Subgroups
Example:

Find the subgroups of (
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The subgroups are:

Definition:

Let G be a group under operation *.

Suppose H consists of some of the elements of G and that H is itself a group under *.

Then H is called a SUBGROUP of G.

Note:

Every group G has two trivial subgroups, {e} and G.

Subgroups of G other than {e} or G are called PROPER subgroups.

Theorem:

Let G be a group and let H be a subset of G.  H is a subgroup of G if

1.    a*b is an element of H whenever a and b are in H  (i.e. closed);

2.    the identity e is in H;

3.    the inverse of every element in H is also in H.

Proof:  We need to check (H, *) forms a group.
1. There is closure since a*b is in H whenever a and b are in H.

2. There is an identity element e in H such that e*a = a*e = a for all a in H.

3. We know that every element in H has an inverse in H.

4. The final property we need to check is associativity:



i.e.  a*(b*c) = (a*b)*c   for all a, b and c in H.

But a, b and c must also be in G and G is a group.  The associativity property must therefore hold for all elements in G.

So we must have a*(b*c) = (a*b)*c   

Example 1:

Explain why 
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 is not a subgroup of (Z, +).

Reason:

Example 2:  Prove that the set H = {12x + 21y: x, y 
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Z} is a subgroup of (
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First we need to show that H is a subset of Z:

If  x and y are integers, then 12x + 21y is also an integer.  So H is a subset.
Next we need to show that set H is closed under addition:

Let p and q be in H.

Then p = 12x + 21y  (for some x and y)  and q = 12u + 21v (for some u and v).

So  p + q = 12x + 21y + 12u + 21v = 12(x + u) + 21(y + v).

We can see that p + q must also be in H, as both x + u and y + v are also integers.
Next we must check that the identity is in H.

The identity in 
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 is 0.

This is in H as 0 = 12×0 + 21×0.

Finally we must check that the inverse of every element in H is also in H.

Consider any element p in H.  Then p = 12x + 21y for some x and y.

The inverse of p is  -(12x + 21y) = 12(-x) + 21(-y).

This is also in H.

So H is a subgroup of 
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Lagrange’s Theorem
The order of any subgroup of a finite group G must be a factor of the order of G.

Note:  A group of prime order has no proper subgroups.
Example:
You are given that the set (1, 2, 3, …, 12} forms a group under multiplication modulo 13.  Find, or explain why none exists, a subgroup of G with order

a)  2


b)  3


c)  5

Sometimes it helps to see the group table:
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a) Order 2:

b) Order 3:

c) Order 5:

Subgroups generated by an element

Example:  Consider the group 
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The table is
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Consider the powers of 2:

The powers of 2 form a subgroup of 
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Example 2:

Consider the group 
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The powers of 2 are  
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  and these form a subgroup.

Theorem:  Let a be an element of a group G.  Then the set of all powers of a, H = 
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 is a subgroup of G.

Proof:

If p and q are in H, then 
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 for some intergers r and s.

Check closure:
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.  This is another power of a, so is in H.

Check identity:


The identity is 
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  (by definition).

Check inverse:


If p is in H, then p = 
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 for some 
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The inverse of p is 
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, another integer power of p.

So the inverse of p is also in H.

Therefore H is a subgroup of G.

Note:  The subgroup H of a group G defined by H = 
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 is said to be the subgroup generated by a.

Other results

1)  The order of an element of a finite group G is a factor of the order of G.

Proof:  The order of an element a is equal to the order of the subgroup generated by a.  By Lagrange’s theorem, the order of a must be a factor of the order of the group.

2)  Every group of prime order, p, is cyclic.

Proof:  Consider an element a in G other than the identity.  As the order of a is a factor of p (and as a is not the identity), the order of a must be p.  Therefore a is a generator for G, and G is cyclic.
Positive integers including 0.
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