Specifications

Differential Equations

The concept of a differential
equation and its order.

Boundary values and initial
conditions, general solutions
and particular solutions.

Differential Equations -
First Order

Analytical solution of first
order linear differential
equations of the form

dv o _
E'*PJ'—Q

where P and Q are functions
of x.
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Differential equations

First order differential equations

The relationship of order to the number of arbitrary constants in the
general solution will be expected.

To include use of an tegrating factor and solution by
complementary function and particular integral.



Vocabulary and definitioins

*| A differential equation is an equation involving the derivatives of a function.

The function is usually called y(x) ory

dy dy
Some examples: — =2x+1 — =2xy
P dx dx !
ﬁ A 7 rﬂ— 47
dx x Tdy :
dzy d?y L dy .
—~+y=0 ——-+3-=+2y=sinx.
dx~ dx~ d

*| The ORDER of a differential equation is the same as the
highest order of derivation occuring in the equation

When only the first order derivative. 3—1 is involved (as in the first four examples above). the
%

e ) . ) . . d’y .
differential equation is said to be of first order. When the second order derivative. T is
)

involved (as in the last two examples). the differential equation is said to be of second order.
Differential equations of order 3. 4. ... are defined similarly.

« |Adifferential equation is LINEAR if it is linear in y and the derivative ofy.

Any equation containing
powers of y and/or its derivative
or products of y and/or its derivatives  are non-linear

Exercises:
1. Write down the order of each of these differential equations.
(a) \?1—1 +y=x". (b) (:1;; - g—: +y=0.
d_"l‘_ 3 3 -fd:T )2 N
© =2+ @ x| +v=1.

2. State which of the differential equations in Question 1 are linear.
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To solve a differential equation is to find all the functions satisfying the equation.
All these solutions constitute a family of solutions.

Consider the differential equations

Q:x2+3x @:vaz
dx dx i

Method 1: Direct integration

Y _ 2 43y is of the form & = f£(x)
dx dx
We can integrate this function:
1, 3,
y=—X +—X"+c

Method 2: Separating variables

dy )
= =2xyv
e Xy

We are going to re-arrange this equation in the form g(y)dy = f(x)dx

and integrate both sides

1
> e =2x so I 7 dy =I 2xdx

——=x"+c
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*|Solutions that involve ARBRITRARY CONSTANTS are called GENERAL SOLUTIONS.

«|A solution which contains NO CONSTANT is called a PARTICULAR SOLUTION.

To work out a particular solution, we will be given
- an interval ( of validity) for x and/or
. boundary/initial conditions

Worked example:

: . : : v
Consider the differential equation : d.; =y
X

a) Find the general solutions of this equation.
b) Work out the particular solution satisfying y(0) =1.

=Yy

-

dx

- |'_.
B[S
I
[a—

E

{__ﬂ ‘!‘tlh
Il
Sy
=

Il
-
5
%]
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Exercises:

1. Find the general solution of the differential equation.

dy
— — 2
1] &
dy 4
3 e
dx X
d_y— ¥ 8
- 4 dx_e
dy
2| &
2

(b) Find the particular solution which satisfies the condition y(0)=2.

ad

(b) Find the equation of the member of this family whose graph passes through the

point (1.0).
(c) Sketch this graph.

dy
dx
dy
dx
dy ¥

d« x(x+1)

> 0

2R ®|=

I

dy _
= COS X 10 E—ycotx,

dy

dx

dy 1

dv "2

4. (a) Solve the differential equation

—+y=0,

dx

B
——+xy =0.

x>0

V< 9

. (a) Obtain the general solution of the differential equation

. (a) Obtain an equation representing the family of solutions of the differential equation

x>0.

0=x<2.

subject to the boundary condition y(0)=3.

(b) Verify that y(2) = 0.406.
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Analytical solutions of first order differential equations

To solve a diff. eq. using an analytical method means finding an exact expression of the solution functions.

Method 3: Recognising the derivative of a product function

If a differential equation is of the form

dv  du
_+_ ) — ki
s A

o o d
re—write it as —(uxy)=J(x
dt( y)=f(x)

then integrate: uxy= I f(x)dx

1
= s [ f(x)ax

Find the general solution of the following :

a) x° @ +2xy=0 b)—x——=—=2 c)cos(x) -d;v —sin(x)y = cos(2x)
dx 3 dx
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Exercises:

In questions 1-6 find the general solution of the exact differential equation

1 Q-}- - 23 —xg_ -X & — x
1/ x5 Ty =cosx 2| etg, ety =xe
3_smxdx+ycosx—3 2] 37 Fy—e‘
— dy — dy

5 xedx+2.xe X 6'4xydx+2y x

‘7 a Find the general solution of the differential equation

x2g—i’+2xy:2x+1.

+1=4 e ¢

x|z =6 9

S
V+Rx=L ¥
X3500 2 + X230 x¢ = A ¢

o 2 ' 4
I
u

5;+xugs%:£

'SJUPISUOD AIP | PUR 2 ‘S1amsue SuImoqjog ayl uj
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Integrating factors

A first order linear differential equation can be re-arrange in the form

% +P(x)v=0(x)  whereP(x)and Q(x)are two functions

X
This is called the STANDARD FORM of the first order linear diff.eq.

The principle: to multiple both side of the equation, in its standard form, by a function I(x),
called the integrating factor, so that the left-hand side of equation becomes the derivative
of a product.

Let's work out an expression of the integrating factor:

Let's call the integrating factor 7(x)
We now multiply the equation by 7(x)

I(x)% +I1(x)P(x)y =Q(x)

We would like that di(] (x)=1(x)P(x)
X

or for short £ =IP
dx

This is a differential equation we can solve by separating the variables:

In(Z) = j Pdx
I :e} I
Knowing the function P, we can now work out the functionm /(x). an integrating factor
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Method 4: Integrating factor

The standard form of the equation : % +Py=0
X

: . dy dI
1s equivalentto 7—+—y =1
q i dx} o

1s equivalent to di (y)=10
X

To solve, integrate the equation ( both sides)

is equivalentto 7 % +IPy = IQ where the integrating factor /(x)=e

[ P(x)dx

Important: The equation must be written in its standard form before applying the integrating factor.

Worked exercise:

: . . : . .. dy ¥y 5
(a) Find the integrating factor of the differential equation d_ ——=x", wherex >0.
X X

(b) Hence find

(1) the general solution,
(i) the particular solution satisfying the condition y(1)=0.
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1
J ";a& :e—ln:r :l
X

An integrating factor is [=e

By multiplying the equation by l,we have
%

1 3
_Q_ 11 J.':x
xde x°
B ¥ . . .
This is 5 —xy |=x and by integrating both sides:
: SR

l:lx:+c

x 2

y=—X +cx

)

Fa

iiyWhen x=1,y =0 so 0=é+c c=-

b |

; o 1,5
The particular solution is y = 7(.\” —.1']




Exercises
1.Work out the general solution of the following differential equations

dy dy ¥y _1
— 4+ 2y =¢' = +_==

Va ™t 6laxty £7
dy dy x3
- 4+ = X2 — py = ma =

2 dx ycotx =1 | 7 de xy x+2*c 2
dy i — CO5 X y g —

3 a+_ysmx—e 8 :}xdx+y—x
dy _ 2x - d_..y— —

4 a—y—e 9| (x Pz)dx y=x+2)
dy _ Y, o4y

5| g tytanx =xcosx 100 x5 TY=2

2 11 Findy in terms of x given that

xg—i+2y=e‘andthaty=Iwhenx=l.

12 Solve the differential equation, giving y in terms of x, where

d
x-‘d—i/—xzy= landy =latx = 1.

13 a Find the general solution of the differential equation X _ o
1 ) dy — 2 xup
+ 2 ==+ 2y = 2(x2 + 1)2
(x ) o 2y = 2(x 1),
givif?gy in term.? of x. . . o - (_t:_;_ xza]%: 4 (qQ) A xcgi;_': x4 ()
b Find the particular solution which satisfies the condition thaty = 1 atx = 1.
z ; ; g : . dy 2y = . .
3. (a) Find the integrating factor of the differential equation F e 4x. x>0. S tx=4 @ & (e)
X X
(b) Hence find the general solution. =4 -‘*’rijf ) _‘»‘-I-x - £ o1
dv ; (z+x04+(z+Mu(z+ =4 ¢
4 (a) Find the general solution of the differential equation g 2y=e". wixi=f g
X V4+g+0ur=~, ¢
(b) Hence find the particular solution satisfying the condition y(0)=0. TixuE=o 9
5. Solve the differential equation X500 ( 24 ;;] =L g
Zd_" s D+ =4 F
* dx =k rsad + rsad¥ =4 €
2 s X 35002 + X)j00— = A
where x >0, subject to the condition that y(1)=0. 24 25 & f
"JUBISUOD E 512 ‘STamsTe Sugm.ol[[m g uj
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Transforming differential equation using a substitution

The substitution to use will be given in the exam questions. Just follow the instructions...

Worked example:

- 1 : ; . dy )
a)Use the substitution z = — to transform thedifferential equation dt +xy=xy",
y -

into a differential equation in z and x.
b)solve the new differential equation, using an integrating factor.
c)Find the general solution of the original equation, giving y in terms of x.
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Your go...

d 2 4 342

A) Use the substitution z = J to transform the differential equation 2 - gc—y’ x>0,intoa
X dx 2xy

differential equation in z and x. By first solving this new equation, find the general solution of

the original equation, giving y? in terms of x.

B) Use the substitution u = y — x to transform the differential equation
dy _y-x+2

d« y—-x+3
into a differential equation in v and x. By first solving this new equation, show that the general
solution of the original equation may be written in the form

(y — x)? + 6y — 4x — 2c = 0, where ¢ is an arbitrary constant.
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Exercises:

In questions 1-4 ,use the substitution z = % to transform the given homogeneous differential
equation into a differential equation in z and x. By first solving the transformed equation, find
the general solution of the original equation, giving y in terms of x.

1
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| Use the substitution z = y? to transform the differential equation £

dy ¥y .=z dy _y 2
a—;+5,-,x>0,y>0 2 E_E+F, x>0
dy ¥ .9 2 Y _+9
&z e ¥70 Ve =3 ¥
- Use the substitution z = y~? to transform the differential equation
dy — 3 X o

aﬁ-(itanx)y-» (2 sec x)y?, 2<x<2

into a differential equation in z and x. By first solving the transformed equation, find the
general solution of the original equation, giving y in terms of x.

Use the substitution z = x° to transform the differential equation

dx 1

—_— = 1

5 t%x = tx

into a differential equation in z and t. By first solving the transformed equation, find the

general solution of the original equation, giving x in terms of t.

Use the substitution z = y-! to transform the differential equation

dy 1, _@+1)7°,

& ¥ Y

into a differential equation in z and x. By first solving the transformed equation, find the
general solution of the original equation, giving y in terms of x.

dy 1

+ 2 — + i —

201 +aY) -+ 22y =

into a differential equation in z and x. By first solving the transformed equation,
a find the general solution of the original equation, giving y in terms of x.

b Find the particular solution for which y = 2 when x = 0.

X+ 1A
2+ Xx)
(1 +X) =2F
= £
E(.JF—;’" +1)=x

I+ Xp)p
s> =X

L
9
§
(1-a)x=( ¥
€
z

=f e g

O+ xupxg = L
O 4 xupxz =4 1

“juejsuod
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