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The random variable X has probability density function f(x) given by

k
f(x) = e x=1, k>1.
X
(i) Sketch the graph of f(x). [3]
(ii) Obtain the cumulative distribution function of X. [3]
(iii) Find the median of X. 2]
(iv) Obtain the mean of X. [3]

(v) In a certain country, the distribution of incomes in units of $10 000 is modelled by X with
k = 3. Find

(A) the median income, [1]
(B) the mean income, [1]
(C) the proportion of incomes greater than the mean, [1]
(D) the proportion of incomes greater than $100 000. [1]

Granulated sugar is sold in “1 kg” bags. The bags are filled by a machine which is set so that the
weight, in grams, of sugar delivered to a bag is a Normally distributed random variable X with
mean 1010 and standard deviation 8, independently for all bags.

(i) Find the probability that a bag of sugar is underweight (i.e. contains less than 1 kg). [2]

(i) A supermarket sells bags of sugar in “catering packs” consisting of six randomly chosen
“1 kg” bags. State the distribution of the weight of sugar in a catering pack. [3]

(iii) A catering pack is underweight if it contains less than 6 kg in total. Find the probability that
a catering pack is underweight. Explain why this is less than the probability in part (i). [3]

(iv) The supermarket also sells “2 kg” bags of sugar which are filled by a machine linked to
the first machine in such a way that the weight, in grams, of sugar delivered to them is the
random variable 1.99X, independently for all bags. Find the probability that a “2 kg” bag is
underweight. [3]

The machine that fills “1 kg” bags undergoes maintenance. On being started again, the weight (in
grams) of sugar delivered to a bag is still a Normally distributed random variable with standard
deviation 8, independently for all bags, but the mean might have changed.

(v) An inspector now selects 20 “1 kg” bags of sugar at random and finds that the average weight

of sugar in them is 1004.2 g. Obtain a two-sided 95% confidence interval for the true mean
weight of sugar in the large production run of bags from which the sample was taken.  [4]
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The production process at a certain factory needs the supply of a large volume of water on a
continuous basis. The water is received by pipeline direct from a water company. The volume of
water supplied varies somewhat from day to day due to amount of rainfall and other demands on
the water company’s resources. Engineers at the factory have determined that a mean daily volume
of 34.8 units is required for efficient operation of the production process. If it is less than this, the
process tends to work inefficiently; if it is more, excess water tends to be wasted.

The engineers measure the daily volume supplied on 8 occasions and find it to be as follows.

341 356 313 347 348 339 327 337

(i) State the appropriate null and alternative hypotheses for the usual ¢ test that the engineers

might use. [2]
(ii) State two conditions necessary for the correct use of this test. [2]
(iii) Carry out the test, using a 10% significance level. [7]

(iv) A statistician working for the water company uses the above data and correctly calculates a
two-sided 95% confidence interval, based on the 7 distribution, for the true mean daily volume
delivered as (32.73,34.97). State the conclusion that this would imply for the hypothesis test
if it had been carried out at the 5% level. Briefly discuss this result in comparison with your
result in part (iii). [4]

Geneticists are investigating a situation where there are three types of offspring, 7'}, T, and T;. It
is believed that an appropriate model for the situation is that the three types occur in the

proportions p2:2pq: q* respectively, where p + g = 1.
In a sample of size 80, it is found that there are 5 of type 7', 38 of type T, and 37 of type T5.

(i) In an initial stage of the modelling, it is assumed that the value of p is % Test at the 5% level

of significance whether it is reasonable to suppose that the model applies with p = % [6]

(i) The model is then refined by estimating p from the data. The estimate, p, is given by

1
n, +§n2

p=—""
n1+n2+n3

where n, n, and ny are the observed numbers of types 7', T, and T; respectively. Test at the
5% level of significance whether it is reasonable to suppose that this refined model applies.

[7]

(iii) Discuss your conclusions. [2]
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