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1	 The differential equation
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	 is to be solved.

	 (i)	 Show that 2 is a root of the auxiliary equation. Find the other two roots and hence find the general 
solution of the differential equation. [10]

	 When x 0= , y 1=  and x
y

0
d

d
= . Also, y  is bounded as x " 3.

	 (ii)	 Find the particular solution. [6]

	 (iii)	 Write down an approximate solution for large positive values of x . Calculate the amplitude of this 
approximate solution and sketch the solution curve for large positive x . [4]

	 Suppose instead that a solution is required that is bounded as x " 3- . 

	 (iv)	 Determine whether there is a solution for which y 1=  and x
y

0
d

d
=  when x 0= .  [4]

2	 A ball of mass m kg falls vertically from rest through a liquid. At time t s, the velocity of the ball is v m s–1 
and the ball has fallen a distance x m. The forces on the ball are its weight and a total upwards force of R N. 
A student investigates three models for R.

	 In the first model R mkv= , where k is a positive constant.

	 (i)	 Show that .t
v kv9 8
d

d
= -  and hence find v in terms of t and k. [7]

	 The terminal velocity of the ball is observed to be 7 m s–1.

	 (ii)	 Find k. [1]

	 In the second model, .R mv0 2
2= .

	 (iii)	 Find v in terms of t. Show that your solution is consistent with a terminal velocity of 7 m s–1. [10]

	 In the third model, .R mv0 529 2

3

= . Euler’s method is to be used to solve for v numerically. 

	 The algorithm is given by t t h
r r1
= +

+
, v v hv
r r r1
= +

+
o  with , ,t v 0 0

0 0
=_ _i i.

	 (iv)	 Show that . .t
v v9 8 0 529
d

d
2
3

= -  and find v when .t 0 2=  using Euler’s method with a step length of 0.1.
 [5]

	 (v)	 Show that this model is consistent with a terminal velocity of approximately 7 m s–1. [1]
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3	 (a)	 Solve the differential equation
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	 	 to find y in terms of x subject to the condition y 1=  when x 0= .  [9]

	 (b)	 Consider the differential equations
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g+ = , (1)
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x y 0
d

d
+ = . (2)

	 	 Show that if ( )py x=  satisfies (1) and ( )cy x=  satisfies (2), then ( ) ( )py x A xc= +  satisfies (1), 
where A is an arbitrary constant. [5]

	 (c)	 The differential equation 
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	 	 is to be solved.

	 	 (i)	 Verify that y ex
2

=  satisfies (3). [3]

	 	 (ii)	 Find the general solution of x
y

x
y2

0
d

d
+ = , giving y in terms of x. [4]

	 	 (iii)	 Use the result of part (b) to find a solution of (3) for which y 1=  when x 1= . [3]

4	 The simultaneous differential equations
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	 are to be solved.

	 (i)	 Eliminate y to obtain a second order differential equation for x in terms of t. Hence find the general 
solution for x.  [13]

	 (ii)	 Find the corresponding general solution for y. [4]

	 When t 0= , x 1=  and y 0= .

	 (iii)	 Find the particular solutions. [3]

	 (iv)	 Show that in this case x y+  tends to a finite limit as t " 3 and state its value. Determine whether 
x y+  is equal to this limit for any values of t. [4]
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