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Option 1: Limiting Processes

C nxe
1 (a) Use L’Hépital’s rule to find lim l;x 31 . [4]

x—3e X —¢€

(b) You are given that xe™* — 0 asx — oo,

. ' - —-x 3 ’ 3 -y .
By considering (xe ) » show that y'e ” — 0 as y — oo. [4]
(c) (i) Explain in detail how Z 3 is related to an area under the curve y = P [5]
r=1 —-X
n r2
(ii) Show that, as n — oo, E P B tends to a limit L, and evaluate this limit. [3]
. P 1
iii) Show that lim =3I 4
(i) n—yoo z n - r6 2 : 4]

Option 2: Multi-Variable Calculus

2 A surface has equation -z =x3+3x% + 6xy+ yz.

az 'az
(i) Find == —=. _ 2
ax a y 2]
(ii) Find the coordinates of the two stationary points on the surface. (6]
(iii) Find the equation of the normal line at the point P(-1, 1, -3). [4]

(iv) Find the other point Q on the surface where the normal line is parallel to the normal line at P,
and find the equation of the tangent plane at Q. (8]

Option 3: Vectors and Matrices

3 Three points A, B and C have éoordipates O, 1, 5), (5, -2, 3) and (-3, 10, 8) respectively. The
point P(9+2,1+31,5~4A), where A>0, is a general point on a straight line starting at A.

- o =
(i) Find the volume of the tetrahedron ABCP. State whether AB, AC, AP (in that order) is a
right-handed or left-handed set of vectors. [6]

(ii) Find the shortest distance from P to the plane ABC. [4]

(iii) Find, in terms of A, the shortest distance between the lines CP and AB. Show that, when A is
small, this distance is approximately SA; and show that, when A is large, this distance is

approximately 15. [10]
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Option 4: Differential Geometry

4 (a) A curve has intrinsic equation s = Ssiny, where s is the arc length measured from the origin,
and w is the angle between the tangent and the x-axis.

Show that the radius of curvature at the point (s,y) on the curve is V25— s2. (5]
L2 2
(b) (i) Find the equation of the normal to the ellipse %2— + ;)y_z_ =1 at a general point
(acos®, bsing). (4]
L2 2
Y =1. (6]

(ii) Find parametric equations for the evolute of the ellipse —-+ y%3
a

(iii) Hence or otherwise show that the centre of curvature corresponding to the point (8,3) on

2

2 .
the ellipse L A is (%, - -g—;) and find the radius of curvature at the point (8,3).
(5]

Option 5: Abstract Algebra
5  The real vector space V consists of all quadratic polynomials

f(x)=ax?+bx+c suchthat f(2)=0.

Addition of polynomials, and multiplication of a polynomial by a scalar, are defined in the usual

way.
Three elements of V are f,,f,, f;, where

fi(x)=x-2, f(x)=x*-4, f5(x)=2x*-Tx+6.
(31
(4]

(i) Show that {f;, f,,f3} is a linearly dependent set.
(ii) Show that {f;,f,} is a basis for V.

The real vector space W consists of all two dimensional vectors (Z) , and the mapping T:V > W

f(3)).

is defined by T(f)= (f(S)

(4]

(i) Show that T is a linear mapping.

(iv) Find the matrix M associated with T and the bases ‘
{£.5,} of V. and {((1) ) (‘1’)} of W. 4]

(v) By considering .M_l, find the quadratic polynomial -f(x) =ax® + bx+c which satisfies
£(2)=0, f(3) = p, f(5) = q, expressing the coefficients a, b and c in terms of p and q. (5]
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1@ Limit is lim Yx Ml Differentiating num and denom
2
e 3x Al For 1/x and 3x*
1/e
=1 £
3e? Ml Considering '(e)
g'(e)
= L Al cao
3e3 4
®) | (xe*) 50 (as x> ) Bl
(xe)Y =x’e™ =2L7y3 e ” where y=3x M1A1l
Hence y*e¢™” 50 as y > Al For completion
4
(©)(i) r’ 1 (r/ n )2
TR S B2
Zn -r n 2 - (r/n)3
Sum is the area of rectangles of width 1/n Bl
above the curve Bl
between x=0 and x=1 (Bl
5
(i) | L is area under curve between x=0 and x =1 B1 May be implied
2
I =l tmea - M1 i lis kIn(2 - x°
L—£ P dx = -3—ln(2 X )]0 For integral is (2-x7)
=LlIln2 Al cao
’ 3
(iii) 5 1 s
6r T= (r/n) = M1 Working essential
2n° —r® n 2-(r/n)
n r5 xS
So lim ———— is the area under y =
"*E,Z:; 2n8 — 8 2 x5
between x=0 and x=1 |Al
5
* =~ Lin2 - x%' M1 For integral is k In(2 — x*
Limit is I: 2—){6dx— < In(2 x)]O or integral is kIn(2—x")
=1 =1 Al
=zln2=-1 cao )
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2 (i) o 5
% 31 6x+ 6y, L=6x+2y BIBI
Ox oy 2
(i) 3x +6x+6y=0 and 6x+2y=0 Ml
So y=-3x and 3x2 ~12x=0 MIAL ft
Stationary pts are (0,0,0) and (4,-12,-32) A3 cao Give Al for 2 coordinates correct
6| Give A2 for 4 coordinates correct
(iii) oz oz
AtP,a—x=3,5}~=*4 Bl cao
-1 3 M1A1ft  |For direction
Normal lineis r=| 1 {+ 4/ -4 Al ft
-3 -1 4
(V) 1352 46x+6y=3, 6x+2y=-4 MIAI ft
So y=-3x-2 and 3x* -12x-15=0 Ml Obtaining equation in x (or y)
x=-1,5 Ml Solving to obtain x (or y)
Qis (5,-17,~-21) Al cao
M1 For 3x -4y -z
Tangent plane at Qis 3x —4y —z =15+ 68 + 21 Ml Finding constant term
Al cao

3x—4y-z=104
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3()

Volume is L(ABxAC). AP

M1 Vector product of two sides
-4 -12 A 9 A
=1 _ Al Vector product correct
=4 -3[x| 9 [|| 34 |=1] 36 || 34 p
-2 3 —44 —72)\~44 Ml Scalar triple product
=§x4054 M1 Fully correct method (including )
1354
= - Al cao
Since (Ex K_é)/’_d" >0,
it is a right-handed set B1 No explanation required
(ii) 9 1
Normal vectoris ABxAC=( 36 {=9 4 Bl
-72 -8
Unit normal vector is fi = 7| 4
-8
A 1 '
Di < apazl 31 11 4 MI1Al ft  |Any completely correct method, e.g.
istance 1s AR = 5 (9 +4) + 41+ 34) - 8(5— 44) + 27
-44 -8 \/ > > 5
—s4 Al cao 1°+4°+8
(ii) 12+44) (-4 9-184
CPxAB=|-9+32{x|-3|=| 36+184 MIAL
-3-44 -2 -72+94
1-24 -12
=9%4+21| and AC=| 9
-8+ 4 3
-12}({1-24
9 |.|4+24
. ) 3 -8+4
Distance is > > > M1Al ft  |For magnitude
\/(1 ~24)" +(4+24)" +(-8+4) M2 Fully correct method
454
= 3 Al cao
94" —44 + 81
When A is small, this is approx B2 =52 Mi Approximating (either case)
J81 Al (ag)
Al (ag)

When A is large, this is approx =15
V94

10
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JON ) e
dy
=5cosy Al
=5\1-sin’y M1
2
=5 1—(i) =25 - 52 Al (ag)
5 5
M) | dy  bcosH Ml Method for finding gradient
dx -asind Al .. .
0 M1 Obtaining equation of normal
Normal is y —bsin8 = 227 (x  gcosd) Al
cos 4
by = (atan@)x — (a* - b*)sin @
(ii) | Differentiating partially with respect to &, Ml
0= (asec’ O)x — (a® - b?)cos b Al
a2 — b2 M1 Obtaining x in terms of &
= ]0053 7] Al
a
242 22
y=%tan9[“ b )00539_[“ b ]sing Ml Obtaining y in terms of
a
2 ;2
= (a 2 b Jsin@(cos2 g-1)
s .2 Al Give Al for x, y both correct but
_|a -b sin @ 6| unsimplified
b
e R e
3 3
.2 .2 2 -2 2 2p9h
= (x. = yﬁ _(e?sin? 0.+ 22 cos?0f MIAl Or finding x
xXy—Xxy ab
. —bcosd
. I ( o8 ) Ml
w/azsin20+bzcoszt9 —asiné
x)_(acos@ +a sin 0+bzcos f(~bcosf M
y " bsing —asinéd
242 Y
x=[a b Jcos30, y={a b )
a
() 145-10, b=5; at(8,3) cosf=2%, si M1
Centre of curvature has
_(100-25Y4Y _ (100-25Y3Y’ Al fi
10 s) 7 5 5
ie. %, _8 Al (ag) M1A2 cao from a fresh start
25 25
8 — ?_9 +13 4+ 81 M1
25 25
35152 2
e 5 J—— ~7.5 Al M1A1 cao from a fresh start
625 25 5
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M1Al

SO (=222 - Tx+6=2(x2 -4)~7(x-2)
fy =2f,— 71; so the set is linearly dependent Al
() VA f+ 4,1, =0 = L(x-2)+4L(x>-4)=0
= Ax? + Ax + (=24 - 44,)=0
= A4 =4, =0 so the set is linearly independent |BI
If feV then flx)=ax’ +bx+c
and 4a+2b+c=0
so f(x) = ax® + bx —da - 2b = a(x* — 4) + b(x - 2) M1Al
=af,+bf, so the setspans ¥ Al
Hence it is a basis
(3id) (f+ g)(3>) (f(s) + g(s))
T(f = =
(e (<f+ 25) () + £05) M
(1) (s3))_ N
(o) ()10 10
- [(A 0(3)]= [A f(”J: l(f(s))z i |mian
(AD)(5)) \Af(5) f(5)
(iv) £,3)) (1 £,3)) (5 '
T(f1)=(fl(5)J—(3), T(fz)z(fz(S)J—(ZlJ M1Al
M 2(1 5 J MIAl
3 21
M (P (21 -5Yp) ,(21p-5q
" (4)_3(4 1 L)-E(—h’wj MIAl
We require T(f)z(p) , SO
q
flx) = 5 (21p = 59) £, (x) + 5 (-3p + @) f,(x) Ml
=1(21p -5q)(x-2) + L(3p + q)(x* - 4) Al ft
Al cao

=L(Bp+x’ ++Q21p -59)x +(-5p + q)
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Examiner’s Report



Report on Modules Taken — June 2001

Pure Mathematics 6 (5506)
General Comments

Most candidates performed well on this paper, with about 15% scoring 50 marks or more (out of 60) and
only about 25% scoring less than 30 marks. Few candidates appeared to have difficulty in completing the
paper in the time allowed. The most popular choice, by far, was questions 2, 3 and 4.

Comments on Individual Questions

Question 1 (Limiting Processes)

This was the least popular question, attempted by about 20% of candidates. It was not well answered, with
half of the attempts scoring 8 marks or less (out of 20). L’hépital’s rule was usually applied correctly in part
(a), but in part (b) very few candidates used the substitution y =3x to give a convincing proof. In part (c),

several candidates proceeded confidently and scored most of the marks, but very many produced work of
little value.

() 3% s (e)(ii) $In2.

Question 2 (Multi-Variable Calculus)

This question was extremely well answered, with half the attempts scoring 19 or 20 marks. The only
common error, in part (iv), was to try to find Q as the point where the normal line at P meets the surface
again.

(1) §=3x2+6x+6y, gz—=6x+2y; (i) (0,0,0) and (4,-12,-32);
Ox Oy
-1 3
i) r=| 1|+A| -4 (@Gv)(5,-17,-21), 3x-4y-2z=104.
-3 -1

Question 3 (Vectors)

The techniques required in this question were well known, except that in part (ii) the formula for the distance
of a point from a plane was sometimes confused with the formula for the distance of a point from a line.
However, most candidates made errors, usually when evaluating vector products, and the average mark for
the question was 13. Many candidates showed that they knew how to obtain the approximations in the final

part.

A 454

, right-handed; (ii) 54; (iii) ——————.
VOAZ — 42 +81

Q) 135

Question 4 (Differential Geometry)

The average mark for this question was 10.5. Part (a) was often answered correctly, but some candidates
attempted to apply the cartesian formulae to the intrinsic equation. The normal in part (b)(i) was usually
correct, although many errors, such as giving the equation of the tangent instead, were made. In part (b)(ii),
the majority applied partial differentiation to the equation of the normal, and others found the radius of
curvature at a general point and used ¢c=r + pn. Whichever method was used, it was rarely completed

36




Report on Modules Taken — June 2001

without errors. Part (b)(iii) was often omitted; it was surprising how few candidates seemed to realise that
the radius of curvature could be found as the distance between the two points given in the question.

212 212
(b)) by = (atanB)x - (a® —b)sind; (ii) xz(" b )00530, y:—(" L )sin30;

.oy 92413
(1i1) .
25

Question 5 (Vector Spaces)

This question was only attempted by about a quarter of the candidates, and the average mark was 9. There
were a few good answers, but the majority answered one or two parts well, usually from parts (i), (iii) and
(iv), and scored little in the rest of the question. In part (ii), most candidates claimed to show that the set

spanned V by writing ax® + bx + ¢ =a(x’ - 4) + b(x —2); very few explained why the constant term is
correct. Part (v) was usually omitted.

. 1 5, 1, -1 _ =_
(IV)(3 21), (V) a=5(3p+q), b=¢(21p-5q), c=-5p+q.




