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1 Option 1: Rotation of a Rigid Body

A uniform rod of length 2l and mass m is held with a section 2
3
l in contact with a rough horizontal table,

as shown in Fig. 1.1. The rod is held perpendicular to the straight edge of the table and is allowed to
fall freely from rest. Its position a short time later is shown in Fig. 1.2. During the early part of the
motion, the rod does not slip at P.

The angle between the rod and the horizontal at time t is denoted by θ and the coefficient of friction
between the rod and the table is 3

4
.

(i) Given that the moment of inertia of the rod about an axis through its centre perpendicular to its
length is 1

3
ml2, find its moment of inertia about P. [2]

(ii) Write down the equation of conservation of energy. Hence or otherwise find an equation giving
θ̈ in terms of θ , g and l. [5]

(iii) Write down the equations of motion of the centre of mass of the rod. Show that the frictional
force on the rod is given by

F = 3
2
mg sin θ.

Show that the rod begins to slip when tan θ = 3
8
. [10]

(iv) If instead the rod is initially released from rest at an angle arctan(3
8
) to the horizontal, will the rod

immediately begin to slip? Explain your answer. [3]
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2 Option 2: Vectors

Forces F1 = ( 1−1
0
), F2 =( 2

0−1
) and F3 = (

1
1−2
) act through points with position vectors r1 =( 1

0
1
),

r
2
= ( 1−1

1
) and r

3
= ( a

1−2
) respectively, relative to a fixed origin O, where a is a constant.

(i) Find the resultant force F. Find also the resultant torque, C, about the origin in terms of a. [6]

A fourth force F4 is added, acting through a point with position vector r4. The system of forces is
now in equilibrium.

(ii) Write down the values of F4 and r4 × F4. [2]

(iii) Explain why C.F
4
= 0 and hence show that a = 8

3
. [4]

(iv) Given that the x-component of r4 is zero, calculate r4. [4]

(v) The force F is equivalent to the forces F1, F2 and F3. What is the equation of the line of action
of F? [4]

3 Option 3: Stability and Oscillations

A smooth circular hoop of radius a is fixed in a vertical plane. A small ring of mass m is threaded on
the hoop and is joined to the highest point of the hoop by a light elastic spring of natural length l and
modulus kmg where ka > l. At time t, the angle between the spring and the downward vertical is θ
where −1

2
π < θ < 1

2
π.

(i) Show that the potential energy V , relative to the highest point of the hoop, can be written in the
form

V = 2amg
l

(ka − l) cos2 θ − 2kmga cos θ + 1
2
kmgl. [5]

(ii) Show that
dV
dθ

= 2mga sin θ[k − 2
l
(ka − l) cos θ].

Given that l < 2ka
k + 2

, show that there are three positions of equilibrium.

Discuss the stability of each position. [11]

(iii) In the case when l > 2ka
k + 2

, show that there is just one equilibrium position and that this position

is stable. [4]
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4 Option 4: Variable Mass

A particle falls under gravity from rest through a stationary cloud. It picks up mass as it falls through
the cloud. The rate at which the mass of the particle increases is equal tomkwherem is the mass at
time t andk is a constant. The velocity of the particle isv.

(i) ]2[.elcitrapehtfonoitomfonoitauqeehtnwodetirW

(ii) Write down an expression for
dm
dt

. Using this and the equation of motion, show that

dv
dt

+ kv = g. [4]

(iii) Solve the equation in part(ii) to show thatv =
g
k
1 − e−kt . Find also the distance fallen in timet.

[9]

(iv) Explain what happens to the speed and the mass ast tends to in�nity. [5]
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