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1 A particle is attached to a spring and suspended vertically from an oscillating platform. The vertical
displacement, y, of the particle from a fixed point at time 7 is modelled by the differential equation

d?y dy .
F + 65 + 9y =0.5sinzt.

(i) Find the general solution. [9]

Initially the displacement and velocity are both zero.

(ii) Find the solution. [5]
(iii) Describe the motion of the particle for large values of 7. [2]
(iv) Find approximate values of the velocity and displacement at ¢ = 207. [3]

The motion of the platform is stopped at # = 207 and the differential equation modelling the subsequent
motion of the particle is

d’y _dy
— +6—=+9y=0.
ar " dr Y
(v) Write down the general solution. Sketch the solution curve for 7 > 207. [5]

2 There is an insert for use with part (b)(i) of this question.

(a) The differential equation

dy tan tan
A X = X
dx Y

is to be solved for |x| < 1.
(i) Find the general solution. [8]

(ii) Find the equation of the solution curve that passes through the origin and sketch the curve.

[4]
(b) The differential equation
dy
— -yt =t
1 Y tanx =tanx
is to be solved approximately, first by using a tangent field and then by Euler’s method.

(i) On the insert is a tangent field for the differential equation. Sketch the solution curves

through the origin and through (0, 1). [4]
Euler’s method is now used, starting at x = 0, y = 1. The algorithm is given by x,_,, = x_+ A,
Vet = Yp +hy,.

(ii) Carry out two steps with a step length of 0.1 to verify that the algorithm gives x = 0.2,

y = 1.0201. [3]
(iii) Explain why it would be inappropriate to extend this numerical solution as far as x = 1.6.

[2]
(iv) How could the accuracy of the estimate found in part (b)(ii) be improved? [1]
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3 Fig.3 shows a small ball projected from a point O over

horizontal ground. The forces acting on the ball are its weight ‘):
and air resistance. Its initial horizontal component of velocity -
is v, and its subsequent horizontal velocity x is modelled by // N
the differential equation I \\\
7 \
dx . // \
— = —kx, / \
dr / \
0O » X
where k is a positive constant.
Fig. 3

The units of displacement are metres and the units of time are
seconds.

(i) Solve this differential equation to find x in terms of 7 and hence show that the horizontal

displacement from O is given by x = %(1 —e™M ) [8]

The ball’s initial vertical component of velocity is v, and its subsequent vertical velocity y is modelled
by the differential equation

dy )
— =-ky-g.
dr y—8
(ii) Solve this differential equation to find y in terms of # and hence show that the vertical displacement
kv, +
from O is given by y = 22 g(l —e ™) - %t. [10]

e pe s . kv, +g g kx
(iii) Eliminate ¢ between the expressions for x and y to show that y = X X+ 2 Inf1-—1.
Vi Vi

(4]

(iv) In the case v, = v, = 10, k = 0.1, determine whether the ball will pass over a 5 m high wall at a
horizontal distance 8 m from O. [2]

4  The simultaneous differential equations

% =-3x—-4y+23,

% =2x+y-7
are to be solved.
(i) Show that d_zx + 2E +5x =5. [S]

dr?  dr

(ii) Find the general solution for x. [71
(iii) Find the corresponding general solution for y. [4]
Whent=0,x=8andy =0.
(iv) Find the particular solutions for x and y. [4]
(v) Show that for sufficiently large ¢, y is always greater than x. [4]
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