Isomorphic Groups
Starter activity: Past examination question on groups, subgroups and order

An abelian group G = {a, b, c, d, e, f, g, h} has the following composition table.

	
	a
	b
	c
	d
	e
	f
	g
	h

	a
	b
	c
	e
	f
	a
	g
	h
	d

	b
	c
	e
	a
	g
	b
	h
	d
	f

	c
	e
	a
	b
	h
	c
	d
	f
	g

	d
	f
	g
	h
	e
	d
	a
	b
	c

	e
	a
	b
	c
	d
	e
	f
	g
	h

	f
	g
	h
	d
	a
	f
	b
	c
	e

	g
	h
	d
	f
	b
	g
	c
	e
	a

	h
	d
	f
	g
	c
	h
	e
	a
	b


(i) State the inverse of each element of G.





(2)

(ii) Find the order of each element of G.





(3)

(iii) List all the proper subgroups of G.





(5)

Solution:

(i) and (ii)  Complete the table showing the inverse and order of each element of G:

	Element
	Inverse
	Order

	a
	
	

	b
	
	

	c
	
	

	d
	
	

	e
	
	

	f
	
	

	g
	
	

	h
	
	


(iii)  We can use some thought, the information in the table and the fact that the order of a subgroup must be a factor of the order of the group to identify the (proper) subgroups:
Today’s lesson objectives:

To understand the idea of isomorphism between groups, and determine whether given groups are, or are not, isomorphic.

Introductory example:

Consider the symmetry group of a rectangle:


	
	
	1st transformation

	
	o
	I
	X
	Y
	R

	2nd transformation
	I
	
	
	
	

	
	X
	
	
	
	

	
	Y
	
	
	
	

	
	R
	
	
	
	


                                R o X

Also consider the group formed by multiplying together the matrices:
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	×
	A
	B
	C
	D

	A
	
	
	
	

	B
	
	
	
	

	C
	
	
	
	

	D
	
	
	
	



       DA
These two group tables are very similar to each other.  These is the following correspondence between elements of the two groups:-



I   ↔  A

(the identity elements pair up)



X  ↔  B





Y  ↔  C



R  ↔  D

Clearly the second table is the same as the first table but with the elements relabelled according to the above correspondence.

Two groups with the same structure are called ISOMORPHIC.
Note:  Isomorphic groups share all the same group theory properties (i.e. if one is abelian, so is the other; if one is cylic, so is the other etc).  Properties proved for one group will also apply in the second group.

Formal definition:  Groups (G, *) and (H, o) are ISOMPORHIC if it is possible to set up a one-to-one correspondence between the elements of G and those of H in such a way that combinations in G correspond to combinations in H, i.e.
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We write (G, *) 
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 (H, o).

The mapping between the elements of G and H is then called an ISOMORPHISM.

Example:  Show that the group 
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 is isomorphic to the group 
[image: image5.wmf]({2,4,6,8},(mod 10))

´

. 

Solution:  We begin by forming the two group tables:


We now identify the identity element in each group and find the order of every element:


Identity = 




Identity = 


Element
Order



Element
Order


  0





  2


  1





  4


  2





  6


  3





  8

These tables give clues as to how the elements should be paired up.

Lets try pairing the elements as follows:

0 ↔  

1 ↔

2 ↔

3 ↔

Suppose we now re-write the second group table with the order of the elements in the list above.  We get:

Check that this table has the same structure as the first table.  Therefore the pairing given above does define an isomorphism.

Note:  The mapping defining an isomorphism is sometimes written in function notation



f: G → H.

Notice that in the previous example, we made use of this general result.


· If  f: G → H is an isomorphism of groups G and H, the order of the element 
[image: image6.wmf]aG
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 is the same as the order of 
[image: image7.wmf]()

faH
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.

· If  f: G → H is an isomorphism of groups G and H and e is the identity in G, then f(e) is the identity in H.

Further example:
Prove that (
[image: image8.wmf]6

,
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¢

) is not isomorphic to D3 (the symmetry group of an equilateral triangle).

Solution:

We begin by drawing a group table for (
[image: image9.wmf]6
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) and then finding the order of every element.



The order of each element of D3 is as follows (refer to group table in previous notes)

The groups are not isomorphic because …

Example:  Prove that 
[image: image10.wmf](
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 is not isomorphic to 
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Solution:  In 
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 (i.e. the real numbers under addition), the only element of finite order is …

In 
[image: image13.wmf](

)

{0},

-´

£

 (i.e. the set of complex numbers excluding 0 under addition), there is an element of order 2, i.e.  …

So the groups are not isomorphic.

Cyclic groups and isomorphisms

Theorem 1:  Every finite cyclic group of order n is isomorphic to (
[image: image14.wmf],

n

+
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).

Theorem 2:  Every infinite cyclic group is isomorphic to 
[image: image15.wmf](,)
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.

Example:  Prove that 
[image: image16.wmf](
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 is isomorphic to 
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Solution:  
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 is a cyclic group.  A possible generator is 2.
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 is also a cyclic group.  A possible generator is 1.

Both groups also have 10 elements.  Therefore they are cyclic.
What is an abelian group?





O





y





x





I = do nothing


X = reflect in x


Y = reflect in y


R = rotate 180° centre O.
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