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Option 1: Variable forces

1 Intests of a new engine for a sports car, the car is driven along a level road. The mass of the car is
m and v is the speed of the car at time ¢. The driving force is equal to mav and the resistance is
equal to mbv? where a and b are constants. After a time ¢ the car has travelled a distance x.

(i) Write down a differential equation for v that describes the motion of the car as a function of ¢.

Hence write down a differential equation for % [5]

.. _a - . . . .. a
(ii) Show that v= > +Be ¥ , where B is a constant. Give interpretations of the quantities 2 and

—Z+ B in terms of the speed of the car. [7]

At the start of a particular trial, the speed of the car increases from Vto 2V as x increases from 0 to L,

where V < -9-.
2b

a
2 vy
(iif) Find B in terms of V, a and b. Show that L= %m Zb_ .
a_qy
b

. . a .
Show further that the car has its maximum acceleration when v=-— and that this occurs

2
when it has moved a distance —bl—ln(2 _2bV [8]
a
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Option 2: Relative motion N

2 A cotton thread is unwound from around the circumference of a fixed circular reel of radius g and
centre O, as shown in Fig. 2. At time ¢, a length BC of the thread has been unwound and the angle
between OB and the fixed direction OA is 6. As the point B moves round the circumference, 6
remains constant and the free length BC is kept straight. The end C was originally at A, where 6=0.

Unit vectors i and j are chosen along and perpendicular to OA, with O as the origin.

Fig. 2

(i) Explain why BC = a6. Hence write down the position vector of C relative to B and deduce
the position vector of C relative to O. [4]

(ii) Find the velocity of C relative to B. Show that the magnitude of the component of this veloc_i_)ty
in the direction OB is given by a66. Find the magnitude of the component il}_t)he direction BC.
Hence show that the velocity of C relative to B is in a direction arctané to BC. [5]

(iii) Find the velocity and acceleration of C relative to O. [5]

(iv) D is the point on OB produced so that OD = 24. Find the position vector of D relative to O.
Hence show that the acceleration of the end C of the cotton thread is always directed towards D.

Find the magnitude of this acceleration. [6]
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Option 3: Motion described in Polar Coordinates

3 A communication satellite moves in an elliptical orbit round the Earth. The satellite is modelled as

a particle of mass m moving under a central force of attraction E? towards the centre O of the
r

Earth, where r is the distance of the satellite from O at time ¢ and u is a constant.

(i) Write down the equations of motion for the satellite in terms of polar coordinates r and 6.
Hence show that r20=h, where h is a constant. [4]

(ii) By using the substitution u = ! , prove that the equation of the path of the patticle can be written
r

as £= 1+ ecos8, where [ and e are constants. [8]
r

(iii) Show that the radial component of the velocity is heslme’ and find an expression for the

transverse component in terms of the same quantities. Deduce that the maximum speed in the

orbit is —’-I(L;-—e—). (51
(iv) Find the time the satellite takes to make one complete orbit of the Earth in terms of 4, / and e.
. .
(You may assume that j —1-———2—d0 - 5, e<l.) [3]
_ o (1+ecosb) (1_82)7

5511 June 2001




Option 4: Rotation of a rigid body -

4  Apulley is modelled as a circular disc of radius r whose plane is vertical. It can turn freely about
a fixed horizontal axis through its centre and the moment of inertia about this axis is I. Particles
of mass m, and m,, where m, > m,, are attached to the ends of a light rough string which hangs
vertically over the pulley, as shown in Fig. 4. T and T,, are the tensions in the hanging parts of the
string and the string is inextensible. During the motion the string does not slip on the pulley.

Fig. 4
(i) Write down the equations of motion of the two masses and of the pulley. - [4]
(ii) Find the acceleration of the masses and the tensions T, and T,. (4]

A mass m is now attached to the lowest point of the pulley and the system is released from rest.

(iii) Write down the energy equation for the system in terms of 6, the angle through which the
pulley has turned. Hence show that the angular acceleration 8 becomes zero provided that

mIM . [71
m

(iv) By considering the energy equation for the system, or otherwise, show that the pulley comes
instantaneously to rest before 8 = xr provided that

m-—m 2 (5]

m V2
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Question 1

(i) m% = mav — mbv* MIAI (2terms), Al (third term)
LA MIAl [5]

a-bv

(i) j dv = [dx

fb—l ln(a — bv) = x + constant

v=A+Be™
A =4 is speed at infinity,

2iBis speed at x =0.
b

(iii) A+B=V

A+ Be ™ =21
B=V-4

a4 (V —ﬂ)e'“ =2V
b b

2bV)

distance = —1— ln(Z —
b a

M1 separation

M1 integration, Al

M1 solving, Al
B1

Bl [7]
M1 either boundary condition

A1l both boundary conditions
B1

M1 elim B

Al ag

Bl

M1, substitution

Al,ag for solving [8]
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Question 2 |

) BC=a6 Bl
cTg =afsinfi—abcoslj B1
oTo =(acos@+absinB)i+(asind—abcosh)j| MIF1 [4]
. . |a@sing +a00.c050)
= . . M1Al
@ cfa +Z1905in9 —a0cost9)j}
- -
—a06—B a9 BC MIALl
- -
mod(OB] mod[BCJ
angle is arctan 6 B1 [5]
(i) cFo =(aBcosO)i +(a00sino)j MIAI
6=0 Bl
.. _0*(acosd-absinb)i
= . MI1Al
cfo +02(asin9+a0cos¢9)j}
[5]
. 9 -
(iv) OD =2acosfi+2asind j Bl
_)
CD =(acos@—aBsinB)i+(asin@+abcosh)j | M1AL
oy =61, Al, as required
|oio|= af?V1+ 6 M1Al [6]
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Question 3

@)

(i1)

(iii)

@iv)

(rt9 + 2r9)=
m(r ~—r? ) _r/jm
r’0=h
r=—hu

— _hhAy
u'+u= h—"i

u=hi2+Acos(9+B)

2
i=1+ecost9, l=f~, A-*’u—ze
r 7 h

hlesin @ he sin @

2(1+ecost9) l
r9-=7= h(1+elcos9)
speed = (2 +7767 )’

= ?(1+e +2ecos9)/

max. speed = 7(1 + e)

use of 0 =h

3 212J de
h ), (1+ecos6)

_ 27d? (l_ez)—%

MI1A1lAl

B1, requires showing

MI1Al
M1Al

M1, for substitution

M1AL1 solving

Al, ag

MI1Al

Bl

M1

Al, ag

Ml

M1

Al

(4]

(]
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Question 4

@) I, -mg=ma
mg T, = ma
Ia
Tz - 7; =7
-
() a= (my—my)g
m, +m2 +_L
2
’
mlg(Zm2 +L2J
L= s
m+m,+—
r
ng(Zml +—I;J
T, = .
m +m, +-—
r
iy Gmri6 im0t im0 )+ 116"

+m,gr@ —m,gr@ —mgrcos8 = —mgr
(ml +m, +m)r29'+19'+(ml -m, +msin@)gr =0
Accn=0when m —m, + msinfd =0

Ois real if 72— <1

m
(iv)  Put 8= xin energy equation
%rze'z(m1 +m,+m+ LZ] = grz(m, —m,)—2mgH
r
Since &> 20 if pulley reaches 8= 7,

mom 2
m T

grre(m, —m)22mgr =

Hence if 72— < 2 , pulley stops for < 7
m V4

MIAl

MI1Al

MI1A1l

M1A1 for tensions

MIAIAI

MI1F1
Ml

Al, ag

M1

Al

M1
Al

Al

[4]

[4]

(7]

(5]
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Report on Modules Taken — June 2001

Mechanics 5 (5511)
General Comments

The number of candidates for this paper was up on the previous year at 87 compared to 76. The candidates
found the paper rather harder than recent ones and the average mark was down as a result. The main problem
I think was that the candidates found the final parts of the questions too hard this year.

It has been remarked that there is not enough use in this paper of numerical constants rather than letters to
denote values. It has always been my understanding that papers at this level are meant to be more general
than mechanics papers at earlier levels.

Comments on Individual Questions
Question 1 (Differential equation with a variable force)

Despite the comment above, this question produced many very good answers. There were many high scores
and an unusual (for this paper) number of candidates gaining full marks.

The first two parts were well answered, with some candidates interpreting a/b as the maximum speed rather
than the speed at infinity. Quite a few candidates got themselves into a bind by assuming in part (ii) that the
car starts from rest. This caused some difficulty in establishing the displayed answer.

) % is speed at infinity, % +Bisspeedatx=0; (iii)) B=V — %

Question 2 (Relative motion)

This was not a popular question and not well done by the few who attempted it. A good many of these could
write down the relevant vectors but then didn’t know what to do with them. Candidates would have
benefited from spending a short time planning their solutions.

(i) oty =afsin@i—abcosb j, .1, =(acos@+absinB)i+(asin@—ab cosh)j

(ii) oFy = 260 ofs_, 44 Bl
lOrBl lBrc|

(iii) o Fo = (a0 cosO) + (abFsin ), (v) cF, = @1, |oFo| = a1+

Question 3 (Motion described in polar co-ordinates)

The question on polar co-ordinates poses an annual dilemma for candidates in that they usually know how to
do it but the actual manipulation and choice from the many equations proves too much. This year the choice
was easier in the sense that the requirements to establish the equations of motion and their solutions in parts
(i) and (ii) should be relatively familiar. On the whole, this proved to be the case but the actual manipulation
caused more difficulty than it should have. The rather less familiar part (iii) to find speeds caused more
problems and the final part to find the time for one orbit was beyond all but the best candidates. The problem
in the final part was that the candidates did not know which expression to use to derive the time.

(1-e2)

2

(iv) time for 1 orbit =

Question 4 (Rotation of a rigid body)

I was very surprised how difficult many candidates found this question on a pulley. The first two parts to
establish the equations of motion and solve them were reasonably well done, provided that the equations
were correctly written down in part (i). The real problems began in part (iii) where the candidates were

40
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required to write down the energy equation. Most candidates got most of the terms but few got all of them.
This, of course, created problems in deriving the required conditions in the rest of the question. Of those
who managed to get through successfully to part (iv), only a handful could actually derive the final result.

(i) a=—T2 =M,
ml+m2+:’2— ’

(iii) energy equation is (%m,r2 +1m,r? +Lmr? +%1)92 +m,gr@—m, gr6 —mgr cos = —mgr .



