

S1: Permutations under conditions:  Lesson Notes and Examples
L.O.:  To calculate numbers of permutations under restrictions.

Example 1:

A teacher has 10 text books to be arranged on a shelf.  How many different arrangements of the 10 books are possible?

Solution:


The first book can be chosen in 10 ways


The 2nd book on the shelf can then be chosen in 9 ways


The 3rd book on the shelf can then be chosen in 8 ways

etc  until


The 10th book can then be chosen in 1 way.

Total number of arrangements is 10×9×8×7×6×5×4×3×2×1 = 10! = 3628800
Recall that each of these arrangements is called a permutation.  A permutation is an ordered arrangement of objects.
Example 2:

How many different 5 digit numbers can be made from the digits 1, 2, 3, 4, 5, 6, 7, 8 if each digit can be used just once?

Solution:

There are 8 choices for the 1st digit

There are then 7 choices for the 2nd digit

There are then 6 choices for the 3rd digit

There are then 5 choices for the 4th digit

Finally, there are then 4 choices for the 5th digit.

So the number of 5 digit numbers that are possible is 8 × 7 × 6 × 5 × 4 = 6720

Note:  You could use the permutation key on your calculator.  The number of ways of choosing 5 digits from 8 is 8P5 = 6720.

Example 3:

How many different arrangements are possible of the letters in the word POSSESSION?

Solution:  There are 10 letters BUT they are not all different – there are 2 O’s and 4 S’s.

So the number of arrangements is
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Note the general rule …

The number of arrangements of n objects, where a are of one kind, b are of a second kind, c are of a third type etc is
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Introductory example: Permutations with restrictions
a)  How many 4 digit even numbers can be made from the digits 2, 3, 5, 7 if each digit can be used just once?
b)  If a 4 digit number is generated at random from the digits 2, 3, 5 and 7 (without repetition of the digits), what is the probability that it will be even?
a)  Restriction: Number must be even so last digit must be 2.

Consider the restriction first:

The last digit can be chosen in 1 way  (it must be 2)

Then consider options for other digits:






The 1st digit can then be chosen in 3 ways






The 2nd digit can then be chosen in 2 ways






The 3rd digit can then be chosen in 1 way.

So total number of 4 digit even numbers is 1 × 3 × 2 × 1 = 6

b)  Consider the total number of 4 digit numbers that can be made from the 4 digits.  This is 4! = 24.

Of these 6 are even numbers.  So the probability that the number is even is 
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Example 2:  Find how many even numbers greater than 4000 can be made from the digits 2, 3, 6, 8.

Restrictions:  
The first digit must be 6 or 8.



The last digit must be 2, or whichever of the 6 or 8 that was not used for the first digit.

The 1st digit can be chosen in 2 ways.

The 4th digit can be chosen in 2 ways.

The 2nd digit can be chosen in 2 ways.

The 3rd digit can be chosen in 1 ways.

So total number of arrangements is 2 × 2 × 2 × 1 = 8.     

Example 3:  Consider arrangements of the letters in the word DEFENCE.  

If an arrangement is picked at random, find the probability that the D and the F are next to each other.

Step 1: Find the number of arrangements without restriction.

There are 7 letters, with 3 E’s.  So total number of arrangements is  
[image: image4.wmf]7!

840

3!

=


Step 2: Find the number of arrangements with D and F together.

Consider sticking the D and the F together so that they are a single item.  There are then 6 items, with 3 E’s.  

Number of arrangements then is 
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But the D and the F can be stuck together in two different ways.

So total number of arrangements is:  120 × 2 = 240.
So probability that D and F are together is  
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Example 4:   The letters in the word YESTERDAY are to be rearranged into a line.

In how many of the arrangements are all the vowels together and all the consonants together?

Solution:

The consonants are YSTRDY.  The consonants can be stuck together in 
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 different ways.

The vowels are EEA.  These can be stuck together in 
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 different ways.

There are two orders of the consonants and vowels  (i.e. consonants then vowels and vice versa).

So total number of arrangements with the vowels and consonants together is 360 × 3 × 2 = 2160.

Example 5:  10 people are to be arranged in a line for a photograph.  The 10 people are from 3 families - Sue, Tim and Jack from the Jackson family; Karen, Matt and Molly from the Carver family; and Jane, George, Patrick and Tina from the Brown family.

If the 10 people are arranged into a random order, what is the probability that people from the same family will be standing next to each other.

Solution:

With no restrictions … the number of permutations of 10 people is 10! = 3628800.

Now consider imposing the restriction that people from the same family must sit together.

The Jackson family can be stood next to each other in 3! = 6 ways.

The Carver family can be stood next to each other in 3! = 6 ways.

The Brown family can be stood next to each other in 4! = 24 ways.

He 3 families can be arranged in 3! = 6 orders.

So the number of ways in which people in the same family can be arranged in family groups is 


6 × 6 × 24 × 6 = 5184.

Therefore the probability is 
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