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The curve with parametric equations

.

x=60-sinf, y=1-cosf, O0=<@=2nm

is a cycloid. Its graph is shown in Fig. 1.

o) P
o x
Fig. 1
o dy . . .
(i) Find - in terms of 8. Deduce the coordinates of the stationary point P. [5]

dx
(ii) At the point on the curve with parameter ¢, the gradient is % Show that
2sina+cosa=1.

By expressing the left-hand side of the equation in the form R cos (& — f), solve this equation
for a, giving your answer in radians correct to 3 decimal places. [5]

(iii) The area of the region enclosed by the curve and the x-axis is A, where

2K
A=j y-qide.
o ~do

2r
Show that A= (1-cos6)?de. Hence find A4, giving your answer as a multiple of . [5]

0
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3
2 (i) Use the formulae for cos(6 + ¢) and cos (6 — ¢) to prove that

cos(@— ¢)—cos(6+¢)=2sin@ sing. (¥) ~

Prove also that sin(x— 6) =sin6. [3]

In triangle PQR, angle P = 1 7 radians, angle Q = aradians, and QR = 1 unit. The point S is at the
foot of the perpendicular from R to PQ (see Fig. 2).

Fig. 2

(@ii) Show that PQ = 2 sin(a + éﬂ'). By finding RS in terms of «, deduce that the area A of the
triangle is given by -

A =sin(a +é7r) sin a.

Find the value of o for which the area A is a maximum. [You may find the result (*) helpful.]

[7]

(iii)) Expand sin(a + %n), and hence show that, for small values of &, A ~ pa + ga?, where p and
q are constants to be determined. "

Find the value of this expression when « = 0.1, and find also the corresponding value of A

given by the expression in part (ii). [5]
2 2 2u?
3 (i) Show that — 1 =2+— r Hence express 1in partial fractions. [4]
u”— u" - u? -
. 9 x 3 2u?
(ii) Using the substitution u = Jx , show that —dx= 3 de.
4 x—1 sy U —1
9
Deduce that f —J—;—dx =In3-1n2+2. [7]
4 X 1
(iii) Use integration by parts, and the result of part (ii), to show that
9,
J InGx—1) 4 = 2012 —6In3—4. [4]
s x
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4

4 InFig. 4, ABCDPQ represents a tent, held up by vertical poles OP and RQ. The axes Ox and Oy
are horizontal at ground level, and Oz is vertically upwards. The coordmates of A,B,C,D, Pand

Q are as shown in the diagram. Lengths are in metres.

_Q(0,6,2)

z (~1,6,0)
P(0,0,1) Y
B(1,6,0)
D(-0.5,0,0)

Fig. 4

(i) Find the length of PQ. [2]

(i) Show that the vector n, =12i - j + 6k is perpendicular to each of the lines AP and PQ. Hence
find the cartesian equation of the plane APQ. Verify that the point B lies in this plane.  [5]

(iii) The vector n, = -12i — j + 6k is a normal to the plane DCQP.

Find the angle between the vectors n; and n,. Deduce the acute angle in degrees between the

planes ABQP and DCQP. [4]

(iv) A rope ME of length 2 metres is stretched from the mid-point M of PQ to the ground. Given

that the rope is perpendicular to PQ, find the coordinates of E. (4]
2603/A June 2001
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dv dy/df  sind

& dyid

W0 = %7d6 ™ 1=cosd Ml dx dx/de> "
ind
Al T cosd jl:os 2 Answer only B2
dy _ 0 when sin 8=0, 6= 1 B1 8= n, and only =, s.0.i. Not 180
dx B1 x=mxn Accept 3.142
when =n, x=n-sinn=n Bl ¥ =2 Answers for x and y only
y=l-cosn=2 [5] without & B3
soPis(m, 2)
. —Slﬂ—a—zl::dsina =]-cosa
(ii))1-cosa
= 2sina@+cosa=1% )
E1l
2sina+cosa=Rcos(a-) showing*
=Rcosacosf+Rsinasinf
=Rcosp=I1, Rsinf=2
2_
=R _“5: R= 1’5 Bl R=V5 Condone 2.2
tanf=2,=p=1.107 Bl | B=1.107. Accept 1.1, tan "2 etc
63.4°.Also accept a=1.10
50 V5cos(a-1.107)=1 7 accept o=1.107 here
=cos(a-1.107)=1~5
=0-1.107=1.107 Mi a~(their B)=cos™'(1/their R)
=>o=2.214 Al [5] c.a.0. Accept 0.705n
(iii)iix— =1-cosO
deé
2x
=d4= j (1-cos8)*do El
0
— J‘z" (1= 2cos 8 + cos?0)d6 Mi Expandiqg (l-cose)z.Expansion must
0 have a middle term. Allow this M1,
also, for the correct, full first stage of
integration by parts, which needs to
, be applied twice.
4 1 Bl
= I[l —-2cosé + 5(1 + cos 26’)}19 , cos’0 =%( 1+c0s20) correct and
0
used.Or sin’0 = —;- (1-cos20) for
25 integration by parts.
=[9—25in9+19 +lsin29] 1 1
2 4 0 Bl =[0—25in8+—9+—sin29]
Alcao 2 4

=3n
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2 (i) cos(8 — @) — cos(& + @)

= cosfcosp +sinfsing |(cosfcosp —sindsing) | Ml correct compound angle
=2 sin Osin ¢ * El formulae
simplified to show *
sin(n — &) =sinwt cos 8 — cos n sin &
—sin @ * El or appealing to symmetry of
[3] graph, 0 and n-0s.0.i.
(ii) By sine rule: Ml sine rule or equivalent
P 1 ti > i
/ QR e 2 orPQ= + cosa alterna 1:[e or expansion of
sin sing tan Zsin(a+g) and use of
=>P0O=2 s'in R QS=cosa and PS=sina/tanZ
=2sin[n - (a+ n/6)] 6
= 1 *
12 sin (& + 7/6) El must derive a+-;£
=A=—-POxRS
2 M1 ,
1 ) 1/2 their PQ x their RS or
_52 sin (@ + 1/6). sin 1/2 x 1 x their PQ x sint
= sin (@ + n/6). sin a * :
( ) El —[4]
A =sin(a+ n/6). sin a 1
1 ( ) B1 5 [cos /6 — cosQa + n /6)]
=3 [cos /6 —cosRQa + 1 /6)]
A is maximum when cosCa + 1 /6) = -1 Ml cos(2a + n /6) = —1 (=0is M0)
=2a+n/6=n
= a=5n/12 Al a=5n/12 or 75°
d4/da = sin(a + n /6)cos a +cos(a+ n /6)sin @ | M1 For a reasonable attempt at
= sin(2 @ + 1 /6) differentiating any form of A
Al sin(2 a+ 1 /6) or their correct
dA/da
d4/da=0when2 a+n/6=n=>a=5n/12 | Al a=5n/12 or 1.309 or 75°
| [7]
(iii) sin (a + n/6) = sina cosnt /6 + cosa sinn /6 | Bl
=5 sin o+ Soosa
B . | M1 spbstituting appr'oximations for
= 4 za[7a+5(1 _502)] sin @ and cos a into A or
1 B expansion of sin (a+ £)
= '2" o+ —.:Z_ a,_” + .. 6
143 Al 1 7 V3
Sp=5 .47 Al EorO.S orsmg,q=7etc.
when ¢ =0.1, 4 = 0.05866 B1 0.0587 or better
Using exact result, 4 = 0.0583 [5] 0.0583 or better
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. 2 28 -2+2  2u .
30 2+ 5= 21 2 -1 El By any valid method
2 4 B 4 B
21 u-1 u+l M1 u=1 u+l
= A(u+1)+Bu-1)=2
u=1=>24=2,4=1 A1 A=1
u=—12—23=2,B=—1 A1
20 .1 1 5=l
=2+ -
T w1
4]
9
(ii)I J;dx letu=x =>x=1 M1 dx _ du 1 4,
4 x—1 For —=2u or —=—x""*correct
dx = 2udu du ax 2
when x = 4 u=2,whenx=9,u= and used in the integral
3
T L 1 2udu %Ml Complete substitution of u for x
_ 3” du * El deriving *with correct limits and
2u —1 “W.W.W.
- I 3[2 + 1 1 Ml substituting their partial fractions
2 u—1 u+l ; even if the 2 is missing
= [2u+ In(u - 1) - In(u + )],

3
=(6+In2-In4)-@+In1-In3) Alft [2u+In(u- 1)~ In(u + D] £
=2+In2-2In2+1In3 A1f their partial fractions.
=In3-In2+2 * - o substituting limits

7] correctly simplified
9 In(>
(lu)f n( i dx u=In(x-1), dv/dx = 1x &Ml b =2y
=v=2Vx
924/
Al [21f;ln(x - 1'/;dx
4 x-1
= - 3 - 3+2In2-4 -
_ f 8311:28— 4211;231_11“2’ ln23l-1: 21n2 E 4 A1 substitutions correct
- El correctly simplified to *
= _ _ *
20ln2-6In3-4 (4]
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use of distance formula
V37 or 6.08 (m)

4 () PQ=V[(0-0)+(6-0)*+ (2~ 1)]] 1
=37 Al
(2]
(i) n;. AP =(12i-j+ 6k).(-0.5i + 0j + 1k) M1
=—6+0+6=0 E1
n, . PO =(12i - j+ 6k).(0i + 6j + 1K)
=0-6 +6=0

So n, is perpendicular to plane APQ

Equationis 12x-y+6z=c Wl

At(0,0,1)120-0+6.1=c

use of scalar product
verifying n;. AP =0 ,n,. PO =0

12x~y+ 6 z=c¢, or for a correct
form of the vector equation and
some attempt at the elimination of
the parameters.

=>c=6,and equationis 12x-y+6z=6 (Al
At B, substitutingx=1,y=6,z=0: 12x-y+6z=6
12.1-6+6.0=6 B1 U
so B lies in the plane. {5] verifying B lies in plane
(iii) n, . n; = (12i — j + 6k). (-12i — j + 6k)
=-144+1+36
=-107
=181 . V181 . cosd "Ml Use of scalar product to find an
angle
= cos §=-107/181, = 9= 126° Al cos §=-107/181
= angle between planes = 180 — 126 = 54° Al 6= 126° or2.20radians
Alft 54°0r 0.94 radians
4]
(iv) Midpoint of PQ = (0, 3, 1.5) B1 midpoint is (0, 3, 1.5)

suppose rope ends at (a, b, 0)
= a i+(b-3) j-1.5 k is perpendicular to 6j+k Ml
=a.0+(b-3).6-15.1=0

use of scalar product = 0

=5=19.5/6=3.25 Al b=325
length = V(a® + 0.25% + (-1.5)%) =2
=a=13 Al a=13
so coordinates are (1.3, 3.25, 0) 4]
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Pure Mathematics 3 (2603)
General Comments

Although the examiners who marked this paper thought that the level was appropriate there was a very poor
response from the candidates. Only a small number of candidates did very well with scores in the range 60 to
75 and there were far more candidates with low marks than might have been expected.

Many problems arose because of poor algebra, the inability of candidates to deal correctly with negative and
fractional indices, particularly when dividing, and a tendency to omit brackets in vital places. Poor notation
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was also a problem, particularly the omission of dx from integrals. On the other hand it was pleasing to note
an improvement in the work leading up to results which were given in the question. Simple, but important
steps were included in the solution. It was also noted that there was a good response to the vector question.

In Section B, the comprehension, the questions were well answered by the majority of candidates.

Comments on Individual Questions
Section A
Question 1 (Parametric Equations)

There were some errors in differentiating x and y with respect to € but most candidates were able to find
dy/dx with their values of dy/d6 and dx/d6, and many deduced correctly that sinf = 0 gave the stationary
point. However, many candidates were unable to write down the appropriate value of ¢ and deduce the
values of x and y at P. A small, but significant number of candidates followed dy/dx = 0 with sin@=0or 1 —-
cos@= 0. Others wrote sind=1 — cosé.

Those candidates who obtained the correct expression for dy/dx were usually able to obtain the given
equation and almost all candidates then expressed this equation in the form Rcos(a — ff) = 0. There was
some confusion of @ and f, candidates sometimes writing & = 1.107 instead of £, which usually meant that
those candidates were unable to find the solution for a. Another error which occurred in this part of the

question was tanf = 1/2 instead of 2.

Many candidates obtained the correct integral to start part (iii) and most of those who did went on to expand
(1 - cos@)%, although this was occasionally given as 1 — cos’6. About half of the candidates obtaining the

correct expansion then failed to express cos’# in terms of 26, possibly integrating it as %00530. Those

candidates who knew how to integrate cos®8 often went on to complete the question correctly. Of the four
questions on the paper this question was the one most likely to attract full marks from an able candidate.

() L= 9=z Pis(z2); (i) R=5A=1.107,a=2214; (i) 3=

—cosd ?

Question 2 (Trigonometry and integration)

The first part of this question was generally well answered, the appropriate formulae were quoted correctly
and the given result obtained by subtraction. Just a few solutions, in which the necessary brackets were
omitted, left the proof in some doubt. Only a small number of candidates made the error

sin(z — @) = sinz — sinf, but, again, the omission of a step in the working, or of brackets sometimes left

—coszsinf= — (—1)(sind) = sind somewhat doubtful.

Very many candidates were unable to obtain the given expression for the area of the triangle PQR. Few took
the most direct root using the sine rule and those who did, often failed to see the significance of the first part

of the question to sin(z — (& + #7/6)). Instead, many candidates used PQ = PS + SR, often obtaining the

correct expression t;g;r% + cosa , but being unable to transpose this into the required form. However most

candidates obtained the required expression for the area from the given form of PQ.

Few candidates were able to find the value of « for which the area of triangle PQR is a maximum. Some
thought that this occurred when sin(a + 77/6) is a maximum; others, who followed the recommendation in the
question correctly, put cos(2a + #/6) =1, or 0, only very rarely —1. Yet others attempted to differentiate
either the given expression, or an expansion of it, or the derived expression, but the result was rarely
successful and very few candidates succeeded in obtaining the correct value for a.

In part (iii) most candidates expanded sin(a + 776) correctly, and then used the correct approximations for
sin and cosa. The common error, however, was to use this result to find the constants p and ¢ instead of

6
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first multiplying by & for the area 4. This meant, of course that their numerical value for 4 was wrong.
Many candidates failed to calculate the value of 4 from the original expression.

(i) a=57n/12; (iii) p=1/2,9= \3/2, A4~0.0587, 4=0.0583.
Question 3 (Partial fractions and integration by substitution and by parts).

With the exception of a small number of very able candidates who produced excellent solutions, this

question was very poorly done. Just a few candidates managed to prove the first result by long division, by

2 Bu+C .
2u 1=A+ l; . Unfortunately candidates
u

adding the two terms on the right hand side, or by letting

u2—

choosing this last method, having found 4, B and C, most often thought that they had now found the partial
fractions and proceeded to part (ii). The most common error, however, either at this point, or initially, was to

. 2 . . . .
write 22” = /jl +-2 - This often led, by using #=1 and »=-1, to the correct partial fractions for
ul-1 u u+
20u* - 1).

Few candidates could deal straightforwardly with the integration by substitution. Most started correctly by
differentiating » = Vx, but having obtained du/dx failed to use it correctly to replace dx in the integral. Many,
using poor notation, omitted the dx from their integral, others experienced difficulty writing dx in terms of x
and du, or in terms of # and du. Many candidates, having worked at the side of the page, simply asserted the
equality of the two integrals.

Those candidates who went on to use their partial fractions, obtained correctly, or in follow through work,
very often integrated correctly and made the correct substitutions but perhaps omitted an explanation of

In2 — In4 = —-In2.

Although some candidates made no attempt at part (iii), the integration by parts was, perhaps, better done
than the integration by substitution. Common errors were dv/dx = Vx instead of 1/Vx. and, if this was

correct, v = §x1’2, instead of 2x'2. Some candidates failed to make use of the result in part (ii) and, again,

some candidates having made the correct substitutions failed to explain 6In8 + 2In2 = 20In2.

(i) 2+-1 1

u—1 u+1"

Question 4 (Vectors)

This was the best answered question in Section A, although the question where fewest able candidates
scored full marks; there were very few correct solutions to part (iv). Almost all candidates were able to
_)
obtain the length of the vector PQ . Part (ii) was also very well done by the great majority of candidates. In
finding the Cartesian equation of the plane APQ there was some confusion over the sign of ‘@ but this was
often corrected by candidates when they came to verify that B lay in the plane. Some candidates overlooked
this step. Many candidates still use the vector equation in these circumstances but most of those who did got
the form of the equation correct and many went on to eliminate the parameters successfully. Part (iii) was
also well done, although there were some arithmetic errors and some candidates failed to find the angle
between the planes. A small number of candidates thought that this angle was the angle between AP and PD.

The final part of the question defeated almost all candidates. Most started correctly by finding the

coordinates of M, the midpoint of PQ, although a common error was to give the z-coordinate as 0.5 instead
_)
of 1.5. Many candidates thought that the direction of the vector ME was the same as the direction of the

normal to the plane APQ, or the normal to the plane PQC. Another common error was to assume the y-
coordinate of E to be 3, or to use a right angled triangle MSE, where S is the foot of the perpendicular from
M to Oy, and to assume that SE is the x-coordinate of E. Those candidates assigning coordinates to E, say (a,
b ,c) rarely put ¢ = 0 and often put the scalar product of ai +bj +ck and 6j +k equal to 0.

() PQ=37; (i) 12x—y+62=6; (iii) 126° 54°  (iv) (1.3,3.25, 0).
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Section B (Comprehension)
Question 1

Very well answered by most candidates.

Question 2

Also well answered although some candidates transposed the formula to make 4 the subject but then failed
to substitute the values of ¢, E and .

Question 3

There was some doubtful algebra in the solutions to this question involving invalid factorising, cancelling, or
transposing.

Question 4 & 6

Many candidates achieved the correct values of ¢ in question 4, and p in question 6 although in the latter
case some candidates had clearly read the value from the graph in the text.

Question 5

This question was done correctly by many candidates. The most common error was to calculate the
denominator as (1 — p)(c + r — h).

Question 7
There was a wide variety of answers to this question but many candidates observed correctly that a formula

for domestic dogs might not be appropriate to African Wild Dogs. In part (ii), too many candidates referred
to ways in which their errors might have been avoided rather than to how to assess their effect on p.

2. h=3.1243; 5. 82hr; 6. p=0.345.



