Specifications:

Polar Coordinates
Relationship between polar
and Cartesian coordinates.

Use of the formula

B
area = J; %r:dé?.
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Polar coordinates

The convention 7 >0 will be used. The sketching of curves given by

equations of the form » =f(€) may be required.



Principle and definition

So far, in geometry, we have been To ensure the unicity of the polar coordinates,
working with CARTESIAN coordinates: we choose @ in a 27 —interval
AX, y) either —r<@<nx
5 or 0<0<2x7
4
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The position of the point A can also be

defined with
its distance from O
and

the angle made by OA with the x-axis.

The distance OAis noted " r"
with r> 0.
The angle is noted "0".

e The plane in which the points are located with polar coordinates

is called the r - @ plane

A(r,9)

The polar coordinates of A are:

¢ The point O is called the POLE.
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eThe line =0, is called the initial line.



Sketching a curve

In cartesian coordinates, the equation of the curve will be given as

y=f(x)

In polar coordinates, the equation of a curve is given by

r=f{6)
(The radius depends on the angle with ox)

11m/12

Complete the table of values
and plot the curve with equation
r=4-2Cos6 —n<@<nm
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Complete the table of values
and plot the curve with equation
r = 6Cos6O +8Sinb 0<@<nx

e

y

3n/2
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Complete the table of values

and plot the curve with equation

e
r=14+6e ~ 0<60<L2x

e

11m/12
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Distance between two points

The polar coordinates of the point A and B are:
General case:

T T
A(2,=) and B(3,——
( ,6) and B(3, 2)

a)Find the angle between OA and OB, where O is the pole.
b) Work out the length AB 1is the triangle OAB.

Good to remember :
A(,,6,)) and B(r,,0,) are two points

AB’ =1’ +r,> —2rr,Cos(6, —6),)

Cos rule
In atriangle ABC,

BC? = AB* + AC* ~24Bx ACxCos(4BC)
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Changing between Cartesian and Polar coordinates

The point A has cartesian coordinates A(x, y)

and polar coordinates A(r.6)

= A Relationship between cartesian and polar
4+ coordiantes
3+ .
vl x=rcosf, y=rsmé
2-
14 2 2 2 V
S rr=x"+y°, tanf==
L L | | J ' | J L ] L F ;‘.
5 4 -3 -2 -1 4 12 3 8 5
=2
34 Be careful :
-4 153=¢ﬁch'can[-‘1—WJ if x>0
-5 - o
but
g 1-'\
6=Amtant~‘-’-)i:r if x<0
X
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Summary: Relationship between cartesian and polar
coordiantes

Be careful :

x=rcost), y=rsmé 6= Amtan[i) if x>0
4
P =x’+y°. tanf="* o
-
6= Amtan[l} mif x<0
X

Exercises:

1 Find the polar coordinates of the following points
a (5,12) b (-5, 12) ¢ (-5, —-12)
d (2, -3) e (V3,-1)

2 Find Cartesian coordinates of the following points. Angles are measured in radians.
s 6 _) 3
a(6,g) b(6, <) c (6, )

d (_10, %’T) e (2, ™

(0z-) (gps—gprs-) @ (gpresgpe-) @ (e gpe) (@ (s'gpo) @z
(%—‘z](a (860—"¢1) (P (L6 T-"€1) (L6T€1)(@ (8T'T°6T)(0(1
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Equations of curves in polar and cartesian form

Find Cartesian equations of the following curves.

ar=35 br=2+cos26 ¢ r?=sin 260 O<9<—g

Find polar equations for the following:
a y?=4x bx2-y2=35 c yW3=x+4
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Exercises:

Find Cartesian equations for the following curves where a is a positive constant.

1 ar=2

2 ar=4atan fsecéd

3 ar=4(1-cos 26

br=3secéh
b r= 2acos @
b r=2cos?#

Find polar equations for the following curves:

4 ax’+y’=16

5 ax>+y’—-2x=0

6 ay=2x«
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bxy=4
bx+y?=4

by= —V3x +a

c r= 5cosec @

Cc r=3asin 0

cr”=1+tan?#

% v v

o

(ISP + §IAS P URY =1
(%4—0)33903%:1 q zuepie =g
M
(§+9)Jas%=x
urs +
%:3 q §s0dZ =4
AZUIS = o
(178008 = 4 q F=1d
[+F=X10]= zx
zxZ—,_?(z‘c+EX) q E‘Cglgfz‘('*zx}
14 < .
Zﬂ—ﬁzzﬁ—f)Jrzxm.ﬁrg:z.{Jrzx
D=L+ .(0—-x) 10 07 = £+ ,x q
v
z—;':f('lo.{':!t-:zx
g=4 o £=xq F=K+x



The area bounded by a polar curve

Consider the curve
r=1(0). a<0<p.

r = 6cosO + 8sinb

Suppose that » > 0 throughout the interval & <@ < . Let P and O be the points on the curve
at which € =« and 6 = £, respectively.

A= J‘:%rz do

in formulae booklet

10

Work out the are of the shaded shape

r = 6¢cosB + 8sinB
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Find the total area of the two loops of the curve r = acos 26, where a >0 and -t <6 <.

O\—/L

(R

T

a On the same diagram sketch the curves with equations r= 2 + cos 6, r = 5 cos 6.
b Find the polar coordinates of the points of intersection of these two curves.
¢ Find the exact value of the area of the finite region bounded by these two curves.

Pange 12

e
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Exercises:

Find the area of the finite region bounded by the curve with the given polar equation and the
half-lines # = @ and 6 = B.

1

10

11
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r=acos 6, a:=0,f3:%T
Answers
— 1 — .__lr — 1’.
r=a(l + sin 0), a Z’B 3 g , 3m?
8 4
e T o. T (7 + 2)a? a?
r=asin 36, a—g,B—Z 3 —m@— 4 T
_ 5 u"-l; V2 or tlzll’IZ 6 2(;:173
2 )
== - Ccos 20, a=0,8=-"= 20902 + a2
=3 7 C(11n+24) g 2P Ty Q";‘””
2 3 ?Tﬂz UZ %\‘ﬁ
r2 = a®tan 6, a=0,f=7 2 1 0 Z[;j_w}
Sw
11 27
4
r= 2aé, a=0,B8=m
r=a(3 + 2 cos 6), a=0, =§
Show that the area enclosed by the curve with polar equation
2 2 3 2
r=a(p + qcos 6 is Pz -
Find the area of a single loop of the curve with equation r = a cos 36.
Find the finite area enclosed between r = asin 4f8and r = asin 260 for0 < 6 < %T

Find the area of the finite region R enclosed by the curve with equation
r= (1 + sin 6) that lies entirely within the curve with equation r = 3 sin 6.




Miscellaneous questions:

In terms of polar coordinates (7.6). the equation of a curve C is

r=tan 26

0<9<=Z,
4

(a) Write down expressions in terms of & for the Cartesian coordinates (x.y) of a general

(b)
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point on C.

o

X

The diagram shows a sketch of part of the curve C. The point P lies on the curve and is

such that ZPOQ = % where O is the foot of the perpendicular from P to the x-axis.

(i) Find the exact value of the area of the triangle OPQ.

(i1) Show that the area of the shaded region bounded by OQ. PQ and the arc of the

curve between O and P is

3

12

g



The diagram shows a sketch of the curve y* =4(1-x).
A 1:

\

-y

(a) Show that the area of region R bounded by the axes and the curve is % :

(b) (i) Show that the equation of the curve can be expressed as
X4y’ = (2—x]2 :

(ii) Hence. obtain the polar equation of the above curve in the form » =£(8).

(c) Hence. or otherwise. show that
1

J'z _de  _
0 (l+cost’5’)2

L[
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