Second order linear differential equations. — Exam questions

Question 1: Jan 2009 Q7

(a) Given that x = e’ and that y is a function of x, show that

2 &y dy dy

=——-— 7 marks
de?  de? dr ( 4
(b) Hence show that the substitution x = &' transforms the differential equation
d? d
P P A 1)
dx? dx
into
d2y dy
——5—=10 2 marks,
dez  dr ( /
. X X . . dy dy
(¢c) Find the general solution of the differential equation d—2 -5 d = 10. (3 marks)
t t

: : : d* d : d
(d) Hence solve the differential equation el M A V) . given that y =0 and Y_g
dx dx dx
when x = 1. (5 marks)

Question 2: Jan 2007 Q5

Find the general solution of the differential equation

&y dy
dx—i - 43" 43y =6 + Ssinx (12 marks)
Question 3: Jan 2008 Q8

(a) Given that x = e’ and that y is a function of x, show that:
dy _dy,

1) x—=—; 3 marks
(1) i ds ( )

: d?y  d%y dy

- 2

i) x»*»—=—- =, 3 marks
@) de2  de2  de ( /

(b) Hence find the general solution of the differential equation

d2y dy
24 WV
x——bx—+6v=1>0 (3 marks
12 Y )
Question 4: Jan 2006 Q1
(a) Find the roots of the equation m® +2m~+2 =0 in the form a + ib. (2 marks)

(b) (i) Find the general solution of the differential equation

Py 20 oy
—5+2—+2y=4x
de?  Tdx (6 marks)

dy
(i) Hence express y in terms of x, given that y =1 and — =2 when x = 0.

dx
(4 marks)




Question 5: Jun 2007 Q1

(a) Find the value of the constant & for which kxZe>* is a particular
differential equation

&’y dy
L 102425y = 6™
dx? dx

(b) Hence find the general solution of this differential equation.

Question 6: Jun 2007 Q5

(a) A differential equation is given by

dz‘.f' 2
(Jr?‘— J—— —2x—=x" 41
dx? X
Show that the substitution
dv
H=—++2Xx
d:

transforms this differential equation into

du  2xu

dy  x2 -1
(b) Find the general solution of

du B 2xu

d_r . _YE — 1

giving vour answer in the form u = {{x).

(¢) Hence find the general solution of the differential equation

d.
(x2 — 1)15—21;’:;2“
X X

giving your answer in the form y = g{x).

Question 7: June 2009 Q5
It is given that y satisfies the differential equation

Py dy
J’—|-2 J’—|—5y: 8sinx +4cosx
dx? dx

integral of the

(6 marks)

(4 marks)

(4 marks)

(5 marks)

(3 marks)

(a) Find the value of the constant & for which v = ksinx is a particular integral of the

given differential equation.

(3 marks)

(b) Solve the differential equation, expressing y in terms of x, given that y =1 and

a

=4 when x = 0.

dx

(8 marks)
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d%y (dy dy
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O 28y g 49
dx” dx
(&y o | 9
——— |4 = =10 M1
\ de=  de Jo dt |
d'y _dv
—5—=—=10 Al 2
dr” di
©| &y _dp
——5—=10
dr” di ©
Auxlegn m'—Sm=10 M1
mim—5)=0
=0and5 Al
CF: (V. =)4+Be" M1
PL (y, =)— 21 Bl
GSof (*) (v} =4 +Be"— 1t Blft 3
(d)|= y=4+Br -2lax M1
V() =5B" —2x Alfe
Using boundary conditions to find 4 & B M1
B=24=-2; {_;|-'=—2+1'rE —Jlnx} [ ALALR 3
Tatal 19
Question 2: Jan 2007 Q5
Auxl eqn m’ —4m+3=0 M1
m=3and1 Al
CF is Ade™+Be* AlF
PI Try y=a+bsinx+ccosx M1
V'(x)= bcosx—csinx Al
¥"(x)= —bsmx—ccosx AlF
Substitute mto DE gives M1
a=2 Bl
4c+2b=5and2c—-4b=0 Al
b=05, AlF
c=1 AlF
GS:y=Ae™+Be"+2+0.5sinx + cosx BIF 12
Total 12

Question 3: Jan 2008 Q8

ayiy) | de
(a)() E:e. (=} B1
SN A M1
d‘( dr dx
2l D Al 3
dr x dr
(ii) dz}_\ _df d\
dr?  drl i )
_dx ch d | d}
Tarararlar) Ml
_dv e ded{dy)
Tdr drdeldx) M1
&, o) Al 3
dr \ d? )
Y S S
dv?  dr? dr
(b) !
xI—— o, — 6Yd—1+ 61v=0
d dx
- dzr d\
dr? ch Ml
Auxleqn m*—Tm +6=0
(m—6)(m-1)= ml
m=1and 6 Al
v=Ae" + Be' Ml
y=Ax% + Bx ALY 5
Total 11
Question 4: Jan 2006 Q1
1@ | (m+1) =-1 Ml
m=-=1=ti Al 2
2)(i) | CFis e (4 cosx+ B sinx) M1
{or e”4 cos(x + B) ALS
but not 4" + Be H_ﬂx}
{PInt} try y= px+g M1
2p+2(px+q)=4x Al
r= 2. q= =2 Al\.‘"\
GS y=e"(dcosx + Bsinx) +2x-2 B1V 6
(i) | x=0, y=1=4=3 B1S
V'(x) =— e~ (dcosx + Bsinx) + M1
+ ™ (— Asinx + Beosx) + 2 Al
V(0)=2=2=—4+B+2 = B =3 INT)
¥ = 3e ™ (cosx + sinx) +2x-2 4
Total 12




Question 5: Jun 2007 Q1

1@) | yer =kc’e™ = ' = 2kve”™ 4 Skx’e™ Mi
g : Al
= 3" = 2ke™ +10kxe™ +10kre™ + 25k e™ Alft
= ke’ + 20kxe™ + 25k e
~10(2kxe™ +5ke™ )+ 25ke ™ =6e™ | 14
Al
2k=6 = k=3 Alft 6
(®) | Aux_eqn. m* —10m+25=0=>m=5 Bl
CFis (4+Bx)e™ M1
5 2 M1
GS y=(A4+Bx)e™ +3x%™
y=(d4+Bx)e” +3x’e Alft 4
Total 10
Question 6: Jun 2007 Q5
s@ | =P o ¥4y, MI1A1
dx de  dx”
, oafdu ) )
x =1) —=1|-2x(u—-x)=x"+1 M1
(e ) )2
5 d
DE= @D _2vu=0
dx
du  2xu
= —== Al 4
dy x -1
1 2x M1
® || —du=| —— dx
) u J. 21 Al
lnu=h|-1] +In4 AlAl
=A@ -1) Al 5
dy ;
©| Lyr=4 x'-1) M1
n
dy 2
— =Adx-1)-x
o ( )
YL 1.2 +B
J_‘._s_x,J_T M1
Alft 3
Total 12

Question 7: June 2009 Q5

5(a) | —ksmx+2kcosx+5ksmx=8sinx+4cosx M1
Al
k=2 Al 3
() | Auxleqn m +2m+5=0
—2++/4-20
m=——— Ml
m=—1+21 Al
CF: {y.}=e""(dsin2x+Bcos2x) AlF
GS {y} = e (4sin2x+Bcos2x)+ ksinx BI1F
Whenx=0,y=1=58=1 B1F
dy .
o —e " (4sin2x+ Bcos2x)
dx
+e " (24cos2x—2Bsin2x)+ kcosx M1
) dy
Whenx=0 —=4=4=—F+24+k Al
dx
3
= 4d=—
2
/;
y=e| —sin2x+cos2x |+2sinx Al g
Total 11




