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1 The lengths of offcuts of timber at a builders’ merchant are modelled by the random variable X
with the rectangular (continuous uniform) distribution having probability density function

where q ( ) is an unknown parameter. You may use the results

(i) The lengths of a random sample of n offcuts are given by the independent random variables
, , …, where each is distributed as X. Explain why

and deduce that the probability density function of the sample maximum, denoted here by 
is

for [5]

(ii) Show that

and

[6]

(iii) Deduce the multiple of Y that is an unbiased estimator of q , and give its variance. [3]

(iv) Show that is also an unbiased estimator of q , and write down its variance. [3]

(v) Explain why the estimator in part (iii) should be preferred to for each fixed [3]n � 1.2X
––

2X
––

Var (Y) �
nq 2

(n � 1)2(n � 2) .
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f (x) �
1
q

,         0 � x � q ,
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2 (i) Engineers are testing the capacities of two types of industrial pump. This capacity is measured
for a random sample of 50 pumps of type P and it is found that the sample mean, measured
in a conventional unit, is 26.2. The capacity is also measured for a random sample of 40 pumps
of type Q and it is found that the sample mean, measured in the same unit, is 28.1. The
standard deviations of the underlying populations of capacities are known from long
experience to be 4.6 for pumps of type P and 5.4 for pumps of type Q.

Test at the 5% level of significance whether there is evidence that the true mean capacities for
the two types of pump differ, stating carefully the null and alternative hypotheses you are
testing. Provide a two-sided 90% confidence interval for the true mean difference. [12]

(ii) Explain why no distributional assumption for the underlying populations of capacities is
needed for your analysis in part (i). [2]

(iii) Suppose that the information given in part (i) is changed so that the quoted standard deviations
are the sample values (using divisor ) for the two samples, but with no other changes.
Explain why the analysis in part (i) is still valid. [2]

(iv) Suppose that all the original information in part (i) is still available except that the samples
are much smaller (say of size about 10). Further, suppose that it is known that the underlying
populations of capacities are Normally distributed. Explain why an analysis of the same kind
as in part (i) can still be applied. [2]

(v) Suppose that the situation is as in part (iv) except that the underlying population standard
deviations are not known but are assumed to be equal. What test can be applied if the sample
standard deviations are known? [1]

(vi) Suppose that the situation is as in part (v) except that it is known that the underlying
populations of capacities are not Normally distributed. What test can be applied if the capacity
measurements for all the pumps in the samples are known? [1]

n � 1
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3 Two chefs are taking part in a competition. A set of ten menus, A, B, …, J, is given to each chef,
and each is asked to prepare meals according to each menu. The meals are rated by a tasting panel,
an overall quality score being given to each. The scores are as follows.

These scores may be taken as random samples from appropriate underlying populations.

(i) It is decided to undertake a paired analysis using the customary Wilcoxon procedure at the
10% level of significance. Carry out this test, stating the null and alternative hypotheses and
your conclusion. [10]

(ii) Find the actual level of significance of the data as given by the Normal approximation to the
distribution of the Wilcoxon statistic under the null hypothesis.  Comment on your answer in
relation to the result of the test in part (i). [10]

[You are reminded that the parameters of the Normal approximation are

]m �
n(n � 1)

4
 and s 2 �

n(n � 1) (2n � 1)
24

.

Menu A B C D E F G H I J

Chef 1 63 68 72 77 79 62 63 60 52 70

Chef 2 61 74 76 72 70 73 80 76 65 88
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4 A statistician is investigating whether a reasonable model for a particular population is the random
variable X having the exponential distribution with parameter l ( ), i.e. having the probability
density function

(i) Show that where [2]

(ii) Use the fact that to explain why a reasonable estimate of l is where is

the mean of a random sample of observations from X. [2]

(iii) A random sample of 60 observations is available, and is recorded as the following frequency
distribution.

Use the value of given by this frequency distribution to obtain the value for [1]  

(iv) Using this value of set up the appropriate table of estimated expected frequencies. [6]

(v) Use the customary c2 test at the 5% level of significance to show that the model X appears not
to fit the data well. Discuss briefly the principal differences between the model and the data.

[9]

l̂ ,

l̂ .1
10x�

Range 0 � x � 5 5 � x � 10 10 � x � 15 15 � x � 20

Frequency 14 16 16 14

x––l̂ �
1
x––

E (X) �
1
l

b � a � 0.P(a � X � b) � e–l a � e–lb

f (x) � le–lx,          x � 0.

l � 0
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