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(i) The random variable X has the exponential distribution with parameter A (1 > 0), so that its
probability density function is

f(x) = 2™
for x = 0. Derive the mean and variance of X. [9]
(if) The random variable Y is defined by
Y=X+6

where 0 is a positive constant. State the mean and variance of Y. ' [2]

An experimental device for recording the output of particles from a radioactive source is being
investigated. The output of a particle is defined as an ‘event’. The times between successive events
are exponentially distributed with parameter A. The device is known to have a ‘dead time’ 6, so that
it can only detect an event if it occurs at least time 0 after the previous event. Time intervals
between events as recorded by the device are assumed to be given by the random variable Y in

part (ii). A random sample of n such intervals is recorded. The sample mean is represented by Y
and the sample variance by S2.

(iii) Use the mean and variance of Y to show that plausible estimators of A and 0 are

A 1 A —
l=§ and 6=Y-3S§. 3]

(iv) Now suppose that the device is used to record events for a standard source for which A is
known to be 3. Use the mean of Y to show that in these circumstances 6 may plausibly be
estimated by

o=Y -

L=t

State the mean and variance of 8 , explaining why the results indicate desirable properties of ]
as an estimator of 6. [6]
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In a steelworks, several skilled technicians are testing two machines that can be used to cut rods
of steel to, approximately, the required lengths. The machines always cut to slightly above the
specified length, so that the rod may later be ground down to the required length. However, this
causes a waste of time and material. The purpose of the test is to find which machine, if either, is
better on the whole at cutting very near to the specified length and thus minimising wastage.

Each technician uses each machine to cut rods to a particular specified length.The excess length is
then carefully measured, and the results, in cm, are as follows.

Technician Machine A Machine B
1 2.9 1.9
2 1.8 14
3 4.7 34
4 2.7 33
5 2.9 2.0
6 24 24
7 5.2 3.2
8 2.9 21

(i) Use an appropriate ¢ test to examine, at the 5% level of significance, whether either machine
is better, stating carefully your null and alternative hypotheses and the required distributional

assumption. [12]

(ii) Provide a two-sided 99% confidence interval for the true mean difference in excess lengths
between the machines. (4]

(iii) In the design of the experiment, every technician uses both machines. Explain what this is
intended to achieve. Discuss also another feature that should be incorporated in the design. [4]
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A food manufacturer is investigating a new process for preparing the blend of tea for teabags.

(a)

(b)

Samples of teabags are prepared using the existing and new processes, and cups of tea are
made from each in a carefully controlled way. A member of a tasting panel is asked to rank
the cups of tea in order of flavour. The results are as follows (rank 1 indicates the best).

Cup Process Rank order
1 Existing 5
2 Existing 6
3 Existing 3
4 Existing 12
5 Existing 10
6 Existing 11
7 New 2
8 New 7
9 New 8

10 New 1
11 New 9
12 New 4

Use the Wilcoxon rank sum test, at the 10% level of significance, to examine whether there
are, on the whole, any differences between the flavours produced by the two processes. State
carefully the hypotheses being tested.

Discuss briefly two precautions which should be used in setting up the tasting experiment. [11]
The strengths of the blends can be measured directly. Data for further random samples from
the two processes are summarised as follows.
Existing process: n; = 10, sample mean = 17.3, sample variance (divisor n — 1) = 4.62.
New process: n, = 10, sample mean = 19.2, sample variance (divisor n — 1) = 6.48.

Using these data, and stating two required assumptions, test at the 5% level of significance
whether the mean strength for the new process is greater than that for the old. 91
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(ii)

(i)

(iv)

(v)

5

A 2 x 2 contingency table has the following observed frequencies. °

13 2

Carry out the usual chi-squared test for independence of the rows and columns, both with and
without use of Yates’ correction. [You should find that one of the expected frequencies is less
than 5. You should not group this expected frequency with any other in the calculations.] [7]

You are given the result P(Y > y)=2P(Z> \/}) where Y ~ 7612 and Z ~ N(O, 1). Use this to
find the approximate level of significance of the data as given by each of the calculations in

part (i). [3]
Consider the following general notation for an observed 2 x 2 table.
OVEROV n

nyp N2 ry

G (o) I n

Regarding the row and column totals (ry, 1y €y, C,) as fixed, it can be shown that the
probability of obtaining this table if the rows and columns are independent is

)

Use this result to show that the probability of obtaining the table in part (i) if the rows and
columns are independent is 0.0014455, truncated at the 7th decimal place.

25
[Note: | < |=3268760.] [2]

Explain why the following observed table would be more extreme than the table in part (i) if
the rows and columns are independent.

1 9
14 1

[2]

You are given that there are also two more observed tables that would be more extreme than
the table in part (i) if the rows and columns are independent. These are as follows.

Use the result in part (iii) to find the exact level of significance of the data in part (i). [6]
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Report on the Units taken — June 2002
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General Comments

There were 132 candidates from 29 centres, a slight decline from last year. The quality of the work was again high with
only a handful of candidates being clearly unprepared for the paper. Candidates appeared to have few problems
completing the paper in the allotted time, though very few attempted all 4 questions other than in desperation.

Many candidates did not take enough care in stating their hypotheses, particularly in the case of the Wilcoxon rank sum
test. These same candidates, in general, were also unaware of the assumptions required to carry out the various teats.

One sign of real improvement was where candidates were asked to make comments on the design of experiments. This
was thoughtfully done by the great majority of candidates.

Comments on Individual Questions

Q.1

Q.2

Q3

This, as usual, proved to be the least popular question and was attempted by 48 candidates. For most candidates
who attempted this question it was clearly familiar territory and frequently full marks were gained for part (i). A

significant number of candidates clearly knew that the required mean and variance were % and /%2 and were

determined to obtain these results even though their integration was not quite up to the task.
Virtually all candidates answered part (ii) correctly.

In part (iii) most candidates were not quite sure how to demonstrate that an estimator was plausible, but clearly
had an intuitive grasp of the meaning. Explanations here were almost invariably weak.

In part (iv) most candidates knew some of the desirable properties of 8 - unbiased, small for all n, decreasing as
n increases, but few mentioned all 3.

. -1 1 - _ =L
(i) mean= ,1 , variance = P (i) mean= -+ + 8 variance = 2 , (iv) mean= @ variance = o -

All but one candidate attempted this question and for most it proved a good source of marks. Thankfully very
few students did not realise that a paired test was required in part (i). Although most candidates carried out the
correct test, many stated their hypotheses either incorrectly or incompletely. Hypotheses need to be in terms of
population parameters (rather than sample statistics) and the terms used need to be defined — they are not given
in the question. Most realised that the distributional assumption concerned normality, but many did not realise
that it was the normality of the differences that was required.

Part (ii) was generally done very well and those candidates who had been largely successful in part (i) had few
problems here.

In part (iii) most candidates were able to explain that a paired test enabled the removal of the variability of
technicians, although some felt that the ability to use a paired t-test was reason enough in itself. Many went on to
give a second feature which should be incorporated — usually that technicians should be ass1gned at random to
the machine that they would use first, but other sound ideas were also put forward.

(i) ¢,=2.57, significant, (i) (-0.262, 1.712).

This was another very popular question, being answered by all but 3 candidates. The hypotheses were not stated
clearly by the majority of candidates who merely stated that the two processes were the same, on the whole, for
the null hypothesis and that they were not, for the alternative hypothesis. What is required is that the
distributions have the same shape and that for the null hypothesis the location parameters are equal with the
location parameters not equal for the alternative hypothesis.

The calculation of the test statistic was usually well done, with the majority preferring to use the Mann-Whitney
formulation. Again most candidates found the critical value correctly and were able to make the correct decision
that the result was not significant. Some candidates then failed to relate this decision in the context of the
question.
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Q4

Most candidates were able to make at least one sensible comment about the design of the experiment and many
gave two.

In part (b) a lack of knowledge about the required assumptions was apparent for many candidates. In general
candidates knew how to calculate the pooled variance, but a significant number decided to square the given
values of the sample variances in their calculation and there was the inevitable confusion between 9 and 10 for

some candidates.

A pleasing majority calculated the test statistic correctly (for their figures) and realised that #,; was appropriate.
Most were then able either to interpolate between #5 and £, or give some other convincing argument that the
result was significant.

(2) rank sum =31, critical value = 28, not significant;  (b) #;5= 1.80, significant

This question was answered by 89 candidates and proved a good source of marks for most. However, few
candidates scored very highly in this question.

In part (i) all candidates were able to calculate the expected values correctly and the vast majority able to

calculate the x2 statistic correctly without Yates’ correction. However the introduction of Yates’ correction led
to many errors, usually associated with 0.5 being subtracted incorrectly in almost every conceivable way. Most

candidates also realised that there was one degree of freedom and that the result was significant at all tabulated
levels of significance. Only a handful of candidates thought that this implied independence.

Only the best candidates were able to cope with part (ii) and this part was often left blank.

Parts (iii) and (iv) however were both done successfully by the majority of candidates.

Part (v) again sorted out the best candidates. Only a minority realised that they needed to add together the

. .o . 2 g,
extreme values to give a significance level and of those it was rare to see 3 2 included.

@) x2 = 8.51 with Yates and 11.11 without Yates, significant in both cases,
(ii) significance level =0.0036 with Yates and 0.0008 without Yates, (v) level of significance = 0.0024.
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