De Moivre’s theorem — exam questions

Question 1: Jan 2007

P
(b) Find the value of (cos%—I— isin(ﬁ) }.
) )

(¢) Show that
(cos +isin@)(1 +cosfl —isinf) = 1+ cos +1isin6

(d) Hence show that

m .. mb6 T .. mbo
(1 + COS——I—]S]H—) + (1 +Ccos— — 1sm—) 0
6 6 6 6

Question 2: June 2007

Use De Moivre’s Theorem to find the smallest positive angle 6 for which
15
)

(cos +1sinf —1

Question 3: Jan 2006
It is given that z = e"“.

a)i)Show that z +l =2c0sé
z

- - : 1
i) Find a similar expression for z? +—
z

iii) Hence show that  z° —z+2—1+i2=4cos2 0—2cosd
z 1

b) Hence solve the quartic equation z* —z®+2z°-z+1=0

giving the roots in the form a +ib.

Question 4: Jan 2010

[

i

(a) (1) Show that m e 7 is a root of the equation 2= 1.

(11) Write down the five other non-real roots in terms of o .
(b) Show that
|+ + w2 - w3 — w? — > — w® =0

(¢) Show that:

4n
(1) ? + @ =2 COST;

T .27T+, .4ﬂ+, 6om 1
(1) cos 7 cos 7 CcoS 7 3
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Question 5: June 2009

T
Given that z = 2e!? satisfies the equation

2= a(1+V3i)
where « 1s real:

(a) find the value of @

(b) find the other three roots of this equation, giving your answers in the form re

where >0 and —mt < < 7.
Question 6: Jan 2009

(a) Show that
(24 o eiH)(z4 o e—iﬂ)
(b) Hence solve the equation

S_AL1-0

iving your answers in the form e'? . where —m < « <Tm.
Y s

(¢) Indicate the roots on an Argand diagram.

Question 7: June 2006

(a) Find the six roots of the equation z°

—n<¢p <T.
(b) It is given that w ei?, where 0 4 nm.

2

2
(i) Show that = 2isind .
w
1
i1) Show that —_.
(1) oW T 1 2sin0
(111) Show that 7 cotf) —1.
we —

(iv) Given that z = cot € — 1, show that z + 2i
Explain why the equation
(z42i)¢ =28

has five roots.

S 24 cos 0 +1
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i0
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(3 marks)

1, giving your answers in the form el? . where
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Question 8: Jan 2008
(a) Express 4 +41 in the form rel?  where »>0 and -t <0 <.

(b) Solve the equation

2 =4+ 4

0

giving your answers in the form r¢" , where >0 and —nt <6 < 1.

Question 9: June 2008
(a) (1) Expand

(+3)(=3)

(11) Hence, or otherwise, expand

)
z+-— z——
zZ Z
(b) (1) Use De Moivre’s theorem to show that if z = cos ) +1sin then

|
M+ — = 2cosnb
Zn

. : : 1
(i) Write down a corresponding result for z" — —.
z

(c) Hence express cos*f sinZ 0 in the form

Acos60 + Becosdll + Ccos20 +D

where 4, B, C and D are rational numbers.

(d) Find [cos“esin?e de .
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De Moivre’s theorem — exam questions - answers

Question 1: Jan 2007
6
b)(Cos£+ iSinzj = C036—”+ iSinG—” =Cosr +iSinz =-1
6 6 6 6
c) (Cosé +isin @)(L+ Cosé —isin d) =(Cosh +iSind) + (Cosd +iSind)(Cosd —isin §) =
(Cosé +iSind) + Cos’d + Sin“@ = Cosé +iSind +1

6
d)@+CosZ +isinZ)® + 1+ Cos Z —iSinZ)° =| (Cos Z +isin Z)(1+Cos Z—isinZ) | +(L+CosZ—iSinZ)° =
6 6 6 6 6 6 6 6 6 6
6 6
(003£+iSinf)G(ucOsf—iSinﬁ) +(@+CosZ —isinZye =—1><(1+Cos£—i8in£) +@+CosZ—isinZy® =0

6 6 6 6 6 6 6 6 6 6
Question 2: June 2007
(Cos@+iSing)" = Cos(150)+iSin(150) = 0—i
Cos(150) =0 and Sin(150) =-1

SO 159:3_” 23_7Z-=£
2 30 10
Question 3: Jan 2006
z=¢"
] 1 . 1 - -
a)|)z+;:e"”+67:e'9+e"g
. s 1
=Co0s@ +i1Sin@+Cos@ —1SInf  z+—=2Cos0
Z
3 1 . 1 . .
2 i20 120 —i26
i)z +?:e +ei7:e +e

=C0s26 +iSin26 + Cos26 —iSin20 z° +i2 =2Cos20
z

iii)22—z+2—£+i2:2C03249—2C0349+2
7z
we know that Cos26 = 2Cos’°—1 so

7° —z+2—1+i2:2(2C032¢9—1)—2C05<9+2
7z

z° —z+2—1+i2:4C0329—2CosH
7 2

b)z*—z°+2z°-z+1=0  factorise by z°
(z=0isnotasolution)
1

zz(zz—z+2—l+i2)=0 This gives zz—z+2—1+—2
7z 7z

=0

4C0s?0—2Cos0 =0
2C0sH(2Cos#—-1) =0

Cos@ =0 or CosH:%
0="oro=-2or9="oro=-=
2 3 3
727 oti or 726”3 2143
2 2




Question 4: Jan 2010
27
al)w=e’

2r
0w = [e 7] =% =cos2z +isin27 =1

@ is a solutionof z' =1

0= kxz—ﬂ-
y

70 =kx2x
the other non —real solutions are
Ar

e’ =

8
fork =4, e 7 ="
127

fork=6,e 7

.67
fork =2,

10z

= a)ﬁ
Question 5: June 2009

%3 i\ i
a)z=2e1 soz*=|2e1 | =16¢°3

2* =8(1+i/3) a=8
b) let's write z =re" | z* =r%e"’

z is a solution of this equation when

r* =16 and 49:%+ k27
r=2and 0="+kZ k=-2-101
12 2

Question 6: Jan 2009
a)( m)(z e_ia) _ 28 _ 7%

fork=3¢e 7 =a°

fork=5,eI T =@

—7%e" +1=728-7*

b)1+w+ @® + & + 0" + @° + &°

is a geometric series with common ration @

1-0" 1-1

o+’ +o’ +0' + & + 0’ = =—
l-0o l-w

47z 477 472_

O’ +0° =0’ +w°
il+o+o’+0’+0' +@° +0° =0
o+’ +o’+olvrolrot=-1

o+ot+*+ol+d+o =1

2c0327+20034—+ 2cos67”: -1

T A 6 1
COS—+COS—+COS—— = ——
7 7

z* =16(cos£+i8in ”j 16| = L
3 3 2

Ne
iy

T 57z A1z

; i— -i—
Solutions are :2e1?2  2e 12

26

(e“9 +e“3)+1

=2%—7*%x2cos@+1=2%-22"cos@+1

b) for cosH:% (0 :—)
We can factorise as [z“ —ei3j(z - e_'3j =0

We need to solve z* =¢ 3

(re)' =3 rie*

T
r=1or 4¢:J_r§+k><27r

T krz

b=t
12 2

1171 57z g iig—”

Thlsglvesz—e 2 e 2 e 12 e 12

c)

+HZ
=e 3

28 —2z*cos@+1 becomes 28 —z*+1=0

—e 7 4e 7 =200S—

Iz

IE ZeIE

=0



Question 7: June 2006
a) Letnote z=re" then z° =r®xe'® and 1=1e"
The equation z° =1 s equivalentto r®xe® =1xe'
This gives r°=1  r=1

66=0+k2r  —3<k<3

¢=k% —2<k<3

27 T iz 27

i
s0o z=e 3 ore 2 ore ore3 ore 3 ore”
W2 _1 ei2¢9 _1 elH (en9 _e—la)

b)i) IR 5 =¢’ —e™ =2iSing
i) w 1 1 Xi__ [
w? -1 2iSin@ 2iSing i 2Sing@
ii) 2i 2 1 e’ Cosf—iSing
W—1 2iwSind e’xSind  Sind Sing
ZC?SH_ S|n¢9_CO,[9_I
Sin@  Sind
iv)z=Cotd—i so 2'1 z
2i=zw’ -2
Z+2i=2w*

c)i)(z+2i)° = z° is equivalent to order 5 polynomial=0
(the term in z° cancel out)
2+2i Y
ii) (2 +2i)° = 2° ( )
z
.k .k

Sow?=¢e ¢ (questiona) w=e ©

1 (w?)° =1

This gives z=cot0-i, cot%—i : cotZ—j : cotz—”—i

z=—i,/3-i ,g—i ,—g—i,—\@—i

Question 8: Jan 2008
a)d+4i= 4\/_( j 4x/—e4
NFRRNG
b) Let's write z° = (re'’)® = r®'®’
z° =4+ 4i becomes

|59 4\/_8
so r® =442 and 56’:%+kx27z

r= and 49_—+k —k_—2 -10,1,2
V2 20 5

(3 ang g 157 _1r % 9x 1
20 20 20 20 20
The5™ roots of 4+4i are:

37 ,iL” iz igl iﬂi
\/Eef'T ’ \/Ee 20 ,\/Ee 20 \/Ee 20 ’\/Ee 20

,cots—”—i

6



Question 9: June 2008

a)i)(z +%)(Z—%):ZZ—1+1_2%222_Z_12
ofes 2] oo 28]
(e
z z
(et
z z

= z6+z—12—222+z2 Jrie—%ﬁLZZ4 +Z—24—4

1 1 1
Z(ZB —?)—(22 +?j+2[24 +?j—4
b)i) z" +in =(cosn@+isinnd)+(cosnd—isinnd)=2cosnd
Z

i) z" —in: (cosn@+isinnd)—(cosnd—isinnd) = 2isinnf
z

st 5o (2]

o) (1)

64 z yA

:—iKze—ie)—(zz+i2j+2(z4+i4j—4}
64 z yA

:—6—14(2c0566—200320+4cos419—4)

:—i0036(9—icos4(9+i00529+i
32 16 32 16

d)jcos“@sin2 ede:I—icos66—icos40+icosze+id@
32 16 32 16

= —isin 69—isin 4¢9+isin 26’+io9+c
192 64 64



