(@j + (ﬂj = (sinh® 2t + 4 cosh® ¢)
dt dt

=cosh’ 2 —1+4cosh’ ¢
Using the identity cosht=2cosh’¢—1, we have

2 2
(@j _4_(@) :(2cosh2t—l)2 —1+4cosh®¢
dt dt

=4cosh*t—4cosh*t+1—1+4cosh’¢
=4cosh*¢

2 2
(dxj +(dyj =4cosh*¢
dt dt

b)i)S=2nj;y\/(%j +(%) dt

S=2x jolzsinhtx (2cosh 1)dt

1 .
S = 87[]0 sinh ¢ x cosh? ¢ dt

1
ii)S =8r [l cosh’ t} = 8—ﬁ(cosh3 1- 1)
3 3

0

Although a good number of candidates answered part (a)
correctly, quite a few stalled at the handling of sinh” 2t either
by misquoting a formula for the double angle or by using
long winded algebraic methods in which they lost direction.
Consequently these candidates were unable to score full
marks in part (b)(i).

Part (b)(ii) proved to be beyond the abilities of the majority
of candidates. The usual attempts were either to express
replace cosh’ t by 1+sinh’ t or to express cosh’ t in terms of
cosh 2t , thereby making no progress. Few thought of using a
simple substitution.

Question 5:

Exam report

S, =r*(r+1)r+2)
a)i)S, =u, +u, tu; +...+u,_ +u,
so forr=1, § =u,
u =1’ x2)x(3)=u, =6
ii)S,=u, +u,=6+u,
and S, =2"x(3)x(4) =48
u,=48-6=
u, =42
iiu,=85,-S, ,
=n’(n+D(n+2)—(n-1>n)n+1)
=n(n+D)| n(n+2)-(n-1y’ |
=n(n+l)(n2+2n—n2—l+2n)
u, =n(n+1)(4n—l)

This question proved to be quite discriminating. Either
candidates realised what they were asked to do and scored
full marks, or the notation puzzled them and they were
unable to proceed beyond part (a)(ii), thinking that the
answer to this part should be 48 rather than 42. Some of the
weaker candidates, whilst realising what to do, failed to take
out common factors in their algebraic manipulation in parts
(a)(iii) and (b) with the result that correct answers were
written down after incorrect algebra.
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Question 5:continues

Exam report

b) 2zn ur = 2zn Sr_Sr—l :Sn+l_Sn+

r=n+l r=n+l
Sn+2 - Sn+1 +
Sz =S oo
+ S2n - S2n—l

i u =8, —S =2n) 2n+1)2n+2)—n’(n+1)(n+2)

=8n*2n+1)(n+1)—n*(n+1)(n+2)
=n*(n+)[82n+1)—(n+2)]
=n*(n+1)(15n+6)=3n’(n+1)(5n+2)

Question 6: Exam report
dt
a)t=tan@ so— =1+tan’ @ =1+¢
do
dr
1+¢
1 1
ecos’ 0 = = 5
l+tan" @ 1+¢
1 pe In part (a), whilst dr was expressed correctly, the
osin’f=1-cos’O=1-—5=— do
1+¢ 1+¢ manipulation required to obtain the integral in terms of t

,[ do

1 dt dt
= X =
9cos’ O +sin* 0 I 9 . £ 1+7 -[9+z‘2

1+ 1+¢

b)when 6 =0,t =tan0=0

T T
0==,t=tan—=+/3
3 3

3 do

0 9cos’O+sin’0 Yo 9+ |3
V31

I=l><tan’1 - ——tan’l(O):lxzzl
3 3 3 3 6

was frequently faulty. Also in part (b), whilst many
candidates were able to write down the correct definite

integral ltan’l L , full marks were not awarded unless it was
3 3

T . .
clear how the answer Z— was arrived at, as this answer was
18

given in the question.
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Question 7

Exam report

u =2, u,,=2u,+1
a) the proposition P, :for alln>1,u, =3x2"" -1

is to be proven by induction

Base case:n =1

LHS: u, =2
RHS :3x2™ —1=3x2"-1=3-1=2
F is true.

Let's suppose that for n = k, the propostion is true.
Let's show that it is true for n =k +1.

i.e.Let's show that u,,, =3x2" 1

ey =2u, +1=2(3% 25 =1)+1=3x2" —2+1

uk+l :3X2k _1

Conclusion:

If the proposition is true for n =k, then it is true for n =k +1.

Because it is true for n =1, we can conclude,

according to the induction principle that it is true for alln > 1.

Candidates generally had difficulty in using the
recurrence relationship in their proof by induction,
so that responses to this question were rather
poor. Proper detail is essential in the proof by
induction using a sequence and a sequence
relationship so that relatively few candidates
scored full marks for part (a).

Very few candidates indeed were successful in part
(b). Only a handful of candidates recognised that a
Geometric Progression was involved. If they did,
they usually went on to obtain a correct solution. It
should perhaps be added that one method of
providing an excellent solution was to rewrite

Uy, =2u, +lasu,,—u, =u, +1 andthen

to use the method of differences to sum the series;
but this method of solution was extremely rare.

b)Zur:z3x2’1—1:322’1—n:3x22_1—n
r=1 r=1 r=1 -
- r—1 n—1 2”_1
remembercore2?:z2 =1+2+4+8+...+2 :12 "
r=1 -
ZMr=3><2”—3—n:(3><2”—1)—(n+2):un+l—(n+2)
r=1
Question 8: Exam report
27
a))o=e¢’

;
2
7 i— 2i ..
S0 @ :{e 7} =e™" =cos2r+isin2z =1

o is a solutionof z' =1

2
ii)70 =kx2r 6’=k><7ﬂ
the other non—real solutions are
fork=2, e’ =0  fork=3,e’ =@
8 107

fork =4, e’ =0 fork =5,elT =

127z

fork =6, el =

Whilst part (a) was generally well done, relatively few
candidates expressed the other roots in terms of w , but
rather gave them in the form re"
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Question 8:continues

Exam report

Hl+o+0* +0’ +o'+o’ +o°

is a geometric series with common ration @

4o+’ +0’ +0* +0° +0° =

Ar 4r

| D 4r
oo+’ =0’ +0 =e’ e’ :20057

il+o+o0’ +0’+0' +0° +0° =0

O+t +o o o =

o+o  +to'to o +o” =

6r

2cosz—ﬂ+2cos4—ﬂ+2cos— =
7 7 7

2 Ar 6r 1
COS— +COS— + COS— = ——
7 7 7 2

-0’ 1-1

l-w

l-w

-1
-1

-1

0

Few, also, were able to complete part (b).
The relation 1+w +w” = 0 appeared with regularity.

Part (c) was poorly answered. Although correct answers were
written down as they were given in the question, few
responses were convincing and as has already been stated
earlier, if answers are given, it is the responsibility of the
candidates to supply sufficient working to convince the
examiner that they understand the methods involved

Grade boundaries

Component Maximum Scaled Mark Grade Boundaries
Code Component Title Scaled Mark A B C D E
MFP2 GCE MATHEMATICS UNIT FP2 75 | 61 53 45 38 3
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AQA - Further pure 2 - Jun 2010 — Answers

Question 1:

Exam report

a)9sinhx—coshx=%(e" —e")—%(e" +efx)

8 . 10 _,
=—e¢' ——e
2 2

=4e" —5¢ "

b)9sinh x —cosh x =8 is equivalent to
4e" —5¢ " =8 (xe")
4e* —5-8¢" =0
4(6")2 —8¢"-5=0
(2¢" =5)(2e" +1)=0

Almost all candidates scored the two available marks in part
(a). However in part (b) a number of candidates did not draw
on the hint of part (a) but instead tried to manipulate the
equation given in part (b). A few of these candidates
expressed the given equation in tanh x and sech x and then
squared, obtaining a quadratic in tanh x. When factorised
these candidates obtained two values for tanh x, only one of
which was the correct one. However, virtually no one

ef = § or ef = —l(no solution) rejected the incorrect solution so that it was almost
- 2 - 2 impossible to award full marks when this method was used.
5 2
ef—e* 5 5 25-4 21
tanh x = — = 2 5_ -
e"+e” §+2 25+4 29
2 5
21
tanh x = —
Question 2: Exam report
1 A B

D7 ey U

1=A(r+2)+ Br

1
r=0gives 24 =1 A:E
. 1
r=-2 gives —2B =1 B:_E
SR S S
r(r+2) 2r 2(r+?2)
48 1 1

)zr(r+2)_“§_2(r+2)
%178 e
== C +— L A A+
2 4/8
e
——
9.,/9 9 100
i 894

- +____ -
zlr(r+2) 2 4 98 100 1225

This question was generally well done, with many candidates
scoring full marks. When errors did occur they were usually
in the omission of one of the four fractions that made up the

sum, notably 1

98
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Question 3:

Exam report

z=2+2iand M(z)
Does M belong to L, ?
|z 4143 =2 +2i +1+3] =[3+ 5] =9+ 25 =34
|2=5-7i|=[2+2i-5-7i|=|-3-5] =9+ 25 =34
M(z=2+2i)belongsto L,
Does M belongto L, ?
arg(z) = arg(2 +2i) = tan™' (gj T
2) 4
M(z=2+2i)belongs to L,
M (z) 1s a point of the intersection between L, and L,
b) L, is the perpendicular bisector of the line AB
with A(z, =—-1-3i) and B(z; =5+7i)

L, is the half line from O with gradient tan% =1.

c)

ra

The verifications in part (a) were not always convincing,
especially the verification that the point representing the
complex number 2 + 2ilay on the line L;. The sketches in
part (b) varied considerably. Those candidates who made a
reasonably careful drawing generally scored higher marks as
they were able to clearly show that the point representing

2 +2ilay on both L, and L,.

Careful sketches also improved a candidate’s chance of
scoring full marks in part (c).
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Question 4:

Exam report

a)z’ —2z° + pz+10 =0 has roots o, B,y
a’+p+y=—4
ao+p+y=2
b)i)ais aroot soit satifies the equation
a’—2a’ +pa+10=0
ii) The same applies to  and ¥
a’ =20+ pa+10=0
B =28 +pB+10=0
Y =2y +py+10=0 byadding
(a3+ﬁ3+y3)—2(a2+ﬁ2+y2)+p(a+ﬁ+y)+30:0
—4-2(a*+ B’ +77)+2p+30=0
—2(a’+p+y)=-2p-26
a’+p*+y’=p+13
iina’+p*+y’ =(a +,8+;/)2 ~2(aB+ay +yB)
=2"-2p=4-2p
S0 4-2p=p+13
-3p=9
p=-3
c)i) Test the values —2,—1,0,1,0r 2 for a.
indeed (~2)° —2x(-2)" =3x(-2)+10 =
-8-8+6+10=0
i)z’ =22" =3z+10=(z+2)(2* -4z +5)

here, a = -2

2z —4z+5 discriminant = (—4)’ —4x1x5 = -4 = (2i)’

Whilst parts (a) and (b)(i) were well done, few
candidates were able to complete part (b)(ii)
correctly through not taking note of the hint given
in part (b)(i). Those candidates attempting to work
out (a + 8 +y )’ were inevitably doomed to failure.

Part (b)(iii) was usually attempted by assuming the
result of part (b)(ii). There were many correct
solutions to part(c) although slips of sign often led
to a solution with three real roots, contrary to the
statement of part (c)(i).

ﬁ:4zm:ﬁ:2+imMy:2—i
Question 5: Exam report
. 2 : 2 2
/)tanh® ¢ + sech’ = smhzt N 1 - sinh t2+1 _ coshzt _q
cosh“¢t cosh”¢ cosh” ¢ cosh” ¢
ii)i(tanht) :i(smht :zj _ (u v—zuv )= coshtxcosht—smhtxsmht
d dt\ cosht v % cosh” ¢
h? ¢ —sinh?
_ cos t jln t _ - sech’t
cosh” ¢ cosh” ¢
iii)i(secht):i( ! :lj :(—u—zj =— smhzt
dt dt\ cosht u u cosh” ¢
=— sinh? X ! = —sechttanh¢
cosh? cosht
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Question 5:continues

Exam report

b)x=secht and y=4-tanht

i)ﬁ =—sechtxtanht and & = —sech’t
dt dx

2 2
(@j n (@j =sech’s x tanh? # + sech
dt dx

=sech’t (tanh2 t+sec hzt) =sech’t

1 2 2 LN
s=.[21n3 ﬁ + ﬂ dt:'[zmsechtdt
0 dt dx 0

du_ du _

Part (a) was a source of good marks for almost all
candidates. If errors did occur they were usually
errors of sign. Part (b) was also generally well done
although it was disappointing to see the square root

iu=¢' =e = dt of sech’t tanh’t + sech®t written as sech t tanh t +
dt u sech’t a significant number of times. Responses to
when t =0, u =1 part (b)(ii) were mixed. Poor algebraic manipulation in
1 the handling of sech t when expressed in terms of u
t=—In3=In \/5, u= \/§ let many candidates down badly so that they ended
2 up with a polynomial in u to integrate.
1
~In3 Vo2 NER) du
s:jz sechtdt:j x:j X —
0 et +e” ! |
u+-—
u
B2 4 V3 _ _
s = du=[2tanlu} =2tan"'3-2tan'1
1 42 1
u +1
V4 T 2r &
:2X_—2X—:———:—
4 3 2 6
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Question 6: Exam report
a) 1 k+1  k+3 k41 2
(k+2)! (k+3)! (k+3)! (k+3)! (k+3)!

n r n+l
b) the proposition P, :foralln>1,»" rx2 .2
= (r+2)! (n+2)!

is to be proven by induction

Base case:n =1

1 r 1
sy X2 o2z 21
r+2)! A+2)! 3! 3
1+1
RHS: 1-—2 4 _;_2_1
1+2)! 3! 3 3
B is true

Let's suppose that for n = k, the proposition is true.
Let's show that it is true forn =k +1
k+1 X 2r

Zri2) (k+3)!

2k+2
i.e Let's show that

% rx2" _i rx2" +(k+1)2"“_1_ 2 +(k+1)2"“
“r+2)! S r+2)  (k+3)! (k+2)! (k+3)!

—1__nk+l l _(k+l) —1_ k+1>< 2

=12 ((mz)! (k+3)!j =2 gy from 9a)
2k+2

“waa OF

Conclusion:
If the proposition is true for n = k, then it is true for n =k +1.
Because it is true for n =1, we can conclude, according

to the induction principal that it is true for alln > 1.

Again responses to this question were
mixed. It was evident that some
candidates thought that (k + 2)! started
at k, and wrote it as k(k + 1)(k + 2).
Others wrote down the result after some
rather dubious algebra. Although there
has been considerable improvement in
the way that solutions by induction have
been expressed, in this case what would
otherwise have been acceptable
solutions were spoilt by errors of sign.
The same error occurred frequently. It
occurred when a candidate tried to
combine, in one bracket, a negative
expression followed by a positive
expression by placing a negative sign
outside the combining bracket and then
by forgetting to alter the sign before the
positive term to compensate.
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Question 7:

Exam report

J3) o

1

N +iN3=2|—+i— |=2
a)i) i3 5 i 5 e
1- z—\/_(

8 . T 5

if) (1+/3) (1—1‘)5:[253} x{\/ie l4j
s 5 it 2 s AT
=e 3 x2e *=2% 3 x2¢"*

j N

5 1[2” 3ﬂ] 21 17 17z
—28x22xe' 3 —22¢ 12 _1024\/—612
3 i0 )3 3 30 L
b)z :(re ) =re’ =22 12
2 177
sor’=22 and 30=——+kx2nx
12
;
r=22 2842 and 0= 4 kx2" k=—2.-10
36 3
17r 3z

*l
solutions : z—8\/—e 36 or z—8\/—e 36 orz—8x/—e 36

Part (a)(i) was generally well done. The less
successful candidates usually wrote the argument of
1—ias 3n/4 instead of — /4. In part (a)(ii) there was
some poor handling of fractions in the argument of
the product of the two complex numbers, and also
some omission of raising the moduli of the two
complex numbers to their respective powers. Many
of the candidates who had been successful in part
(a) often went on to complete part (b) correctly,
although some candidates lost marks either through
not giving z in the form asked for or by giving values
for & outside the specified range.

Grade boundaries

Max. Scaled Mark Grade Boundaries and A* Conversion Points
Code Title Scaled Mark | A" A B [ D E
MFP2 GCE MATHEMATICS UNIT FP2 75 | 70 65 57 49 41 33
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