SLBS

CRITICAL PATH ANALYSIS

Also known as Network Analysis, Network Planning, Critical Path Method (CPM) or PERT (Program Evaluation and Review Technique).

First introduced in the mid-1950’s (by Dupont Chemicals)
PRECEDENCE TABLES

Also known as Dependency Tables

Example

Redecorating John’s room

Activity



Time (hours)    Depends on
A Tidy the room and move the furniture
2



B  Remove the curtains and curtain rail
1

C  Strip the old wallpaper



2

A, B

D  Wash and sand the paintwork


2

C

E  Apply first coat of paint to ceiling and

    woodwork and let it dry



6

D

F  Apply a second coat of paint and let it

    Dry






6

E

G  Hang the wallpaper



5

C

H  Hang the curtains




1

F, G

I   Reinstate the furniture



2

H

Note: The “Depends on” column only shows activities immediately preceding each entry in the Activity column.

(Read pp 101-103)

Ex 5A pp 104-105
ACTIVITY NETWORKS

Also known as Precedence Networks or Project Networks.

Activities are represented by arcs and the weight on each arc represents the duration of the activity.

The nodes (vertices) represent events.  Each event is the completion of one or more activities. 

The source node represents the start of the project and the sink node represents the end of the project.

A dummy activity is shown as a dotted line and has zero duration (but the direction is important)
Example

Redecorating John’s room




There is a dummy arc from 2 to 1 as C must be preceded by A and B

Both D and G must be preceded by C, therefore they both start from event 3

H must be preceded by F and G, therefore both F and G go into event 6 after which H starts.

Try to draw networks without any crossing arcs.
(Read pp 105-112)

Ex 5B pp 112-113
DUMMIES

There are 2 types of dummy:

1)
Identity Dummy

To model:

Activity

Depends on:




     C


   A, B
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This is not allowed since arcs must be unambiguous

Arc 1 to 2 is ambiguous

We draw instead:
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The direction does not matter in this case.

[A and B could be swapped over or C could come out of 2]

The weight of a dummy is zero.

2)
Logic Dummy

To model:

Activity

Depends on:




     K


   A




     L


   A, B
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The direction does matter

[You cannot swap A and B over]

LOCATION OF DUMMIES

Difficulty is sometimes experienced in correctly locating dummies.  A simple method of locating dummies is to draw all dependencies as dummies and then remove redundant dummies.

Example 1

K depends on A

L depends on A and B

M depends on B and C

Draw initially as:
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The dummy between A and K serves only to extend K and so is redundant.

However neither the A to L, B to L or B to M dummies can be removed without altering the logic of the situation and so must remain.

The C to M dummy can be incorporated into C without any changes resulting.

The network reduces to:
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Example 2


Activity

Depends on:


   A


   -


   B


   -


   C


A, B


   D


   B


   E


C, D


   F


   D


   G


   C

Draw initially as:
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Can remove dummies between:
A and C







C and G







D and F







B and D

The network reduces to:
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Example 3

Draw an activity network and explain why it is necessary to use exactly one dummy in this manufacturing process.

Activity

Depends on:


   A


   -


   B


   -


   C


   -


   D


   A


   E


   A


   F


   B


   G


   B


   H


C, D, E, F


   I


   E


   J


   E


   K


   I


   L


   I


   M


G, H, K

“Look ahead” and since H depends upon C and other activities that depend upon A and B, put C in the middle!
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H, I and J all depend on E, but I and J depend only on E, whereas H depends on E and C, D and F.

THE CRITICAL PATH ALGORITHM

Step 1 - The Forward Pass

This finds the earliest time you can arrive at each event having completed all of the activities that feed into that event.  Start at the beginning with a zero and work from left to right until you reach the last event.  If there is more than one activity that feeds into the event you must find the times given by each and take the latest since this is the earliest all the activities will be done.

(“The latest early time”!!!)

When you are waiting for a group of friends to go to the cinema, you can’t go until they all arrive, so the earliest you can leave is determined by the arrival of the latest person - and it’s always the same one!

We annotate the network using a double box.

Returning to redecorating John’s room:




At event 7 (after F(6)), we choose the largest value from

12 + 6 = 18

and

4 + 5 = 9 

to give the earliest possible starting time for activity H

Step 2 - The Backward Pass

This finds the latest possible time you can start each activity so that you will reach the later event having completed all of the activities that feed into that event.  Start at the end with the final time you found in the forward pass and work from right to left until you reach the first event.  If more than one activity has the same starting point then you have to work out the latest starting time for each and take the earliest since this will be the latest that all the activities will be done.

(“The earliest late time”!!!)

Here we go again!  You are going to cook beans on toast and have it ready in time to watch the football.  The meal won’t be ready until both items are cooked, so you work back from the starting time of the football subtracting the cooking time of each item to get the possible starting times.  The very latest time you can start cooking will be the earliest of these times since if you start any later, one of the items won’t be ready - cold baked beans are ‘orrible but raw toast is edible!

Returning to redecorating John’s room:



At event 4 (after C(2)), we choose the smallest value from

6 ( 2 = 4

and

18 ( 5 = 13

to give the latest possible starting time for activity D

Ex 5C pp 117-118
The FLOAT on an activity finds out how much ‘slack’ there is in running that activity.  The total float represents the maximum possible delay of each activity without delaying the completion of the entire project.

Total Float = Latest finish time ( earliest start time ( duration of activity

e.g.

for event G:






Total Float = 26  (  8  (  10  =  8

The CRITICAL ACTIVITIES are those that, if delayed, will delay the completion of the entire project.

For these activities, the two numbers in the event boxes are the same both at the start and end of the activity. (“Double Dominos”)

The total float of a critical activity is zero.

The CRITICAL PATH is the path connecting the critical activities from start to finish. The length of the critical path is the shortest time needed to complete the project and therefore should equal the “double” number written in the end event.

Note:  the path may split into two or even more than two alternative routes in which case there will be more than one critical path and you may need to state all of them.

Returning to redecorating John’s room:




The critical path is given by:
A   C   D   E   F   H   I

The length of the critical path is 21 hours.

Example

Terry decides to make a wooden child’s chair.


Activity



  Time (hours)   Depends on
A
Make the wooden base


2

B
Make the back




2

C
Make the legs




5

D
Cut the foam for the cushions

1

E
Make covers for the cushions

3

   D

F
Assemble the chair



2

A,B,C

G
Assemble the cushions


1

   E

H
Paint the chair




4

   F

I
Fix the cushions to the chair

1

G,H




Find the critical path and the shortest length for the project.

Solution




The critical path is

C   F   H   I

The shortest project time is 12 hours.

This type of float is called an interfering float
If one activity with a float, say D, does not start at its earliest start time, it affects the amount of float available for activities E and G.

Example
The diagram below shows the activity network to model an automated welding process.  The welding activities are represented by edges.  The number in brackets on each edge represents the time, in minutes, to complete the activity.  The sum of all the activity times is 138 minutes.
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(a)
Calculate the early time and the late time for each event, 
showing them in the boxes.

(b)
Hence, determine the critical activities.

(c)
State the welding activity which must be taking place 17½
minutes after the start of the process, if it is to be 
completed in minimum time.

(a)
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(b)
The critical activities are:

B   F   I   M   Q

[Why not   B   F   I   N   ?










N is not critical since the Total Float on N = 37  (  27  (  9 = 1

whereas:





Total Float on M   =   35  (  27  (  8   =   0

Total Float on Q   =   37  (  35  (  2    =   0

so both M and Q are critical activities]

(c)
Activities taking place after  17½ minutes are:


D, E, H, I, J

Ex 5D p 119
SCHEDULING

For efficient planning, we need to take account of resources required at different stages.

A CASCADE CHART (or GANTT CHART) summarises the information in a graphical way in relation to a time scale.

Activities are represented by bars proportional to the duration of the activity.

Returning to Terry’s wooden chair:
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The critical activities are drawn across the top.

e.g. the earliest start time for activity E is 1 and the latest finish time is 10.

It may therefore “float” between the boundaries 1 and 10
The making of the chair may be thus scheduled:




2 workers are thus needed to complete the project in the minimum time.

RULES
No worker may remain idle if there is an activity that can be started.

Once a worker starts an activity he must continue until he finishes that activity.

The objective is to complete the project with as few workers as possible or to complete the project with the available workers in a minimum time.  There is no algorithm that guarantees an optimal solution.

Adopt this procedure:

When a worker completes an activity, consider all the activities that have not been started but that can now be started.

Assign the worker to the activity whose latest start time is the smallest - this is in a sense the “most critical” activity.

If there are no activities that can be started at this time, the worker will have to wait until an activity can be assigned.

Returning to the automated welding process:
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Scheduling:

With/without a Gantt chart, it is a good idea to list the earliest and latest starting times for each activity:
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For example:
The earliest S can start is 3

The latest S can finish is 10 – Duration of activity S (=4)

So the latest S can start is 6

For the automated welding process:

	Activity
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	P
	Q

	Duration
	10
	7
	9
	8
	13
	9
	3
	14
	11
	12
	10
	5
	8
	9
	8
	2

	Earliest Start
	0
	0
	0
	10
	7
	7
	9
	9
	16
	16
	20
	20
	27
	27
	28
	35

	Latest Start
	4
	0
	4
	14
	9
	7
	13
	15
	16
	17
	25
	22
	27
	28
	29
	35


Assign the worker to the activity whose latest start time is the smallest - this is in a sense the “most critical” activity.
Activities are assigned in the following order:

B, C (or A), A (or C), F, E, G, D, H, I, J, L, K, M, N, P, Q
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[image: image1.emf]
(Read pp 119-126)
Ex 5E p 123  Ex 5F p 126

(Read pp 126-128)

Ex 5G p 128-130
Example
[image: image32.wmf]K(5)

H(5)

G(4)

F(2)

E(8)

D(4)

C(3)

B(3)

A(5)

10

0

0

3

3

5

20

11

11

8

13

11

15

15

15

20


A building project is modelled by the activity network shown above.  The numbers in brackets on each arc gives the time, in hours, to complete the activity.

a)
Determine the critical activities and state the length of 
the critical path.

b)
State the total float for each non-critical activity.

c)
Draw a cascade (Gantt) chart for the project.

Given that each activity requires only one worker,

d)
Draw up a schedule to determine the minimum number of 
workers required to complete the project in the critical 
time.  State the minimum  number of workers.

a)
[Quick method is to work backwards from Event 9 and 
just look at the Early Times]
Event 9:
25 – 16 = 9 therefore N

Event 7:
16 – 11 = 5 therefore K



(16 – 9 ≠ 5 so not I and 16 – 7 ≠ 7 so not H)

Event 6:
11 – 2 = 9 therefore J



(11 – 3 ≠ 3 so not D)

Event 5:
9 – 4 = 5 therefore F



(9 – 3 ≠ 4 so not E)

Event 3:
4 – 0 = 4 therefore B

Critical activities are:

B, F, J, K, N

Length of critical path = 25

b)
A:
5 – 0 – 3 = 2

E:
9 – 3 – 4 = 2


C:
9 – 0 – 6 = 3

G:
9 – 4 – 3 = 2


D:
11 – 3 – 3 = 5

H:
16 – 7 – 7 = 2


I:
16 – 9 – 7 = 2

L:
22 – 11 – 4 = 7


M:
22 – 16 – 2 = 4

P:
25 – 18 – 3 = 4

c)
[Put each activity as early as possible and use dotted 
lines 
to indicate floats]
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d)
Sum of durations = 65
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Note: this is the minimum number of workers required to complete the project in the critical time – it does not mean that you can do it with just 3 workers!

To help with scheduling, look at the precedences:


Put critical activities across the bottom of the chart if there is only one worker for each job 

	Activity
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K
	L
	M
	N
	P

	Duration
	3
	4
	6
	3
	4
	5
	3
	7
	5
	2
	5
	4
	2
	9
	3

	Earliest Start
	0
	0
	0
	3
	3
	4
	4
	7
	9
	9
	11
	11
	16
	16
	18

	Latest Start
	2
	0
	3
	8
	5
	4
	6
	9
	11
	9
	11
	18
	20
	16
	22


Activities are assigned in the following order:

B, A, C, F, E, G, D, J, H, K, I, N, L, M, P


Therefore it can be done with 3 workers

Example (More than 1 person doing a job)

Activity

Duration (days)

Depends on:

   A


   2



   -

   B


   3



   -

   C


   7



   A

   D


   2



A, B

   E


   2



C, D

   F


   4



   D

a)
Draw an Activity Network

b)
Determine early and late times for each event

c)
Hence obtain the critical activities, the critical path and 
the minimum time for the completion of the project.

d)
Find the floats for the non-critical activities and draw a 
cascade chart.

The table shows the number of people required for each of the activities:

Activity
A
B
C
D
E
F

People
3
1
1
2
2
1

e)
Draw up a schedule that enables the project to be 
completed in the minimum time using 3 people.

a) & b)


Note: it is a good idea to mark off the critical activities with double dashes

c)
The critical activities are A, C and E


The critical path is ACE


The length of the critical path is 11 days


Floats:
B:
5 – 0 – 3 = 2




D:
7 – 3 – 2 = 2




F:
11 – 5 – 4 = 2


Scheduling:

3 workers for Activity A




Take 1 activity at a time

Check the number of workers

Check all dependencies are satisfied

Example (More than 1 person doing a job)


An activity network is shown above.

a)
Explain what the dotted line means in practical terms.

b)
Calculate the early time and late time for each event.

c)
Hence state the critical activities.

d)
Use a time line to schedule the activities.  Each activity 
needs just one worker.  Two workers are available.  The 
process is to be completed in the shortest possible time.


You must make clear the order in which the activities are 
to be completed.

e)
New safety regulations state that activities B, C, D, G 
and H each need two people working together.  Activities 
A, E, F and K still need just one worker.  Schedule the 
activities using three workers so that the process is 
completed in the shortest time.  You must make clear the 
start time and finish time of each activity.

a)
H may not start until both F and E have been completed.

b)

c)
Critical activities are: B, E, G, K

d)





e)
Note: this does not mean that B, C, D, G & H are done in 
half the time!




Now takes 21 days
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