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Section A (54 marks)

Answer all the questions

1 (a) A curve has cartesian equation (x2 + y2)2 = 3xy2.

(i) Show that the polar equation of the curve is r = 3 cos θ sin2 θ . [3]

(ii) Hence sketch the curve. [3]

(b) Find the exact value of � 1

0

1√
4 − 3x2

dx. [5]

(c) (i) Write down the series for ln(1 + x) and the series for ln(1 − x) , both as far as the term in x5.
[2]

(ii) Hence find the first three non-zero terms in the series for ln(1 + x
1 − x

). [2]

(iii) Use the series in part (ii) to show that
∞
∑
r=0

1(2r + 1)4r = ln 3. [3]

2 You are given the complex numbers � = √
32(1 + j) and w = 8(cos 7

12
π + j sin 7

12
π).

(i) Find the modulus and argument of each of the complex numbers �, �*, �w and
�
w

. [7]

(ii) Express
�
w

in the form a + bj, giving the exact values of a and b. [2]

(iii) Find the cube roots of �, in the form re jθ , where r > 0 and −π < θ ≤ π. [4]

(iv) Show that the cube roots of � can be written as

k1w*, k2�* and k3 jw,

where k
1
, k

2
and k

3
are real numbers. State the values of k

1
, k

2
and k

3
. [5]
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3 (i) Given the matrix Q = ( 2 −1 k
1 0 1
3 1 2

) (where k ≠ 3), find Q−1 in terms of k.

Show that, when k = 4, Q−1 = (−1 6 −1
1 −8 2
1 −5 1

). [6]

The matrix M has eigenvectors ( 2
1
3
), (−1

0
1
) and ( 4

1
2
), with corresponding eigenvalues 1, −1 and 3

respectively.

(ii) Write down a matrix P and a diagonal matrix D such that P−1MP = D, and hence find the
matrix M. [7]

(iii) Write down the characteristic equation for M, and use the Cayley-Hamilton theorem to find
integers a, b and c such that M4 = aM2 + bM + cI. [5]

Section B (18 marks)

Answer one question

Option 1: Hyperbolic functions

4 (i) Starting from the definitions of sinh x and cosh x in terms of exponentials, prove that

cosh2 x − sinh2 x = 1. [3]
(ii) Solve the equation 4 cosh2 x + 9 sinh x = 13, giving the answers in exact logarithmic form. [6]

(iii) Show that there is only one stationary point on the curve

y = 4 cosh2 x + 9 sinh x,

and find the y-coordinate of the stationary point. [4]

(iv) Show that � ln 2

0
(4 cosh2 x + 9 sinh x) dx = 2 ln 2 + 33

8
. [5]

[Question 5 is printed overleaf.]
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Option 2: Investigation of curves

This question requires the use of a graphical calculator.

5 A curve has parametric equations x = λ cos θ − 1
λ

sin θ , y = cos θ + sin θ , where λ is a positive
constant.

(i) Use your calculator to obtain a sketch of the curve in each of the cases

λ = 0.5, λ = 3 and λ = 5. [3]
(ii) Given that the curve is a conic, name the type of conic. [1]

(iii) Show that y has a maximum value of
√

2 when θ = 1
4
π. [2]

(iv) Show that x2 + y2 = (1 + λ 2) + ( 1

λ 2
− λ 2) sin2 θ, and deduce that the distance from the origin of

any point on the curve is between

√
1 + 1

λ 2
and

√
1 + λ 2. [6]

(v) For the case λ = 1, show that the curve is a circle, and find its radius. [2]

(vi) For the case λ = 2, draw a sketch of the curve, and label the points A, B, C, D, E, F, G, H on the
curve corresponding to θ = 0, 1

4
π, 1

2
π, 3

4
π, π, 5

4
π, 3

2
π, 7

4
π respectively. You should make clear what

is special about each of these points. [4]
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1(a)(i) θθ sin,cos ryrx ==  
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2
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=

=

=+

r

rr

rrrr

 

M1 
 
A1 
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(M0 for cos , sinx yθ θ= = ) 

     (ii)  
 
 
 
 
 
 
 
 

 
B1 
 
B1 
 
B1 
 3

 
Loop in 1st quadrant 
 
Loop in 4th quadrant 
 
Fully correct curve 
Curve may be drawn using 
continuous or broken lines in 
any combination 

  (b) 

33

2
3arcsin

3
1

2
3

arcsin
3
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1
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1
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⎥
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M1 
 
A1 
 5

For  arcsin 

For 
2
3

and
3

1 x  

 
Exact numerical value 
Dependent on first M1 
(M1A0 for 60 / 3 ) 

 OR  M1
 Put θsin23 =x  A1

 ⎮⌡
⌠=⎮

⌡

⌠

−

3

0

1

0 2
d

3
1d

34

1
π

θx
x

 A1

                           
33

π=  M1A1

 Any sine substitution 
 
 

For ⎮⌡
⌠ θd

3
1  

 
M1 dependent on first M1 

  (c)(i) ...)1ln( 5
5
14

4
13

3
12

2
1 −+−+−=+ xxxxxx  

...)1ln( 5
5
14

4
13

3
12

2
1 −−−−−−=− xxxxxx  

B1 
 
B1 
 2

 
Accept unsimplified forms 

     (ii) 

...2

)1ln()1ln(
1
1ln

5
5
23

3
2 +++=

−−+=⎟
⎠
⎞

⎜
⎝
⎛

−
+

xxx

xx
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x

 
 
M1 
 
A1 
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Obtained from two correct 
series 
Terms need not be added 
If M0, then B1 for 3 52 2

3 52x x x+ +  
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    (iii) 

3ln
1
1
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...
45

1
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Terms need not be added 
 
For 1

2x =  seen or implied 
  
Satisfactory completion 

  2 (i) π4
1arg,8 == zz  

 
 

π4
1*arg,8* −== zz  

6488 =×=wz  
πππ 6

5
12
7

4
1)arg( =+=wz  

1
8
8 ==

w
z  

πππ 3
1

12
7

4
1)arg( −=−=

w
z  

B1B1 
 
 
 
B1 ft 
 
B1 ft 
 
B1 ft 
 
B1 ft 
 
 
B1 ft 
 7

Must be given separately 
Remainder may be given in 
exponential or cjsr θ  form 
(B0 for 7

4 π ) 
 
 
 
 
(B0 if left as 8 / 8 ) 

    (ii) 

j
2
3

2
1

)sin(j)cos( 3
1

3
1

−=

−+−= ππ
w
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3, 2
1

2
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A1 
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If M0, then B1B1 for 
1 3and
2 2

−  

   (iii) 283 ==r  
πθ 12

1=  

3
2

12
ππθ k+=  

ππθ 4
3

12
7 ,−=  

B1 ft 
 
B1 
 
M1 
 
A1 
 4

Accept 3 8  
 
 
Implied by one further correct 
(ft) value 
Ignore values outside the 
required range 

   (iv) 
*e2so,e8* 4

1jj
12
7

12
7

ww ==
−− ππ  

 4
1

1 =k  
  

jj
4
3

4
1

e8e8*
ππ

−==
−

z  
 

So *e2 4
1j

4
3

z−=
π  

 4
1

2 −=k  
 
 
  

jj)(
12
13

12
7

2
1

e8e8j
πππ

==
+

w  

     j
12
1

e8
π

−= ,   so wje2 4
1j

12
1

−=
π  

 4
1

3 −=k  

 
B1 ft 
 
 
 
 
M1 
 
 
A1 ft 
 
 
M1 
 
 
 
 
 
A1 ft 
 5

Matching w* to a cube root with 
argument 7

12 π−  and 4
1

1 =k  or ft 

ft is 
8
r  

 
Matching z* to a cube root with 
argument 3

4 π    May be implied 

ft is 
*

r
z

−  

 
Matching  jw  to a cube root with 
argument 1

12 π    May be implied 
OR  M1 for 1

2arg( j ) argw wπ= +  
         (implied by 13 11

12 12orπ π− ) 

ft is 
8
r−  
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  3 (i)  

 
 
 

1
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3
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k
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k
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− + −⎛ ⎞
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When 1
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Q  
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A1  
M1 
 
A1 
 
M1 
  
A1 
 6

Evaluation of determinant 
   (must involve k) 
For ( 3)k −  
Finding at least four cofactors 
   (including one involving k) 
Six signed cofactors correct 
   (including one involving k) 
Transposing and dividing by det 
Dependent on previous M1M1 

1−Q  correct (in terms of k) and 
result for 4k =  stated 
After 0, SC1 for 1−Q  when 4k =  
obtained correctly with some 
working 

    (ii) 2 1 4 1 0 0
1 0 1 , 0 1 0
3 1 2 0 0 3

−⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟= = −⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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1
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B1B1 
 
 
B2 
 
 
 
 
 
 
 
 
 
M1 
 
 
 
A2 
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For B2, order must be 
consistent 
 
 
Give B1 for 1−=M P D P  
 
 
 
  

or 
2 1 4 1 6 1
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3 1 2 3 15 3

− − −⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟− −⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠

 

Good attempt at multiplying two 
matrices (no more than 3 
errors), leaving third matrix in 
correct position 
 
Give A1 for five elements 
correct 
Correct M implies B2M1A2 
5-8 elements correct implies 
B2M1A1 

   (iii) Characteristic equation is 
( 1)( 1)( 3) 0λ λ λ− + − =  
                                       

3 23 3 0λ λ λ− − + =  
  

3 23 3= + −M M M I  
 

4 3 2

2 2

2

3 3

3(3 3 ) 3

10 9

= + −

= + − + −

= −

M M M M

M M I M M

M I

 

 
10, 0, 9a b c= = = −  

B1 
 
 
M1 
A1 
 
 
 
M1 
 
A1 
 5

In any correct form 
(Condone omission of  =0 ) 
 
M satisfies the characteristic 
equation 
Correct expanded form 
(Condone omission of I ) 
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   4 (i) 2 2 2 21 1

2 4
2 2 2 21 1

2 4
2 2 1

4

cosh [ (e e ) ] (e 2 e )

sinh [ (e e ) ] (e 2 e )

cosh sinh (2 2) 1

x x x x

x x x x

x

x

x x

− −

− −

= + = + +

= − = − +

− = + =

 

B1 
 
B1 
 
B1 ag 3

 
 
 
 
For completion 

 OR 
1 1
2 2cosh sinh (e e ) (e e ) ex x x x xx x − −+ = + + − =  B1

  1 1
2 2cosh sinh (e e ) (e e ) ex x x x xx x − − −− = + − − =  B1

  2 2cosh sinh e e 1x xx x −− = × =  B1

  
 
 
  
Completion 

     (ii) 2

2

4(1 sinh ) 9sinh 13
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x x
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+ − =
 

 

 
3
4sinh , 3

ln 2, ln( 3 10 )

x

x

= −

= − +
 

M1 
  
M1 
A1A1  
A1A1 ft 
 6

(M0 for 21 sinh x− ) 
 
Obtaining a value for sinh x  
 
Exact logarithmic form  Dep on 
M1M1 
Max A1 if any extra values given 

 OR 4 3 22e 9e 22e 9e 2 0x x x x+ − − + =  
 2 2(2e 3e 2)(e 6e 1) 0x x x x− − + − =  M1
  M1
 e 2, 3 10x = − +  A1A1
 ln 2, ln( 3 10 )x = − +  A1A1 ft

  
 
Quadratic and / or linear factors 
Obtaining a value for ex  
Ignore extra values 
 
Dependent on M1M1 
Max A1 if any extra values given 
Just ln 2x =  earns 
M0M1A1A0A0A0 

     
(iii) 

9
8
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d
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0 only when sinh

y x x x
x

x x

x
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= = −

 

2 29 145
8 64cosh 1 ( )x = + − =  

145 9 174 9 ( )
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B1 
 
 
 
B1 
 
M1 
 
A1 
 4

Any correct form 
or  29 17

4 16(2sinh ) ... ( )y x= + + −  
 
Correctly showing there is only 
one solution 
Exact evaluation of  y or 2cosh x  
or cosh 2x  
Give B2 (replacing M1A1) for 

1.06−  or better 

     
(iv) 

ln 2

0
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⎮
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02 sinh 2 9cosh
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8
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M1 
  
A2 
 
M1 
 
 
A1 ag 
 5

 
Expressing in integrable form 
  
Give A1 for two terms correct 
 

1 1
2 4sinh(2ln 2) (4 )= −  

     Must see both terms for M1 
Must also see 1 1

2 2cosh(ln 2) (2 )= +  
 for A1 
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OR  
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8
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Expanded exponential form 
   (M0 if the 2 is omitted) 
 
Give A1 for three terms correct 
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Using 2 2cos 1 sinθ θ= −  

    (v) When 2 21, 2x yλ = + =  
Curve is a circle (centre O) with radius 2  
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    (vi)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
B4 
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A, E at maximum distance  
from O 
C, G at minimum distance  
from O 
B, F are stationary points 
D, H are on the x-axis 
 
Give ½ mark for each point, 
then round down 
 
Special properties must be clear 
from diagram, or stated 
 
Max 3 if curve is not the correct 
shape 

 
 




