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Option 1: Vectors and Matrices

1  You are given the matrix M = (I(; g), where k # 2.

(i) Find the eigenvalues of M, and the corresponding eigenvectors. [7]
(ii) Write down a matrix P for which P"IMP is a diagonal matrix. [2]
(iii) Hence find the matrix M". [7]

(iv) For the case k = 1, use the Cayley-Hamilton theorem to find integers p and g such that

M® = pM8 + gM". [4]

Option 2: Limiting Processes

2 A function H(x) is defined, for x = 0, by
A .
H(x) =f L 12
0
(i) Write down H’(x) . ' [2]
(ii) Sketch the graphs of y = e_’2 and y = ™ (for t = 0) using the same axes, and label them clearly.

Hence show that, for x> 1,

| x
f e 'dt<H(x) <1+ f e ' dt. [5]
0 1
(iii) Deduce that H(x) tends to a limit L as x —»o, and show that
1—1<L<1+1. [4]
e e

’ 2 2 rx 2
(iv) By first writing ?e™ as t(te™ ), express j t?¢™" dt in terms of H(x), and show that

0
j e dt=1L. [5]
0
(v) Use L’Hbpital’s rule to find lim H(x)-H{1) (4]

x—1 H(2x)-H(2)

2606 June 2002




Option 3: Multi-Variable Calculus

3 Asurface S has equation g(x, y, z) = 0, where g(x, y, 2) = (y — x)(x + 2y — 2)* — 32.

(i) Show that 9 =(x+2y—2z)(z-3x), and find 98 and §§ [5]
ox dy 0z
.. . dg 9dg _og
ii) Verify that =4+ =+3=2=0.
() Verly that 5+ oy 2%
Interpret this result in terms of the normal vectors to the surface S. (3]
(iii) Find the equation of the tangent plane to the surface S at the point P(2, 10, 20). [3]

(iv) The point Q(2 + &x, 10 + 8y, 20 + 8z) is a point on the surface S close to P.

Find an approximate expression for 8z in terms of dx and dy. [3]

(v) R(a, 7, ¢) is a point on the surface S at which g—g— =0,

x
Show that the tangent plane at R has equation 3y —z = 6. [6]
Option 4: Differential Geometry
4 A curve has parametric equations
'x = a(l ~cos> 6), y= asin’ 0, for0=06=< %ﬂ', :
where a is a positive constant.
[5]

(i) Find the length of this curve.

(ii) Show that, when this curve is rotated through 2z radians about the y-axis, the curved surface

area generated is —g—ztaz. [5]

(iii) Show that the radius of curvature at a general point on the curve is 3a sin 6 cos 6. [5]
(iv) Find the centre of curvature corresponding to the point on the curve where 8= %n. [5]
[Turn over
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Option 5: Abstract Algebra

5§ ThesetG={1,3,7,9, 11, 13, 17, 19} is a group under the binary operation of multiplication
modulo 20. ’

(i) Give the combination table for G. (4]
(ii) State the inverse of each element of G. [2]
(iii) Find the order of each element of G. [2]

(iv) List all the subgroups of G.
Identify those subgroups which are isomorphic to one another. [7]

(v) For each of the following, state, giving reasons, whether or not the given set and binary
operation is a group. If it is a group, state, giving a reason, whether or not it is isomorphic to G.

4 J=1{0,1,2,3,4,5, 6,7} under multiplication modulo 8

(B) K=1{0,1,2,3,4,5, 6,7} under addition modulo 8 [5]
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MARKING SCHEME
1 (i) |Characteristic equationis (k- A)}2-1)-0=0 Ml
Eigenvalues are & and 2 AlAl
For A =k,
(k 3J(X]:k(x] - e+ 3y = kx Ml
0 2Ay y 2y=ky
1
= y =0 so an eigenvector is (OJ Al
For 1=2,
k 3Yx x kx+3y=2x
0 2 g y 2y = 2y
= y=3(2-k)x so an eigenvector is 3 Al
3 2-k 7
(i) 13
P=l0 2-4 B2 fi
2
0 pongp_p-[* ©
“F o 2 Bl ft
- (K" 0
- O 2)1 Bl ﬁ
pl 1 (2-k -3 BIBI1 ft
2-ki_ O 1
M" =PD"p""
1 (1 3 YEk" oY2-k -3 ] . .
"2 klo 2-kf0 2 0 1 Ml Give even if order is wrong
1 k" 3(2" 2-k -3 1 3 _ n  _apn
=7 ( ),, Al cao or - (2 -k 3k
2-k{ 0 (2-4k)2 0 1 2-klo 2-k 0 2"
g 3R
= 2-k Al cao
0 2" 7
(V) | Characteristic equation is A* —-31+2=0 Bl ft
By Cayley-Hamilton theorem,
M2 -3M+2I=0 Ml Applying CH theorem
Hence M° -3M% +2M’ =0 Ml Multiplying by M’
ie. M° =3M®% - oM’ Al cao
ie. p=3, g=-2 4
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2 (i) Hl(x) - e-.\'z B2
2
(ii)
4
' -
B2 Both decreasing, and crossing at 7 =0
and 7 =1

(Give B1 if =1 not identified)

0

1 _p 1
H(x)>j0e'dt>j0e ‘dt BI (ag)

H) = [ ;e—"dt N

1 x
Ml
<J‘01d1+J‘l e dr
=1+ "edr Al (ag)
1 5
(iii) [— e_']:, <H(x)<1+[— e"];r M1
l1-e'<H@x) <l-e“+el<l+e™ Al
H(x) is an increasing function, and is bounded, Ml
so H(x) > L where 1—e'<L<1+e! Al (ag)
4
(iV) x L _[ 'L ]I x|
[ tae™ ydt= o)~ [ (-3¢ )ar MIA1
=—%xe'Jrl +%H(x) Al
As x >0, xe™* -0 and H(x) > L Mi
$0 J‘:tze_"dlzéL Al (ag)
5
v . ‘(1
) Limit is () Ml
2H'(2)
- _y?
_e Al or
2¢7* Al 2647
= %e:' Al cao
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3 €
X %:*(HZy—Z)Z+(y—x)2(x+2y—z) Ml T
=(x+2y—-z)(-x-2y+z+2y-2x)
=(x+2y-z)(z-3x) Al (ag)
%:(x+2y—z)2+(y—x)2(x+2y—z)(2) M1
=(x+2y-2)(x+2y—-z+4y—4x)
=(x+2y—-z)(-3x+6y—2z2) Al
@:—Z(y—x)(x+2y—z) B1
2 5
(i 192 o8, ;08
& oy 0z
=(x+2y-z)(z-3x—-3x+6y—z—-6y+6x)
=0 Bl (ag)
0
All normal vectors are perpendicular to | 1 B2 Or equivalent
3 3
() ) aip B_ng & _g %B_ 3 Ml
ox oy 0z
Tangent plane is 7x +17y — 82 =14 4170 - 160 Ml For 7x +17y -8z
Tx+17y—8z=24 Al cao
3
(iv) | 6g ~ 288 + 68% —32& (and &g =0) MIAL Rt [Or 7(2+&)+17(10+ &) - 8(20+ &) ~ 24
50 & ~ (18 +178) Al ft
3
\ Since ?§=o, c=3a B1
ox
Since RliesonS, (7—a}a+14—3a)’* -32=0 Ml
47-a)’-32=0
7-a=2
a=35 Al Either a or ¢ correct
c=15
@=48, @,:—16 Ml Or, using (ii), E‘/_g:_3_6§
oy Cz oy oz
Tangent planeis 3y —z =21-15 M1
y-z= Al (ag)
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40
@ —di:BaCOSZOS'mB, d—y=3as'm290059 B1
do deo
& _ () (@)
déo do dé X ,
. 2 .2 . . dx dy
=3asin @ cosOvcos” @ +sin“ @ =3asinfcosd@ Ml For finding 0 + 90
L
Arc length is J‘O’” 3asin@cosddl Al Correct integral expression (inc limits)
- [% asin? 9] g" Bl sin @ cos@ correctly integrated
3
=2a Al
(i) | Curved surface area is I27r xds M1
1
= Io;” 27 a(l - cos® @)(3asin 0 cos8)do Al fi Integral expression (limits required)
Ay a4 s ] e Ml Method for integrating sin @ cos* @
. 1 1 2
_6”‘7[ 708" 0 +5cos” O] Al For—%c0529+%00559
2{L_1)_9_ 2
=6ra (;—;)—gﬂa Al (ag)
(i) |dy dy dr
—=-—+—=tanf
dc do  de MI1Al ; .
tany =tané, so y =6 Ml dy _ sec’f
dx?  3acos’@sin6
ds ds 5 .2 3acos’@sind
= = 2 e
dy  dé Ml Or p=(1+tan® 8)? x ey
=3asin O cosd Al (ag)
OR xj-¥y=.=9a*sin’Bcos’ 0 MIiAl
_ (3asinfcos 0y M1
9a” sin” @ cos® & Ml
=3asin@cosf Al
iv _1 _2.{1 1}_3
(V) |When 6= 37T, p= 3a(?£XE)”TJ§a
a - sin _ —%\/5
cosy % MI1Al
x= %a, y= %ﬁa
Centre of curvat;xre is [ 1 M
(Ea +3 3a—5J3— = i Al
Y B W E¥CY B LU
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5@
1 3 7 9 11 13 17 19
1 1 3 7 95 11 13 17 19
313 9 1 7 13 19 11 17
717 1 9 3 17 11 19 13
. - B4 Give B1 for 16 entries correct
°19% 7 3 1 19 17 13 11 B2 for 32 entries correct
1111 13 17 19 1 3 7 9 B3 for 48 entries correct
13113 19 11 17 3 9 1 7 4
17117 11 19 13 7 1 9 3
19{19 17 13 11 9 7 3 1
(i)
x l 1 3 7 9 11 13 17 19
<1 7 3 9 11 17 13 19 B2 Give B1 for 4 correct
2
(i)
x| 1 37 9 11 13 17 19
order; 1 4 4 2 2 4 4 2 B2 Give B1 for 4 correct
2
av) ({1}, {1,9}, {1, 11}, {1,19} B2 Give B1 for 2 correct
{1’3’7’9}’ {1’9’13’17}’ {1’9’11’19}’ G B2 Give B1 for 2 correct (G not required)
{1,9}, {1.11}, {1,19} are isomorphic B1 For any two subgroups of order 2
{1,3,7,9}, {1,9,13,17}areisomorphic B1
B1 Fully correct, dependent on all
7| subgroups of orders 2 and 4 correctly
listed, and no spurious IMs given
(v)(4) | O has no inverse Bl For reason
so.J is not a group B1
(B) |Kisclosed and inverses of O, 1, 2, 3, 4, 5, 6, 7
are 0, 7, 6, 5, 4, 3, 2, 1 B1 For reason
so K is a group B1
Different pattern (2 self-inverse)
K is not isomorphic to G B1 Must include a reason
5
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General Comments

This paper was found slightly harder than recent past papers. There were fewer really excellent scripts than usual, with
10% of candidates scoring more than 50 marks (out of 60), and about a fifth scored less than 20. there are ten possible
ways of selecting three questions from five, but these were far from equally likely; more than half the candidates chose
Qs.1,3 and 4.

Comments on Individual Questions

Q.1

Q2

Q3

This was the best answered question, with half the attempts scoring 15 marks or more (out of 20). All parts
were generally well understood, and a good number (about 20% of attempts) scored full marks. In part (i),
having obtained the characteristic equation as (k — A2 — A) = 0, an amazing number of candidates multiplied
this out to 4> — (k + 2)A4 + 2k = 0 then used the quadratic formula to solve it. Many careless errors were made
when finding the eigenvectors, such as giving the x and y coordinates the wrong way round. Parts (ii} and (iii)
were answered well; candidates could obtain most of the marks even if their eigenvectors were incorrect. The
use of the Cayley-Hamilton theorem in part (iv) was very well understood, although some candidates rewrote
the question and expressed M’ in the form pM + gL

2" _kﬂ)

W k2 ((1)) (zik); ® ((1) zik)’ Gi) [ ¥ T2=E |, @) p=3q=-2.
0 2"

This was the least popular question, attempted by about 20% of candidates. It was also the worst answered, and
half the attempts scored 8 marks or less. Part (i) was usually answered correctly, although H'(x) was sometimes
given as a function of ¢. In part (ii) the graphs were usually drawn correctly, but few candidates earned full
marks for deriving the inequalities. There were some excellent explanations, accompanied by clear shading on

the graphs or starting from H(x): Ie"zdt+ ‘re_'zdt , but most did little more than copy down the given

results. In part (iii) most candidates performed the integrations to obtain 1—% <H(x)<1+% but very few
stated that H(x) was an increasing function. In part (iv) about half the candidates realised that integration by
parts was needed; these usually obtained the correct expression and deduced the value of the infinite integral. In
part (v) L’Hdépital’s rule was generally well understood, but correct answers were rare; a very common €1ror was
to differentiate H(2x) to obtain H'(2x) instead of 2H'(2x); and some candidates differentiated H(1) (a constant) to
obtain H'(1).

O ¢, @ ~fr7 3, © 36

This was the most popular question, but it was found to be more difficult than previous questions on this topic,
and most candidates scored between 8 and 13 marks. In part (i) the partial differentiation was usually carried
out correctly, although there was often a false start involving multiplying out. In part (ii) the given result was
usnally obtained (provided part (i) was correct), but few candidates gave a satisfactory interpretation; the
expected response was ‘all normal vectors are perpendicular to the vector (1 1 3)’. Some said that the vector
(1 1 3) lies in every tangent plane; although this is true it could not be given credit as it does not refer to the
normal vectors. Part (iii) was well answered, but part (iv) was often omitted or answered incorrectly; common

errors were oz wg—féx + %f—éy (which eamed no marks) and %—:% +¢%g , Which resulted in a sign error and

scored 1 out of 3. In part (v) most candidates obtained ¢ = 3¢ and made an attempt to find the ratio % : %Zg_' (the

easiest method was to use the result in part (ii)). This earned 2 marks, which was the most common mark for
this part; few candidates realised that they needed to use the equation of the surface to find  and ¢.

(i) L =(e+2y-Br+6y-2), B =20y~ +2p-2), (i) Tx+ 17y~ 8z =24,

(iv) &~ (18 +178).
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Q4

Qs

This question was attempted by about two thirds of the candidates, and the average mark was 11. In part (i) the
method was well known and many obtained the correct answer, but some had trouble with the differentiation of
x and y, or with the integration of sinfcosé. In part (ii) a correct integral expression was often obtained, but
many were unable to integrate cos*@siné. Several candidates rotated the curve about the x-axis; having obtained
the wrong answer some, but not all, realised their error and started again. In part (iii) by far the most popular
method was to use the parametric formula, but errors in differentiation and manipulation were very common.

2
The method using % and jx—f was sometimes tried, but rarely successfully, as % = tand was almost always

2
followed by jx—’: = sec’d, The quickest method (¥= 8 so p =?(1% which was found in part (i)) was used by a

few candidates. In part (iv) the method was quite well known, but often there were errors in the normal vector,
such as signs or reversed coordinates, and sometimes a non-unit vector was used.

@ 3a, @) (—%a, —3—J§a).

This question was attempted by about 30% of candidates, which is more than usual for this topic. It was quite
well answered, with half the attempts scoring 14 marks or more. All parts were well understood, but most
candidates lost marks in part (iv), where usually only one or two of the three subgroups of order 4 were found.

(i) 1,7,3,9, 11,17, 13, 19, (iii) 1,4, 4,2, 2,4, 4,2,

@v) {1}, {1,9} = {1, 11} = {1,19}, {1,3,7,9} = {1,9,13, 17}, {1,9, 11, 19}, G,
(v) (A4) not a group (B) group, not isomorphic to G.
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