De Moivre's theorem

Abraham de Moivre (1667 - 1754)
Specifications:

De Moivre's Theorem

= I
De Moivre's theorem for tsawt =
integral n.

l||h—-
ty | —

= 2c0sf and z— - =21sin @ . leading to,

for example, expressing sin’ & in terms of multiple angles and tan 56
in term of powers of tané.

Applications in evaluating integrals, for example, |sin’ 8d6.

De Moivre's theorem; the nth The use, without justification, of the identity e = cos x +isin x.

roots of unity, the
exponential form of a
complex number.

Solutions of equations of the To include geometric interpretation and use, for example, in

n

PR : ST . -
form =" =a+1b. expressing COS % in surd form.
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De Moivre's theorem

Consider a complex number z with modulus 1 in its trigonometric form:
z = Cosb +ISin6

De Moivre's theorem :

(Cos@ +iSinf)" = Cos(n8) + iSin(n) for all n positive integers

Prove this theorem by induction:



Generalisation:

Given z=r (Cosé? +1Sin6)

then for all n integers, z" = »" ( Cos(n0) + iSin(n6) )

Powers of a complex number

. - S ,
It is given that z:cos—ﬂsmg and w=1+1i

Using the De Moivre's theorem, work out in

the form a+ib the following complex numbers 1) z* , z°* | 2% | z*

L 5 L 5 &

AW’ , w , w

Pane 3



lllustration in the Argand diagram:

Power of z, with |z | = 1

Power of z, with |z| # 1

Equiangular spiral




Exercises:

1 Use de Moivre’s theorem to simplify each of the following:

a (cos f + isin 0)° b (cos 36 + isin 36)*

c (cosg+ising)' d (cos—+1sm )
e (coszs—7'+1sm%—”) f (cosﬁ—lsmﬁ]'s

(cos 26 + isin 26)7
(cos 46 + i sin 46)°

cos 50 + isin 560
(cos 26 + i sin 26)2

8

| (cos 26 + i sin 26)*
(cos 26 + i sin 26)° (cos 36 + i sin 36)°

cos 56 + isin 56
(cos 36 — isin 36)?

Ccos 6 —isin #
(cos 26 — isin 26)°

77:' 7
co 4+ isin ==
2 Evaluate ;3 ;3 )
T T
cos 13 isin 13)

3 Express the following in the form x + iy where x € Randy € R.

a (1+i)° b (-2 + 2i)® c (1-i)F
d (1-/3i) e (3-13i) £ (-2/3 -2i)

4 Express (3 + v3i)” in the form a + bvV3i where a and b are integers.
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Can we extend the De Moivre's theorem for n negative or fractional?

Case 1: n =-1
z=Cos6@+iSin6
e 1 _ 1 8 Cos@ — iSin6
CosO +iSin@ Cos@+iSinf@ Cos@—iSinf
= Cos@ —iSinf
Cos*6+ Sin*6
7' = Cos(-0)+iSin(—6)

= Cos@ —iSin6

Case 2: neZ z=Cos@+iSin6 and n is a positive integer
z7"=(z7) =(Cos(-0) + iSin(-6))" (see casel)
n being positive, we can apply de moivre's theorem
z7"=(Cos(-0)+ iSz'n(—G'))" = Cos(—n@)+ Sin(—nb)

z" = Cos(n@)— Sin(nb)
DeMoivre's theorem can be extendedto allneZ

e

Case 3: neQ
; q
If » 1s a fraction. say P where p and ¢ are integers. then | Cos§€+f5fn§9) =(Cos(p8) +iSin(p8)) =(Cosb +iSinb }*

q
We now compose by the g* root:
(( » Ay é . 3
;'Lccsﬁensm—a] =((Coso+iSind)’ |7 this gives-
{ q q ) ' o
\ 7

.
| co.sﬁe+fon£9L(cose+z‘s:'ne)
L g q |

£
g
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The De Moivre's theorem and trigonometric identities

(a + b)" =aq"+ ”Cl a Lh + ”Cz a" -Zb‘.! e ”C.i a’ i b.i + ...+
Part A: Expressing cos(nB) or sin(nB) in terms of powers of cos6 and sin6

-
-

(cosé’+isint9)

(cos @ +isin 9)3 —
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Part B: Expressions of tan(no)

1) Express Sin306 and Cos306 in terms of cos6 and sin6
i) Hence, express Tan30 in terms of cosO and sin6
i) Express Tan30 in terms of Tan©



The De Moivre's theorem and trigonometric identities

Part C: Linearising powers of cos® and sin©

z=c0s@+isin@

Work out

ﬂz+%:

ii)z —

(S

If z=cos@+1ismé If -=cos@+isinéb.
"+L=2cosm’9

=2c0s8 g
- n

s and £
= 21s1né .
z" ~in = 21s1n né

A o

To Remember:

0y =y =

Application : Linearise cos” 6
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Solved exercises T
Express cos® #in the form a cos 58 + b cos 38 + ¢ cos 4,

de Moivre’s theorem. h band tants.
Express cos 36 in terms of powers of cos 6. et ARSI AL AR
f',_,—-f y Applying the binomial [ 1 )5 B 1
. . . S _— expansion to z+ =) = (2cos 0)° = 32 cos® Applying z + 5 = 2 cos 6.
(cos 0 + i sin 0)* = cos 30 + | sin 36+~ ,,,.ff”’# (cos 6 + i sin #)* where = _ =+Ef;z‘([)+ﬁc (1J + 5, zf'(l):
= ¢cos® 0 + °C, cos? 0 (i sin 6) __— a = cos fland b = isin & 7 el 34\z Applyirjg the hinurr;?a!
+2C, cos 0 (i sin 6)* + (i oin 0)° simplify. +3c, A1) + (1) i’;pans"’" m{z;b?h
; o — ereag= zand b = .
= cos” 0 + 3l cos® O sin 0 + 3% cos Bsin® B+ P sin® 0+ = S 534(1] (L) + 10:{( ) .
. - i?=-1and
= cos” 0 + 3l cos” Bsin B — 3 cos B sin® B — i sin® § ——— Spf!ilngl e Iz = B
. : e __) ( Simolify.
Equating the real parts gives Note forthe LS Sat th z[z“ z”] ety
% : ote for the at the . S
o830 = cos® § — 3 cos O ein? § real part of =2 4+52+102+ 19 = 0y % 4 i ——— Simplify further.
= =2 2 cos 34 + i sin 34 is cos 36,
cos® 0 — 3 cos 6 (1 — cos "}“\ =( )+5(z3+ ]+io(z+l) S Gmupz"and%tem‘ls.
= cos® f— 35053+3509‘f)o\“—“~ Apply sin 6 = 1 — cos? . %
=4coe° 00— 3605 00— e Multiplyi Motk = 2005 56 + 5(2 cos 36) + 10(2 coe §) ——F— Applyingz”+1?-—-2cas né.
M u ng out brackets. : 5p—
Therstors. cos B0 =4 cod O~ 360‘5?\ plying 50, 32 cos” 6 = 2 cos 58 + 10 cos 38 + 20 cos B.q,,,ﬁ__a T
T i d cos® B = —cos 58 + -—-cos 30+ S cos - s SRt =
Simplify. i 6 ) =
B a={,b=Fandc=3

Example m

intp= -1 + 3
Prove that sin? # = —7sin 36 + {sin 6. Applying 2 — 1? = 2isin 6.

Applying the binomial expansion
to [z— —] where a = z and

s IR g

(2= 1) = @isin 6 = 8P oin® 0= —Bi sir® 6

Z

AT

2ot (4 e o)+ (-
=p2-3z4+42-1, ——
Z0N

(23 _ 21_5] _ 5(2_ _'Iz').____________-—-——-—-— Groupz”and:l,—terms.

] e — s ity

Simplify further.

2i sin 36 — 3(21 sin 6) Applying 2’ ‘? = 2i sin no.

S0, —&i gin® @ = 2i sin 30 — Gisin o—o |
" PutLHS = —8isin’® # = RHS.

and  sin®0=—1sin30+ 3sinfe—0 o |

~— Divide both sides by -8
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Exercises:

Use applications of de Moivre’s theorem to prove the following trigonometric identities:

1

N

SN O e W
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sin 36 = 3 sin 6 — 4 sin® 6

sin 56 = 16 sin® 6 — 20 sin® 6 + 5 sin @

cos 70 = 64 cos’ 8 — 112 cos® 6 + 56 cos® § — 7 cos 6

cos* 6 = & (cos 46 + 4 cos 26 + 3)

sin’ § = Tla (sin 56 — S sin 36 + 10 sin 6)

a Show that 32 cos® # = cos 66 + 6 cos 46 + 15 cos 26 + 10.

b Hence find J; 6 cos® f d@ in the form aw + bJ/3 where a and b are constants.

a Use de Moivre's theorem to show that sin 40 = 4 cos® #sin # — 4 cos #sin?® 6.

4tan § — 4tan’ 0

1 — 6tan® @ + tan* ¢

¢ Use your answer to part b to find, to 2d.p., the four solutions of the equation
xt+dxP -6 —4x+1=0.

b Hence, or otherwise, show that tan 46 =

01

(dpg £970- ‘€0°S— ‘0S°1 ‘020 = X

Hfuel + ﬂzuelg -1
fguely — g uel i

fl UISH SODF —  UISH (SO F = ¢ (UIS

9 96 N

= g ue

F 9ZSODS] + GFSOI9 4 A9 SOI = @ 4SOD T

2 &8 o

=




Exponential form of a complex number

Here are some properties we know about complex numbers

z,(r,6,) and z,(r,,0,) then zz,(.......

We could say that the moduli "behave" like real numbers
but the arguments "behave" like indices.

We use the following notation to illustrate these properties:

cos@ +isin@ is noted e°

and r(cos @+ isin 8) is noted as re®.

Using this notation, the De Moivre's theorem becomes an
extension of the rules of indices/exponential we know since year 9!
(cos@+isin 8)" = cosnl +isin né

becomes (e'ig ) = ™

Pange 12

Consequences

1o ¥
2

16
e
Cosé@ =

simné =




Examples:

Express the following in the form r¢'? :

@ 1+1 b)) 3-i  (© 3+Bi
Work out

e (cos 25"'+ i sin 2{]%

g —<Os 56 + isin 56

(cos 26 + isin 26)>

d) —243+2i

T i o l-lﬁ
f (cosm lSlnl()J
(cos 20 + isin 26)7

(cos 46 + isin 46)°

: - S ; ' D
Exponential :(cos—+zsm—)(cosz+zsmz):

T . T . B
Alg ebraic: (cos — +isin —)(cos — +isin—) =
g ( - 3)( 1 4)
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n™ roots of the unity or Solving z" = 1

Case1:n=3 Z-I

6 \3 i0 3 i36 i0
(re’) =& and réf=¢

This gives
r' =1 and 30=0+kx2x

r=1 and HZkXZTZ k=0,1.2

The 3rd roots of the unity are

25 Ax Ax Ax
i

i0 3 3 3 3
l¢"=] .l8" =¢° , 197 =¢°

General case: 7' =1

= n : ; >
(re:a) :e:O and rnem? :etﬁ

This gives

r"=1 and n@ =0+kx2rx
27

r=1 and 0=kyx— k=0,1,2,...,n—1
n

Ve
.

L where w=e "

The #n” roots of unitvare 1, ,»*, @, ..., "

or
2rx

The n" roots of unityaree " for 0 <r <n-1
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Note: Any set of n consecutive values for » will produce
an equivalent set of solutions.
We sometime prefer sets symmetrical around "0"

in order to have arguments between -7 and 7.



Sum the the n® roots of unity

Let's work out :

l+to+*+* +..+0™* +o

n-1

2 L h . 1 ]
l+o+ +..+®" is the sum of a geometric series with common ration @

sol+o+a +..+0" =

. 0 because by definition &" =1

-

Forn e N, n>1, the sum of the n™ roots of unity:

l+o+0*°+@ +..+0" +0"" =0

27
§—

The n"” roots of unityare 1,w, 0", ,...,0"" where @=e ”

Exercises:

1
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Ifw= e%’“, simplify the following (expressing your answer in terms of w where
appropriate).

(a) &’ (b) w™? (©) 1+ w? (d) w+-la;
2 - 2 14+

(€) (1-w) ®A-0)1-0Y) @ Frun ) ;=

If @ = e3™, simplify the following.

(@) w’ (b) w*

©) (1+w)(1+w?) (d) (1-w)(1l-o?)1 -1 -wh)

Ifw= e%”*, show that (1 + @)(1 + @*)(1 + ©*) = —w®.

If w = ei™, andifx+y+z=a,x+wy+w?z=band x + W*y+wz=c, expressa + b +c,
a+ w?b+wcand a+ wb+ w’c in terms of x, y and z.

T
S (P

@ (4)
- (p)

ot —t-=z'mf+E-=[‘g=xzg'Ag'x¢ ¥

= (9) @ (q) 1 (e 2

2@ (8) €1 wme— (9
m— () I (@ @ (B) 1




n" roots of unity and the Argand diagram

The n™ roots of unity plotted in the Argand diagram

are the vertices of a regular polygon.

The sur;n of theiroots addupto 0



Solving equations of the form z"

= a+ib

The principal:

z"=a+ib
Write zas z = re®
Find the modulus and argument of a +ib and write a+ib = e
With this notation, z" = a+ib becomes r"e” =r,e”
This gives:
r'=x and nl=6+kx2rx
e, 27

r=2r, and 0="L+kx
n n

k=0,12,..n-1

Example:
z* =16+16i

Pange 17

z' =16 +16i

i6 . L
e =162 541
rie™? :16\/581:

This gives
~4h6v2 and 46’=%+k><2:r
Q9
et amlB=" k% F=8123



Exercises:
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Solve the following equations, expressing your answers for z in the form x + iy, where
x€Randy € R.

az-1=0 bz2Z2-i=0 c 22=127
dz+64=0 e 2*+4=0 f 24+8i=0

Solve the following equations, expressing your answers for z in the form r(cos 6 + i sin 6),
where — 7 < < 7.

az=1 b 2+ 16i=0 cz25+32=0
dzB3=2+2i e 21 +2/3i=2 f 2+32/3+32i=0

Solve the following equations, expressing your answers for z in the form re'’, where r > 0
and —7 < 0= 7 Give #to 2d.p.

azt=3+4i b 2=V11—-4i c 2= V7 + 3i

a Find the three roots of the equation (z + 1)° = —1.
Give your answers in the formx + iy, wherex € Rand y € R.

b Plot the points representing these three roots on an Argand diagram.
¢ Given that these three points lie on a circle, find its centre and radius.

a Find the five roots of the equation z° — 1 = 0.
Give your answers in the form r(cos 6 + i sin 6), where —~7 < 0 < .

b Given that the sum of all five roots of z5 — 1 = () is zero, show that

Ccos (%-"—r) + COS (45—77) =x —%.

a Find the modulus and argument of —2 — 2/3i.

b Hence find all the solutions of the equation z* + 2 + 2/3i = 0.
Give your answers in the form re'’, where r >0 and -7 < = =.

a Find the modulus and argument of V6 + v2i.

E |
b Solve the equation z* = V6 + v2i.
Give your answers in the form re'’, wherer > 0and -7 < 6 < 7.



Answers 2 a 7z=cos0+isin0, cos 27 + isin 27

7 7
1 a z= l;_i’_lr_i B 0054—;"+ism4%"(:057+lsm¥
b z—."_3_+.1.1'——"_{,3.+1i’—| [ 2 20
2 2" 22 cos( ~%7) + isin( 27},
_2_3,3/3, 3_3/3 '
¢ 2_3’_2"-_?2“1’_2‘_ d%_l cos —--7--)+isin(—f-1;
d z=2+2i,-2+2{2-2i-2-2i _ .
e z=1+i,-1+i,1-i-1-i cos( ~&7) + isin( -7 |
f z=v3-1.2.-3-1 o .
b z= 2[1:05[‘——5} + isin[—s—“,
2((‘05(3-’—"] 3 isin(-:i-’-’))
ws{ 7”) ¢ lsm[?a’r}j
z(cos(—s—”] * isin(—— }
¢ z-2(cos +is|n5] 2(cos35”+|sm35‘7}
2(cos 7 + isin ), 2{|:os( g’) + 1sm( 5]
3 a z= 5% §leiso Sla-1341 Gla-291i 2 cos( 3511-] +isin[-3F7 )
b z=3e 929 JIelbl (T 239 - 37 3
c 2= 2", 2= fl¢2l8, 2= 3o 100 2 = D257 d z=2{cosy3 + isingz) ”2{“05 g tidng )
4 a ;——% _Zi -2, 1 ‘231 uz(cos{ %)Hsin[—_i%f”
5 az- 1,1:05{2S )+ ism( ] 105(45 ]+ lsln(‘-;vs?r} e z=y2{cos(~{%) + isin{-57)),
. 5 5
cos( ] " ISII’I[ _____ Jf(cos[é’) } 1sm{1—”) I
1 (11 : 1
Los(-—.'.‘.?.?) + zsm[—‘”) - COSLI_;) ) is”‘[, _1{)],
> 5 3 _Im) i _7m)
6 a redgo 20 2{cos| -3 + isin 7))
' 3 S
f - '
b z=2e %, Vel Jie%ﬂ, VZe ¥ ’ 4(1:05(7 }+ isin( 18")
7 a r=\-’§,ﬂ=g 4(msl!ﬂ)+lsm( )
17 17
b z- 4,:345‘JZ= ,mgtz = 4e “'-7'“‘ 4{(‘05{ 181,‘] ! 15111{ l—f;r“
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