Lines and planes — exam questions

Question 1: Jan 2006 Q3

2 0 4
(a) The plane IT has equationr = |5 | +A[ 3| +pu|—1
1 1 0
0 4
(1) Find a vector which is perpendicular to both |3 | and | —1 |. (2 marks)
1 0
(i) Hence find an equation for IT in the form r.n = 4. (2 marks)
—1 3
(b) The line L has equation | r — 2 X 0 =0.
6 _
2 3
Verify that r = | 2| +¢#| 0 |1s also an equation for L. (2 marks)
5 -1
(¢) Determine the position vector of the point of intersection of IT and L. (4 marks)
Question 2: Jun 2006 Q1
4 4
Two planes, I1, and II,, have equations r.|5| =0 and r.| 1| =0 respectively.
3 1
(a) Determine the cosine of the acute angle between II; and I7,. (4 marks)
4 4
(b (1) Find |5 x [1]. (2 marks)
3 1

(i1) Find a vector equation for the line of intersection of 1| and II>. (2 marks)




Question 3: Jun 2006 Q7
The diagram shows the parallelepiped OABCDEFG.

6 2 1
a=|—-1|,b=|1], ¢c= 2| and d = 3
7 6 -1 -2
respectively, relative to the origin O.
(a) Show that a, b and ¢ are linearly dependent. (1 mark)
(b) Determine the volume of the parallelepiped. (3 marks)

(c) Determine a vector equation for the plane 4BDG:
(1) in the form r = u + Av + uw; (2 marks)
(i) in the form r.n = d. (4 marks)

(d) Find cartesian equations for the line OF, and hence find the direction cosines of this
line. (4 marks)

Question 4: Jan 2008 Q6

1 3
(a) The line [ has equation r= | 1| + 4|2
2 6

(1)  Write down a vector equation for / in the form (r—a) x b =0. (1 mark)

(11)  Write down cartesian equations for /. (2 marks)

(111)  Find the direction cosines of / and explain, geometrically, what these represent.

(3 marks)
7 4 |
(b) The plane IT has equation r = [ S| +4 |3 | +pu| ]
| 2 3

(1) Find an equation for Il i the form r.n=4d. (4 marks)

(1) State the geometrical significance of the value of d in this case. (1 mark)

(¢) Determine, to the nearest 0.1°, the angle between [ and I1. (4 marks)



Question 5: Jun 2008 Q4

Two planes have equations

5 2
r. 1] =12 and r. | 1| =7
—1 4
(a) Find, to the nearest 0.1°, the acute angle between the two planes. (4 marks)

(b) (1) The point P(0, a. b) lies in both planes. Find the value of a and the value of b.

(3 marks)

(1)) By using a vector product. or otherwise, find a vector which is parallel to both
planes. (2 marks)
(111)  Find a vector equation for the line of intersection of the two planes. (2 marks)

Question 6: Jan 2009 Q1
The line / has equation r = (1 +4¢7)i + (=2 + 128)j + (1 — 31)k.

(a)  Write down a direction vector for /. (1 mark)
(b) (1) Find direction cosines for /. (2 marks)

(i1) Explain the geometrical significance of the direction cosines in relation to /.

(1 mark)
(¢) Write down a vector equation for / in the form (r—a) x b =0. (2 marks)
Question 7: Jan 2009 Q6
The line L and the plane II are, respectively, given by the equations
2 | 0
r=|3|+4|-1 and r.|1]| =20
5 4 1
(a) Determine the size of the acute angle between L and I1. (4 marks)
(b) The point P has coordinates (10, =5, 37).
(1) Show that P lies on L. (1 mark)
(11) Find the coordinates of the point Q where L meets [ . (4 marks)

(111) Deduce the distance PQ and the shortest distance from P to IT. (3 marks)



Question 8: Jun 2009 Q3

2 3 4
The plane II has equation r= | 1 | + 4|1 | +pu|—1
1 2 1
(a) Find an equation for Il in the formr . n =d. (4 marks)
7 10
(b) Show that the line with equation r= [ I [ +¢| 1| does not intersect Il , and explain
4 5
the geometrical significance of this result. (4 marks)

Question 9: Jan 20120 Q6

(a) Find the value of p for which the planes with equations

6 4p + 1
r.|{-3(=42 and r. | p—-2|=-7
2 1
(1) are perpendicular; (3 marks)
(1) are parallel. (3 marks)

(b) In the case when p =4 :
(1) write down a cartesian equation for each plane; (2 marks)

(1)) find, in the form r = a + Ad, an equation for /, the line of intersection of
the planes. (6 marks)

(c) Determine a vector equation, in the form r = u+ v+ pw, for the plane which
contains / and which passes through the point (30, 7, 30). (2 marks)

Question 10: Jun 2010 Q3

The plane I1; 1s perpendicular to the vector 9i — 8j + 72k and passes through the
point A(2, 10, 1).

(a) Find, in the form r.n =4, a vector equation for I1;. (3 marks)

(b) Determine the exact value of the cosine of the acute angle between [1; and the
plane I, with equation r.(i+j+k)=11. (4 marks)



Lines and planes — exam questions

Question 1: Jan 2006 Q3

@ |G n=@j+k)x@i-j)=i+4j—12k | MIAIL 2
M1
(i)d=Qi+5j+k).(i+4j-12k)=10 ALS 2
(b) | Either substituting.
24 3¢t -1 3 M1
r=| 2 mto |[r—| 2 x| 0
5—1 -1
And showing result is 0 Al 2
Or
Explaining p.v. and d.v. of line M1 Al 2
©)
2431
— . . Ml
Subst®. r= 2 into their plane eqn.
5-t
Solving a linear eqn. in t dM1
t=4 AlS
Pt.of i/sctn. at 14i+2j+k BI 4
Question 2: Jun 2006 Q1
1 scalar pr
(a) cos = scalar product L
product of moduli
Scalar product in numerator = 2- B1
Both moduli in denominator:
\/E and \/ﬁ Bl
cos 6= 2 or08 Al 4
5
i jk
DO | 4 5 3 =2i+8j-16Kk Ml .
411 Al -
(i) 1] 1 B1/
r=2 4| or rx| 4|=0 Bl 2
= —8
Total 8

Question 3: Jun 2006 Q

4 -1 7
@ la.bxe={6 1 6[=0 Bl L
2 2 -1
4 -1 7 M1
D la.exd=|2 2 -1|=21 ml
Al 3
1 3 -2
(i) r=a+A(b—a)+ (d—-a) M1
4 2 -3
r=|-1|+4 2| +u 4
Al 2
7 -1 -9
ii) ik
n=|2 2 -1 =-14i+21j+ 14k M1
3 4 9 AlS
4 -2
d=|-1|.| 3 |=3 Ml
AlS 4
7 2
D | r=v(a+tc+d)=v(Ti+4j+4k) Bl
. . X v =
Cartesian equations are —= Z = 1 B1/
7?4444 =0 M1
vingdes 1 4 ana 4
aiving d.c.s 9’9 and Al 4
Total 14
Question 4: Jan 2008 Q6
(a)d |a=i+j+2k and b=3i+2j+6k Bl 1
. o.ooox=1 y-1 =z-=2 M1
(ii) | Equating for A : S T2 T 6 Al 5
(i) | /32 +27+6° =7 Bl
N . 3 2 6
Direction cosines are —. — and — Bl
These are the cosines of the angles
between the line and the x- . y- and z-axes Bl 3
(respectively)
i jk
Dbyi) |n=14 3 2|=7i-10j+k MI1A1
113
" M1
=15 — =
d 10 0 Al 4
1] |1
(ii) | d =0 — plane through / contains the Bl 1
origin
© sind/ cosf = scalar product Ml
product of moduli
Numerator =21 -20+6=7 Bl
Denominator = 7.4/150 Bl
6=47° Al 4
Total 15




Question 5: Jun 2008 Q4

scalar product

Question 8: Jun 2009 Q3

3(a)

(b)

n=Gi+j+2K) x4i-j+k)
=3i+5j -7k
d=(2i+j+Lk)e (theirn)=4

T+10t
1+1
445¢

21 +30t+5+5-28-35r=4

subst®. into their plane eqn.

Since — 2 # 4. no intersection

Line parallel to plane

OR
3 10
5 /e(1]=0

Line perp”. to nml. = line // to plane

OR
7+101 24+34A+4u
1+t | equatedto | 1+A—pu
4451 44+22+u

Eliminating A, 4 to get linear eqn. in 7
Since — 2 # 4. no intersection
Line parallel to plane

M1
Al
M1 Al

M1

dM1
Al

Bl

(M1)
(A1)
(B1)

(B1)

(M1)

(dM1)
(A1)
(B1)

4(a) | Use of cos = —————— Ml
product of moduli
Numerator =7 Denominator =+/214/27 | B1,BI
6=72.9° Al 4
b)) |a+4b=7 and a-b=12 Bl
Ml
a =11 and b=-1 Al 3
) | [i j k 5 Ml
51 -1|=|-22
21 4 3
Al 2
0 5
M0 oy 42 22 Ml
-1 3
or other equivalent line form Al 2
eg(r—a)xd=0
Total 11
Question 6: Jan 2009 Q1
1(a) | 4i + 12j — 3k or equivalent Bl 1
DO | 424122432 213 M1
: 3
dec'sare — — and - T AlF 5
(ii) | The cosines of the angles between
the line and the coordinate axes Bl 1
(c)|a=i-2j+k and Bl
b = their d.v. BIF 2
Total 6
Question 7: Jan 2009 Q6
6(a) | Use of sin Horcos &
= (dot product)/(product of moduli) M1
Num'. =3 BIF
Denom®. = JE«E BIF
8=30° Al 4
b)) | A=28 noted or found B1 1
(i) 2+4 |0
3-A4 |+ 1|=20 Ml
5+4410 |1
3-A+5+44=20 = A=4 M1 Al
giving @=(6.-1.21) BIF 4
(i) | po= 42142416 =122 M1 Al
Sh. Dist. = 12+/2 .sin30° = 6+/2 BIF 3
Total 12

Total




Question 9: Jan 20120 Q6

@

(if)

(b)(®)
(in)

6 4p+1

—3|e p—2|=0

2 1
24p+6-3p+6+2=0
p=-2

6 4p+1

3 |=m| p-2

2

[ [ R

m=2,p=

6 4p+1 1-2p

ALT (-3 (x| p—2|=0 Sp—

(3]
—_

p=

12 =

ox—3v+2z=42  1Tx+2y+z=-T7

eg 2.0 —-(: Tdx +v=-28]

x+2 y
-1 4

Substituting back to find 3" variable

z=91+27

0 1 -2 -1
r=[{-8|.|-12|or| 0 |+A4] 4
9 0 27 9

-1

OR method for finding the d.v. | 4

9

Method for finding any pt. on /
Putting them together as a line eqn.

r=atud,+vd,
where a is an pt. on plane

d; = any d.v.
30

d,=| 7 |-any a in plane
30

4

18p-9

MI1

MI1
Al

M1

ALAL

(M1A1)

(A

B1.B1
MIA1

M1

ml
Al

B1

(M2A1)

(M1A1)
(B1)

Question 10: Jun 2010 Q3

B1

M1
Al

M1

B1/
B1./

Al

Total

3(a) 9
Clearly identifying n=| -8
72
3 907 [2
d=|-8|e[10| =10
72 1
b ~
(b) Use of Sc.prod. ot.nomlals.
3 prod. of their moduli
N. =173
D' = 7343 or 4/15987
1
cost = —
7
2
6
3
16

Total




