Invariant lines and points — Exam questions

Question 1: Jan 2006 — Q5
The transformation T maps (x, y) to (x’, '), where

x’ 2 —1||=x
o[-t 2y
(a) Describe the difference between an invariant line and a line of invariant points of T.
(1 mark)

-1
(b) Evaluate the determinant of the matrix [ | 2] and describe the geometrical

significance of the result in relation to T.

(2 marks)
(¢) Show that T has a line of invariant points, and find a cartesian equation for this line.
(2 marks)
(d) (i) Find the image of the point (x, —x + ¢) under T. (2 marks)
(i) Hence show that all lines of the form y = —x + ¢, where ¢ is an arbitrary
constant, are invariant lines of T. (2 marks)
(e) Describe the transformation T geometrically. (3 marks)
Question 2: June 2006 — Q2
028 —096 0
A transformation is represented by the matrix A = | 0.96 028 0
0 0 1
(a) Evaluate det A. (1 mark)
(b) State the invariant line of the transformation. (1 mark)
(¢) Give a full geometrical description of this transformation. (3 marks)
Question 3: June 2006 - Q4
The plane transformation T maps points (x, y) to points (x', »') such that
X' X 1 3
[l} = A [1} where A = [0 | }
(a) (i) State the line of invariant points of T. (1 mark)
(i1) Give a full geometrical description of T. (2 marks)

(b) Find A2, and hence give a full geometrical description of the single plane
transformation given by the matrix AZ2. (3 marks)




Question 4: Jan 2007 - Q7

1 2
The transformation S is a shear with matrix M = _é g} . Points (x, y) are mapped
under S to image points (x’, y') such that )
MRk
y V]
(a) Find the equation of the line of invariant points of S. (2 marks)

(b) Show that all lines of the form y = x + ¢, where ¢ is a constant, are invariant lines

of S. (3 marks)
(¢) Evaluate det M, and state the property of shears which is indicated by this result.
(2 marks)
(d) Calculate, to the nearest degree, the acute angle between the line y = —x and its image
under S. (3 marks)
Question 5: June 2009 - Q4
(a) Show that the system of equations
Ix — y+ 3z =11
4 + y — 5z =17
Sx — 4y + 14z = 16
does not have a unique solution and is consistent.
(You are not required to find any solutions to this system of equations.) (4 marks)

(b) A transformation T of three-dimensional space maps points (x, y, z) onto image points

(x, v, ') such that

]

X— y+3z—- 2

X
Vi =|2x+ 6y —4z+ 12
z 4x + 11y 44z — 30

Find the coordinates of the invariant point of T.

(8 marks)



Question 6: Jan 2011 - Q8

The plane transformation T is represented by the matrix M = [:? 2} :

(a) The quadrilateral ABCD has image A'B'C'D" under T.

Evaluate det M and describe the geometrical significance of both its sign and its

magnitude in relation to ABCD and A'B'C'D'". (3 marks)
(b) The line y = px is a line of invariant points of T, and the line y = gx is an invariant
line of T.

Show that p = = and determine the value of g. (5 marks)

to| —

(c) (i) Find the 2 x 2 matrix R which represents a reflection in the line y = %x. (2 marks)

(ii) Given that T is the composition of a shear, with matrix S, followed by a reflection in
the line y = %x, determine the matrix S and describe the shear as fully as possible.

(5 marks)
Question 7: Jun 2011 - Q6

(a) The transformation U of three-dimensional space is represented by the matrix
1 4 -3
2 —1 0
1 1 —1

(i)  Write down a vector equation for the line L with cartesian equation

=7 =2 (2 marks)

2 3 6
(ii) Find a vector equation for the image of L under U, and deduce that it is a line
through the origin. (4 marks)
The pl: ansformati | ented b il " 1 4
(b) I'he plane transtformation V is represented by the matrix > 1

L, is the line with equation y = %_\‘ + k., and L, is the image of L under V.

(i) Find, in the form y = mx + ¢, the cartesian equation for L, . (4 marks)

(ii) Deduce that L, is parallel to L) and find, in terms of £, the distance between these
two lines. (3 marks)



Invariant lines and points — Exam questions

Question 1: Jan 2006 — Q5

5(a) | For an invariant line, all points on the line
have image points also on the line.
For a line of invariant peints. all points on
the line map onto themselves. B1 1
(b) | Det=3 Bl
The s.f.. of area enlargement under T B1 2
5(c) | Setting ¥ =x and "=y and solving Ml
= y=x Al
Or
Char. Eqn. is A* =41 +3=0 Ml
A=1givesloips and vy =x Al 2
Qo | [+ 12 -1 x
3 -1 2 ||-x+¢ Ml
| 3x-—c
—-3x+2¢ Al 2
(ii) | v'=—x"+c also M1
= y=-—x 1 ¢ invariant for all ¢ Al 2
(e) | Stretch. s.f. 3. M1 Al
perp. toy =x (or [[to ¥y =—x) Al 3
Total 12
Question 2: June 2006 — Q2
(a) | detA=1 B1 1
(b) o
The z-axis (i.e x=y=0) B1 1
(©) | Rotation M1
about the z-axis AlS
through cos ! 0.28 Al 3
Total 5
Question 3: June 2006 — Q4
(a)(d) | The x-axis B1 1
(i) | Shear (parallel to the x-axis) Ml
mapping e.g. (0. 1) = (3. 1) Al 2
or(l,1)—> 4. 1)
® s
A= Bl
01
Shear (parallel to the x-axis) M1
mapping e.g. (0. 1) —» (6. 1)
or(l.1) = (7. 1) Al 3
Total 6
Question 4: Jan 2007 — Q7
(a) | Setting x'=x and ' =y M1
x=-x+2v and y=-2x+3y
gives y=x Al 2
b)yir-1 2 x| _|x+ 2c
=2 3||x+c X+3c MIAL
Andy’=x"+calso Bl 3
(©)
det M =1 = Areas of shapes invariant | Bl Bl 2
@|[-1 2)[a] _[3a
-2 3||-a —5a Ml
— Image of y=—x under Sis y= %x Al
5
Angleis 135°—tan™' 3 =76° BIF 3
N.B. Final angle can be gained via scalar
product:
_|G-p-(3i-5))
cos = |—————
V2434
= f=cos " (ls"\/l_?) =76°
Total 10

Question 5: June 2009 - Q4

4(a)

ibj

3x[1]1-[2] = 5x—4y+ 14z=16

Giving no unigue soin. and consistent

For those who just show A =0 fo

conclude that there is no unique soln.

w W
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Lok

Other methods for soiving a 3x3 system
will be constructed should they arise

M2 Al
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B

is
Bl 3
Mi Al
Mi
Shear, paraiiei to y= ;r Bi
mapping (e.g.) (1, 1) — (4.6, 2.8) B1./ 5
Total 15
Question 7: Jun 2011 - Q6
1 2
6 r=(2|+4|3 B2.1 2
(@) 3 6
@)r=2 -1 0/ |2+34|=| 4 Al
11 -1 [3+64] | -4 Al
Clear and valid explanation that this is a
line through O El 4
()
(®) [1 4}{ P }_ {3}9—0—41{} B1
1 3 2
2 —l|gp+k sp—k MIAL
Answer satisfies y= 4x-3k Al 4
(ii) Equal gradients. hence parallel ELF
Distance = |k — ¢| cos8 with tang= 1 M1
= Al 3
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