Chapter 9: Differential Calculus

Mr Ian Cantley
February 16, 2006
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1 Differentiation from First Principles

Consider a point P(x,y) on the curve y=f(x), and let Q(z + dz,y + dy) be a
point on the curve which is very close to P:
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The gradient of the chord PQ is:
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The ratio % approaches a definite limit as dx gets smaller and approaches 0.

This limit is the gradient of the tangent at P, which is the gradient of the
curve at P.

It is called the rate of the change of y with respect to x at the point P, and is
denoted by %.
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g—g is called the differential coefficient or the first derivative of y with respect to x.

If y=£(x), you can use the notation % = f'(x).

In this case f’ is often called the derived function of f or the gradient function
(since it gives an expression for the gradient of the curve at any point). The
procedure used to find Z—Z from y is called differentiating y with respect to x.




Example

Find (‘f—y from first principles if y = x

X

Solution

Let f(x)
dy

dxr

.y
dx

2 General formula for 2 when y = az”
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1. If y = az™ (where a and n are constants), then

% = ana" !
X

i.e,multiply by the power and then subtract one from the power.

dy

2. If y=ax (where a is a constant), then 3 = a

3. If y=a (where a is a constant), then ¥

Example

dy _

Find % for each of the following:

(i) y=62z°
g 3
(ii) y= S22
(iii) y=ai
- _ b
(“}) y - %



Solution

(@) y =

(wi) y =

3 Sum or Difference of Two Functions

Ify

dx
Example 1

f(z) £ g(x), then
f'(@) £ g'(x).

Find f’(x) of for each of the following:

f(z) =32 + Vo + 2z

f(x):%—%-i-lo

(19)



Solution 1

(@) f@) = 32*+Vo+2w=32"+2% +20 (24)
fl(x) = 12m3+%x_%+2
1
= 122+ — +2
2x2
1
= 12333—&—%-1-2 (25)
6 4 6 4
i = —=-—5+10=—-—=5+10 26
(i)  fl2) N priie s (26)
= 6372 —427 3410
S f(@) = —327% 41227
_ 3. 12
N ;p% :c4
3 12
fl@) = R T (27)
(28)

Example 2

Find Z—Z for each of the following:

(i) y=(Va+3)? (29)
3% + 2
1) = 30
(i) . (30)
Solution 2
(1)  Expand brackets (31)
y=(z+3)?=2+6V2+9=2x+6z2+9
dy 1 3 3
L= = 1 3 T2 = 1 — = 1 _— 32
o + 3z + s + NG (32)
3z24+2 322 2
(i) y="T 20T 2 3ot (33)
x r
Cdy 2 2 32?2
e R R B (34)

4 Second Derivative

We can repeat the differentiation process to find the differential coefficient of
% with respect to x, i.e.,

d dy
70 as) (35)

This is called the second derivative of y with respect to x and is written as:

d?y

a2 (36)



Iy = f(a). i is written as /(o).
Example

Ify:2;v+%,ﬁndd?—y

dxz?
Solution
3 -1
y = 2x+;:2x+3m (37)
d
ﬁ = 2- 3272 (38)
d?y _3 6

5 Gradient of a Curve

The gradient of a curve at point P is equal to the gradient of the tangent at P,
which is given by the value of % at P.

Example 1
Find the gradient of the curve y = 322 + x + 1 at the point (1,5).

Solution 1

y=32+z+1 (40)

dy

-7 1 41

. 6z + (41)

Whenle,%zfixl—i—l:? (42)
x

s ANS =7 (43)

Example 2

Find the coordinates of the point on the curve y = 222 + 3z + 1 where the
gradient is -1.

Solution 2

y=22"+3z+1 (44)
dy

= =4z +3

dx T

N S|

dx

cdr = —4

cr=-1

when z = -1, y=2(-1)243(-1)+1=0

o ANS = (-1,0) (45)



6 Equation of a Tangent to a curve

The equation of the line passing through the point (z1,y;1) of gradient m is given
by:

Y=y =m(z— ).

Therefore, to find the equation of the tangent to a curve:
1. Differentiate to find the gradient, m
2. Use y —y1 = m(x — x1).

Example

Find the equation of the tangent to the curve y = 4x3 — 222 — 5z at the point
where x=1.

Solution
y = 4a® — 22° — 5z (46)
d
& 1202 4z -5
dx
_ dy _ 2 _
When @ = 1, 2% = 12(1)* —4(1) =5 = 3
T

When z = 1,y = 423 — 22° — 5z
=4(1)* - 2(1)* = 5(1) = -3
om=3, r1=1 y=-3
Using y — y1 = m(z — x1) gives
y—(=3)=3(x—1)

SYy+3=3z—-3
Sy=3r—-3-3
SYy=3x—6 (47)



7 Equation of a Normal to a Curve

A normal is a line perpendicular to the tangent at the point of contact.

y=fx)
Tangent at P

Pl
w1

Mormal at P X

If the gradient of the tangent is m, then the gradient of the normal is ;73, ie.

to find the gradient of the normal turn the gradient of the tangent upside down
and change the sign.

Example

Find the equation of the normal to the curve y = 22 + 3z — 2 at the point
where z = 4.



Solution

y=a%+3z—2

dy
— =2 3
dx T
dy
Whenz =4, L —914)+3=11
en r Ir (4) +
Mtangent = 11
1
S Mpormal = — 77
11

When z =4, y=2>+3z—-2
=42 4+3(4)-2=26

1
m:fﬁ, r1 =4, y3 =26
Using y — y1 = m(z — x1) gives

1
y—26=——(x—4)

11
1 4
26 = —— =
y=20= et g
4
—_ 2 I
e Tt

(48)



8 Stationary Points
A stationary point is one where % =0.

There are three main types of stationary point:
1. A (local) maximum turning point.
2. A (local) minimum turning point.

3. A point of inflexion or a saddle point.

maximumm point

point of
inflexion

maximum point

minimum point
D

i

To find and distinguish between the stationary points of a curve:
1. Differentiate y twice to find % and %
2. Put %:0 and solve for x. Then find the corresponding values for y from

the original equation.

At this stage you have found the stationary points

3. To determine the nature of stationary point P substitute the coordinates
2
into d—;g

2
o If 2732’ < 0, the point is a maximum turning point

o If 2Y

2
filmg > 0, the point is a minimum turning point
2, \ . . .
o If jTg =0, and % has the same sign on either side of P, the point is
a point of inflexion.

e Note: A point of inflexion is a point where the tangent of the curve
actually crosses the curve at that point. Therefore, it is possible to
have points of inflexion that are not stationary.

10



Example 1

Find the coordinates and nature of the stationary points on the curve with
equation y = (z + 2)(z — 1)2. Hence sketch the curve.

Solution 1

Stationary points occur when 3%

y = (z+2)(x—1)7
= (z42)(a® -2z +1)
= 23— 2%+ +22% —4dx +2

y = 2°—3z+2
dy 2

— = 3z° -3
dzx v

dy _

B g3
dz
3z+1)(x—1)=0
oo x=—-lorx=1
When z = —1, y=(r+2)(z—1)?
=(1)(-2)?=4
When z =1, y=(z+2)(x —1)?
(3)(0)* =0

The stationary points are (-1,4) and (1,0).

d%y

P
d*y

h =-1, —S=6x(-1)=-6<0

when x 12 (-1)

x = —1 corresponds to a maximum turning point.
d2

Whenz=1, 2% —6x1=6>0
dx?

x = 1 corresponds to a minimum turning point.
The stationary points are:

(—1,4) Maximum turning point

(1,0) Minimum turning point

Curve meets y-axis when z =0
y=(@)(-1)2 =2

Curve meets y-axis at (0, 2)

Curve meets x-axis when y = 0
(x+2)(x—-1)*=0

r=—-2o0orzx=1

Curve meets x-axis at (-2,0) and (1,0).

11
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Example 2

Find the coordinates of any stationary points on the curve y = 5x% — 122°

and distinguish between them.
Hence sketch the curve.

Solution 2

Y 525 — 1225
dy 5 A
— = 30z° — 60z
dx
Stationary points occur when (% =
d
Yoo = 3025 — 602" =0
dx
30z (z —2) =0
.o x=0o0rz=2
When z = 0, y = 52° — 122°
=0-0=0
When z = 27 Y= 51.6 _ 12.’175

=5(2%) —12(2°) = —64

12
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The stationary points are (0,0) and (2,-64). (60)

d*y 4 3
d*y 4 3
When z =2, ——5 = 150(2') — 240(2°) = 480 > 0
x = 2 corresponds to a minimum turning point.
d%y
Wh =0, =—5=0-0=0
en In2
x = 0 may correspond to a point of inflexion.
d
When z = —0.1, ﬁ = 30(—0.1)° — 60(—0.1)*
= —0.0063
d
When 2 = 0.1, ﬁ = 30(0.1)° — 60(0.1)"
= —0.0057

x = 0 does correspond to a point of inflexion.
Stationary points are:

(0,0) Point of inflexion

(2, —64) Minimum turning point

Curve meets y-axis when x =0
y=0-0=0
Curve meets y-axis at (0,0)
Curve meets x-axis when y=0
o550 — 1225 =0
st (br —12) =0

2
cx=0o0rax=2-

5
Curve meets x-axis at (0,0) and (2%7 0). (61)
v
y=E- 124
-
Y222 X
Bl

13



9 Increasing and Decreasing Functions

A function f which increases as x increases in the interval from x=a to x=b is
called an increasing function in the interval (a,b).

For such a function, f’(z) > 0 throughout the interval.

A function f which decreases as x increases in the interval from x=c to x=d
is called an decreasing function in the interval (c,d).

For such a function, f’(z) < 0 throughout the interval.
Example

Determine if the following functions are increasing or decreasing:

(i) f(x) =2
(ii) f(z) = —(z — 1)?

Solution
(i) flz) =2 (62)
¥
y=x
f..f"
X

y =z (63)

d
d—y = 322 > 0 for all real values except x=0 (64)

x

f(z) = 2® is increasing for all real values of x except x=0  (65)
(66)

14



T

-\-\ T
71\ |
y=-(-1§

y=—(r—1)7?=—(2® -2z +1) (68)
= 2?42z -1

=—2x+2

d
) is increasing when N

@Y
dx
f(x .

d
Yoo 224250
dx

=<1
. : dy
f(x) is decreasing when — < 0

dx

d
Yo —2r42<0
dx

=z>1
The function f(z) = —(z — 1)? is increasing in the interval — (69)

2z < 1 and is decreasing in the interval z > 1 (70)

15



10 Using Differentiation to Solve Practical Prob-
lems

Example
A cylindrical tin, closed at both ends, is made of thin sheet metal. Find the di-
mensions of a tin like this that holds 1000cm?® and has a minimum total surface

area.

Solution

h cm

- ¥ |E:Frf‘*h3

16



Let radius = x cm
and height = h cm

Volume = wz?h = 1000
1000
h= 1
T2 (1)
Curved surface area = 2wxh

Area of 2 circular ends = 27wz
Total surface area is:
A = 2rxh + 272? (2)

Substituting (1) into (2) gives
1000
a2

A =2mz(

2000
A="2 4 9r2?
T

) + 27ma?

A = 2000z~ " + 2722
dA

2000
= —20002"2% 4+ 47z = —

e 2 +4rx

For stationary value, — =0
dx
2000
-
2000
2
3 2000 500

+4rx =0

=drx

4w
~3/500

— =542 cm
T

Substituting x=>5.42 into (1) gives

1000
h=——= =10.8
7(5.42)2 o
d? 4000
¢y _ 4000273 + 47 = ——— + 4r
dx? 3

d?A
Clearly ) > 0 when z = 5.42 cm

x=5.42 corresponds to the minimum value of A

ANS: Radius = 5.42 cm
Height = 10.8 cm

17
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11 Rates of Change
Example

At time t seconds the length of edge x cm of an expanding cube is given by
x=2t. Express the volume, Vem3, and the surface area, Acm? | in terms of t.
Hence find the rate of change of V and the rate of change of A with respect to
t at the instant when t=3.

Solution
x 2t (73)
vV = 28
Vo= (2t)3 =8t
A = 627
A 6(2t)% = 24¢*
av
— = 24¢?
dt
dA
— = 48t 74
pm (74)
When t = 3s, i 24 x 3* =216 cm”/s (75)
dA
o 48 x 3 = 144 cm?/s. (76)

18
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