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Option 1: Vectors and Matrices

(3 -7 &k
1 (a) (i) Find the inverse of the matrix {2 2 5| where kK # 0. [6]
1 3 4
3N (-7)(1
The matrix A has eigenvectors |2 || 2],{ 5| with corresponding eigenvalues -1, 1, 0
1 3/\4
respectively.
(ii) Express A as the product of three matrices, and hence find A. {5]

(b) Four points have coordinates A(1,—8, 12), B(—5,7, 24), C(3, 5, 8) and D(14, 2,0).
(i) Find the shortest distance from C to the line AB. [4]

(ii) Find the shortest distance between the skew lines AB and CD. [5]

Option 2: Limiting Processes

2 (i) State the behaviour of x" Inx, as x tends to zero through positive values, in each of the cases

(A) n>0,

(B) n=0,

(C) n<O. [3]
(ii) For the curve y = —xInx, find the coordinates of the stationary point, and determine the

gradient close to x = 0. Hence sketch the curve. (51

| 1

(iii) Find J‘ (—xIn x) dx in terms of a (where 0 < a < 1), and hence find J. (—xInx)dx. [4]
0

a

n

(iv) Explain in detail how > —r; In ’ﬁ is related to the area under the curve y = —xInx, and
r=t N
hence find the limit of >, _ri In ? as n — o, (4]
r=1 1
100
[4]

(v) Use the result in part (iv) to show that E rinr = 20 760.

r=1
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Option 3: Multi-Variable Calculus

3 Asurface has equation g(x,y,z) = 0, where g(x, y,z) = xz° — 4xz + 4xy + x>+ y2 + 15.

dg dg og
i) Find —, — and—. 4
(i) Fin x Iy an 2 [4]
(ii) Find the equation of the normal line to the surface at the point P(—1,5,7). (3]

(iii) The point (—1 + 6x,5 + 8y, 7 + 8z), where 6x, 6y and 6z are small, is a point on the surface

close to P.
Find an approximate expression for 6z in terms of 6x and 8y. 4]
(iv) Find the coordinates of the points on the surface at which the normal line is parallel to the
Xx-axis. 9]
Option 4: Differential Geometry
4 A curve has parametric equations x = a(l — cos@),y = a(6 — sin@), for 0 < 6 < 7.
d
(i) Show that — = tan 1e. (3]
dx
(ii) The arc length from the origin to a general point on the curve is s, and Ey = tany.
Express s in terms of 6, and hence show that the intrinsic equation of the curve is
s = 4a(l — cosy). (6]
(ifi) Find the radius of curvature in terms of 0. [3]
(iv) Show that the centre of curvature corresponding to a general point on the curve is
(~a(1-cos6), a(6 + sing)). [8]
[Turn over
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Option 5: Abstract Algebra

5

The set G consists of all real numbers not equal to 2.
A binary operation * is defined on real numbers x, yby x sy = xy — 2x — 2y + 6.
(i) Prove that G, with the binary operation #, is a group.
(ii) Find an element of G of order 2.
The set H = {3,5,9, 11} has a binary operation o defined by
x oy is the remainder when x  y is divided by 20.
(iii) Give the combination table for H, and hence prove that H is a group.
(iv) Determine whether H is a cyclic group or not.

(v) Explain why H is not a subgroup of G.
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Final Mark Scheme 2606/01 June 2004
1(a)(i) M1A1 Calculation of determinant
—~7 28+3k —-35-2k M1 Finding at least 3 cofactors
a_ 1] v Al 6 signed cofactors correct
P = 4k 3 12-k 15+ 2k M1 Fully correct method for inverse
4 -16 20 Al Inverse correct
6
(i) -1 00
PP'AP=|{ 0 1 0 M1
0 0O
-100
A=P |0 1 0O|P* Al
0 0O
3 -7 1y-10 0} (-7 81 -37 M1 Substituting k =1 in P
=2 2 5/0 1 05-3 11 -13 _ o
1 3 410 0 o0 4 _16 20 Al ft 3 numerical matrices in correct order
105 -425 505
=l 2 -10 12 Al :
-05 05 -05
(b)(i) 2 -6 2
ACxAB=| 13 |x| 15 |=108| 0 M1A1l
-4 12 1
‘ATc’xA_B’ 2 .2
Distance is -———— ' = 108v2" +1 M1
‘AB‘ V6?2 +15% 4122
=12 Al
4
OR IfNis (1-61, —8+154, 12+124)
1-64-3 -6
CN-AB=|-8+154-5|-] 15 |=0 M1
12+121-8 12
A=%1, Nis (-1, -3, 16) M1A1
CN=v4% +8%+82 =12 Al
(i) -6) (11 —4
ABxCD=|15 |x|-3|=21] 4 M1Al
12 -8 -7
2) (-4
13 4
—4)\-7
Distance is ————= MIAL ft
V4% 4+ 4% 4+ 72
_12 _g Al
9 5




Final Mark Scheme

2606/01

June 2004

2() | (A) x"Inx—>0 B1
(B) Inx > -, (C) x"Inx—> - BiB1 Give Bl if both given as o
3
ii
(i) j—y:—lnx—l M1 Use of produce rule
X
Stationary pointat (e, e™) Al
When x ~0, Y large Al
Y Bl Infinite gradient at (0, 0)
Bl Correct shape; crossing x-axis at 1
5
—>
o [ '\ X
(iif) _[:(—xln x)dx:[—%x2 Inx+2x? ]: M1 Integration by parts
=1+1la’Ina-1a’ Al
As a—0, a’lna—0 M1
Hence ﬁ(—x Inx) dx =+ Al
4
WM& r, n &1 ror
IS o PR T
; n?or ; n [ n nj 51
This is the area of rectangles of width B with their
n
(top RH) corners on the curve y =—xInx B1
between x=0 and x=1 Bl
n
Hence lim (Z Lzln£]=l B1 ft
n—wl 3 n r 4 4
(v) W or 100 1
In— ~=
; 1002 r 4 M1
100
D" r(In100 - Inr) ~ 2500 M1
r=1
100 100 b
(InlOO)Zir—Z;rlnrzZSOO SR M1 for (J_r)jaxlnxdx
r= r=
10 with a=0or1 and b=100or101
S rinr = (In100)(2 x 100 x 101) - 2500 | M1 X
r=1 Al for [%lenx—%xz]
=20756.1~ 20760 Al (ag) 2

4 (= 20526 or 20989 )
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30 18 _ 2 yyiay40
XL TRy X B2 Give B1 for two terms correct
a—g=4x+2y, a—g=2xz—4x BiB1
oy 0z 4
ii
(i Atp, 8 _39 B _g N _ 49 M1
OX oy oz
39
Direction of the normal lineis | 6 M1
-10
-1 39
Equationis r=| 5 |+ 1| 6 Al
7 10 3
(iii) | 6y ~ 39 + 68y — 105z M1AL ft
and 69 =0 M1
OR Tangent plane is 39x + 6y —10z =-79 M1
39(=1+ &) + 6(5+ &) —10(7 + &z) ~ 79 M1AL ft
I = 3.90x + 0.60y Al Notes
4| 9z =~ 396X + 6y gets MO
a = ] +6_g =-3.9 leading to
OoXx oOx oz
o =~ -3.90x — 0.60y earns M1LAOM1AQ
If X, y, z retained, MIAOM1AO0
(iv) |Require 4x+2y =0 and 2xz -4x=0 M1M1
x=0=y=0=9(x, Yy, z)=15=0, not possible Al
y=-2x, z=2 A1AL
4x —8X —8x2 + X2 +4x? +15=0 M1 Substituting into g(x, y,z) =0
3x? +4x-15=0
X=-3, % M1 Solving quadratic equation
Pointsare (-3, 6, 2) and (3, -4, 2) A1A1
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4()) |dy _a@-coso)
dx asing Bl
2asin® 20
T A M1
2asm56c0556
=tanig Al (ag)
2
3
(i) s =J‘\/(2asin%ecos%9)2 + (2asin2%0)2 do M1Al Any correct form
=I2asin%9d9
:—4acos%0+c Al +C not required
s=0 when §=0 = C=4a M1
s =4a(l-cos30)
w=210, so s=4a(l-cosy) M1A1 («'319)6
(iii) ds .
p=——=4asiny M1A1l SR M1AQ for p = -
dy 4asiny
= 4asin 0 Al
3
d2y 3sec’1o ) )
OR > = - M1 Obtained and used in formula
dx asiné for p or x
3
2asin9(1+tan2%0)2
= A2 Any correct form
sec’ 20
OR X=acosf, y=asind M1 Obtained and used in formula
3 for p or x
_ 2
:a(2 2c0s6) A2
1-cosé
iv a(l-coséd —sin . (—sin .
™) c= ( . ) +p v M1A1 For n= V1 or equivalent
a(@ —sind) cosy cosy
a(L-cosd) + 4asin+0(-sin+6) M1AL1 ft )
= ) 4 ! Ft only from incorrect p
a(@ —sin9) + 4asin 59((:0550) Al ft
_(all—cos®) - 2a(l - cos o) M1
- a(@ —sing) + 2asiné M1
—a(l-cosb)
= . Al (ag)
a(fd +sinf) 8




Final Mark Scheme 2606/01

June 2004

5() |Gisclosedif x*y=2 M1
xxy=2 = (x-2)(y-2)=0
As x=2 and y=2, wehave x*y =2 Al
(X*y)xz=(xy-2Xx—-2y +6)*z M1 MO if only particular example(s) given
=(Xy —2X—-2y+6)z—2(xy —2x—2y +6) -2z +6
=XYZ—2XZ—-2yz-2xy+4x+4y+4z7-6 Al
x* (y *z)
=X(yz-2y—-22+6)—-2x—-2(yz—2y—-22+6)+6
=XYyZ—-2Xy —2X2—-2yz+4X+4y+4z7-6 Al
Hence G is associative
The identity element is 3 B1
(since 3*x=3x-6-2x+6=X)
X*y=3 & y=2x_3 M1A1
X—2
Since x =2 and _2 # 2, every element of G has
X j—
aninverse in G Al
(i) | x*x=3 < x*-4x+6=3 M1
< x=1, 3
The only element with order 2 is 1 Al
(iii) 3 5 9 11
3 3 5 9 11
> > 1 3 9 B2 Give B1 for one bold value correct
9 9 3 11 5
11 | 11 9 5 3
Table shows H is closed
o is associative since * is associative
The identity element is 3 Bl For any two of these statements
3,5,9, 11 have inverses 3,9,5, 11 B2 Give B1 for two correct
(iv) [H is cyclic since it has an element of order 4 M1
The element 5 (or 9) has order 4 Al
(v) |Hisnota subgroup of G since the binary operation is
different; M1
e.0.inG, 5¥9=23;butinH, 509=3 Al
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General Comments

Most candidates presented their work clearly, and produced a good solution to at least one
guestion. There was a wide range of performance, with 20% of candidates scoring more
than 50 marks (out of 60) and about a quarter scoring 30 marks or less. The most popular
choice of questions was 1, 3, 4 followed by 1, 2, 3and 1, 3, 5. These three combinations
accounted for over 90% of the candidates.

Comments on Individual Questions

Q.1

Q.2

Q.3

This question was attempted by most candidates, and the average mark was about
14 (out of 20).

In part (a) the inverse matrix was very often found correctly, and the method for
finding A was quite well understood. Sometimes the three matrices were multiplied
in the opposite order, and several candidates left the answer in terms of k, without
substituting k = 1 into the inverse matrix.

Part (b)(i) was found to be the hardest part of the question. The formula W for

the perpendicular distance from a point to a line was often used successfully,
although it was frequently mis-remembered (or misapplied) with a scalar product
instead of the vector product. Quite a few attempted to use the formula for the
distance of a point from a plane. An alternative approach, finding the foot of the
perpendicular, was used successfully by some candidates.

Finding the shortest distance between two skew lines in part (b)(ii) was understood
much better.

This question was attempted by 40% of the candidates, and the average mark was
about 12.

In part (i) the limiting values of x"Inx were not universally known, and most
candidates got one or more of these wrong. This had consequences for the curve in
part (i) which often had x = 0 as an asymptote, and for the limiting value of the
integral in part (iii).

There were many good explanations in part (iv), although several candidates
considered strips of width 1 instead of 1.

Few candidates could use their result from part (iv) to make progress in part (v). A
fair number used an alternative method, approximating the sum of the series by

100
L xInxdx , which gives a much less accurate value.

This question was attempted by almost every candidate, and the average mark was
about 14.

Parts (i), (ii) and (iii) were very often answered correctly.

In part (iv), most candidates knew that the condition for the normal line to be parallel
to the x-axis was g%:%g:o (although some thought it was g%=0). However, very
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Q.4

Q.5

many candidates combined these equations with %%:l, instead of using the equation
of the surface, to find the coordinates of the points.

This question was attempted by half the candidates, and the average was about 12.

The principles involved in all parts of the question were well understood, but many
candidates were prevented from obtaining the given results because of their lack of
competence with the half-angle formulae. For example, a surprising number of
candidates were unable to do part (i).

This question was attempted by less than 20% of candidates, and the average mark
was about 12.

Few candidates earned full marks in part (i). Very many did not treat the condition

X # 2 sufficiently rigorously when considering closure or inverses, and some confused
associativity with commutativity. Others ‘proved’ associativity by giving one or two
particular examples.

The remaining parts (ii) to (v) were generally well answered.





