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Review Exercise 2
Exercise A, Question 1

Question:

A particle P mowes in a straight line. Attime ¢ seconds ite displacement from a fized

point O on the line is x metres. The motion of F is modelled by the differential
2
edquation %-0—2%-0—23{: ldcos 2t —fain 2¢ .

“When £ =0_F 1z at rest at &
a Find, in terms of ¢, the displacement of P from O

. T
b Show that P comes to instantaneous rest when £ = — .

S — . T
¢ Find, in metres to 3 significant figures, the displacement of P from O when ¢ =—.

d Find the approzimate period of the motion for large values of 2. [E]

Solution:

PhysicsAndMathsTutor.com
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a

b

2
O o or=12c02—6sin
EP T

Auziliary equation: m® +2m+2=0 +—]

—24 (4—
mzjizﬁjﬂzqii

Complementary function is

An ezpression for x 18 needed.
Eefer to book FP2 Chapter 5 for
the method of solwing these
equations.

x=¢ (dcost +Being)

Let x=pros 2f +gsin 2 4+ Try this for a particular integrat.

X= —Zpsn 2f+2gcos e
= HAprosdt—dganii
S pros 2t —dgein 28

+ 2(—2pan & +2g cos 28) -
+ 2(pros 2 +gsin 2)

cos Z(—4p +dg +2p)

Substitute the expreszions for x, %

and x into the differential
=12cos 2 —fHsin 2F edquation.

+ein Zi{—dg —4p + 2q)
=1Z2cos 2E—6sin 2F

dp+dg+2p =12 ]

Equate coefficients of cos 2¢...

—2p+dg =12 @
~dg—dp+2g=-6&

Ap—-2¢=-6 +— . and of sin 2t
—Zp-—g=-3 @
5¢ =15 +— Solve D and @
g=3’p=|:|

cx=e (Acost+Bsing )+ 3sin 2

RS T S

TTze the initial conditions given in the

et S B SRR S gquestion to obtain values for A and B

£=0,2=0.0=B+6
B=-6

Sx=1sn 2 —6e tsing

f=fetsni—be T cost +oos 2

T T T T

£ =j,:f:=6 g tain——e tcos—+coos—

:I:I 4

T

o P rotnes to instantaneous test when £ =—

T T T

sin— =cos—cos— =10
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¢ x=3sin’—felsing

t=2 x=3sinl—ge isini
2 4
s T
._\2
=1.07(3:f)
d i—oe t[,arge values of £ needed, so let £ — oo,
x=3pin X |e’—>0 ag f —s oo

Soapprozimate period iz

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 2

Question:

Alggooo00g0ooogoggos

- 2m = 2m -

A particle P of mass 2 kg iz attached to the mid-point of a light elastic spring of
natural length 2 m and modulus of elasticity 4 M. One end A of the elastic spring is
attached to a fized point on a smooth horizental table. The spring is then stretched
until its length 15 4 m and its other end & 1z held at a point on the table where
AF=4m Attime :=00F i1z atrest onthe table at the point & where AD =2m, as

shown The end B iz now moved on the table in such a way that A0S remains a

straight line. Attime # seconds, A5 =4 +%sin dfim and AP =24+ x)m.

2
a Show that fif._f +dx =gzin 44

b Hence find the time when P first comes to instantaneous rest [F]

Solution:

PhysicsAndMathsTutor.com
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q A 2m 0 2m B
T 1
I i gl s
! p ! (2 sin &) m
f e B
Ty T
X A X
I =401+ %)

41+%an%—x]—4a+@ =5z

Zondi+d—dx—4—-dx=2x
x+dx=snds

By Hooke's law.
AF =24 x=extension=1+=x

Page2 of 3

By Hooke's law.

e
= 1+ Af —
[ 5 s5in x]

Af = {4 +%sin 45] = extension in P8

TTaing & =

Substitute for 7] and 7.

b Auxiliary equation: m® +4 =0
=12

—

Mow solve the differential
equation (refer to book FP2

s Complementary function: Chapter 3).
x=Aszin 2+ Bcos e
For particular integral, try
x= FPands
i=4Fcosd F=-16FPandi
c16Psindi+4Pandt =sindl «——— Substitute in the differential
—-12F =1 eruation.
Bt
12

sx = Asin 2+ Foos 25—%sin A

E=0x=0= F=10

o= 2Acos?i—%cos4ﬁ

£ =D,:k=0=:~0=2x21—%

PhysicsAndMathsTutor.com
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When =10
1 1
0=2x—cos——cosdi
& 3

cosdf =cog

cAf =2+ 2m or 2m— 2

E=T or t=—
]
T

s Piirst comes to rest when ==

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 3

Question:

A light elastic spring has natural length 7 and modulus of elasticity demg. One end of
the spring 1s attached to a point A on a plane that 15 inclined to the horizontal at an

angle e, where tana= ; The other end of the spring iz attached to a patticle P of
tmass 2. The plane 15 rough and the coefficient of friction between F and the plane is
;—. The particle F iz held at a point B on the lane where B iz below 4 and A8 =7, with
the spring lying along a line of greatest slope of the plane, as shown, Attime £=10,

the patticle 15 projected up the plane towards A with speed % (gl) . At time £, the

compression of the spring 15 x.

2
a Show that %+4m2x=—g, where w= [%]
b Findx interms of ], w and £
¢ Find the distance that 7 travels up the plane before first coming to rest. [E]

Solution:

PhysicsAndMathsTutor.com
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A = dme
3
tan o = —
4
: Ax  dmmgx
Hocke's law: T=—=
! !
4
E( L, plane}: R=mgrosa= Emg 4+—— The magnitude of the
£ of 5 frictional force must be
F=ui= 5 Emg = Emg «— | obtained.

Equation of motion:

—F-T-mgano =mi *+— x iz the compression in the spring,

o dmgx 3 o It iz measured from & and

_EME - ; —gmg = M increases as P travels up the
Agx plane.
r+—=-g
!

Let % =mw" -+ This 1z given in the question.
EE
dr_;: +dwtr=—g
where @= | £ |

2

b d_:r +doir=—g “ Mowr solve the differential equation

ot uzing the methods of book FP2
Auziliary equation: »* +4w’ =0 chapter 5.
m=121m

Complementary function:
x= Asin 2 + B cos 208
For the particular integral try

r=r
0+dw’p = —g
B TRl
do* 4 g
e
P=g

PhysicsAndMathsTutor.com
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s Complete solution i3

x= Asin 2o + Boos 2o —%

F=0,x=0 .‘.0:.-5’—i
4
e,
4
x = 2odcos 208 — 2008 sin 2o

1
t=0x=—\ (g
Eels (g!)

1
Vgl )= 2mA
5V (gh)=
1
= __ % j
Ao {gJ

1 ! 1
] (A, jz_f
T L

BE= %{sin 200 +oos 2oE—1)

€ = Em% (cos 200 — sin 2o ) +—

Atrest =10
cog 2008 = sin 2ol

tan 2o =1

2e0f =

TTze the expression for x obtained in b
with the known walues for A and 5

3
=
3]
=
e
=4

Il

I

F Y

You are finding the distance & travels
before it first comes to rest. The value
of £ 15 not needed explicitly.

Ftravel: a distance %{' 2-1 ] up the plane before first coming to rest.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 4

Question:

A particle P of mazs i suspended from a fized point by a light elastic spring. The
spring has natural length @ and modulus of elasticity 2mas"a , where w is a positive
constant. & time =10 the particle is projected vertically downwards with speed 7
from itz equilibrium position. The motion of the particle iz resisted by a force of

magnitude Zaane , where v is the speed of the particle. At time £, the displacement of P

dewnwards from its equilibrium position is x.
2

a Show that d—f+2wﬂ+2w2x= 0.
odf s

Given that the solution of this differential equation is x =™ (Acoswe + Bsinwi)
where A and B are constants,

b findAdand &

¢ Find an expression for the time at which P first comes to rest. [E]

Solution:

PhysicsAndMathsTutor.com
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o

"""""" i =a
e .
Bl & 2ma — A= 2mota
X
————— .'.. -— =
! p
-'!! r
mg
Hoole's law:
7 ,-‘_x _ 2t a (e+x)
! @
Fo=pun
dx &
mg—T — 2mo— = m—f
de ot
In equilibrium: The equilibrium tension 15 equal to the
2m-.-.}:‘ae / Wﬂight of F.
@
Dmntae  2motale +x) dx d*x
e —2 ) — = B—
a @ ot dt
& dx
—f =l omiy—Sm-L
2
d—;: + 2&1E+ 202 =10
ot de
b x=¢ “(Acoswi+Bsin k) «——— The general solution of the differential
i=0z=0=0=4 equation was given inthe question,
= = —we ? Bsin ok +me "B cos o
s
dx
t=0—=—=U
ot

sy —opppe

e
&

]

sAd=0and 8=

&|&

=0 when F iz at rest.

I
=
'y
& &

it
= 0 =—wwe ™ —(sin e — cosws )
e

LA (0F = cos(of
tan o =1
T

Fri= i
deo

. P first comes to rest when £ =——
deo

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 5

Question:

A light elastic string, of natural length 2a and modulus of elasticity g, has a particle
F of mass m attached to 1ts mid-point. One end of the string 1s attached to a fized point

A and the other end 1z attached to a fixed point & which 15 at a distance da vertically
below A.

a Show that P hangs in equilibrium at the point & where AX = %cx .

The particle F 1z held at a distance 3a vertically below 4 and 15 released from rest at
time i =0 "Whenthe speed of the particle 15 v, there 15 a resistance to motion of

magnitude 2wy, where k= [E] .
a

Attime 2 the particle 15 at a distance |%cx + x| from A

d*x

b Show that —+ 293:E +2kix=10.
i i

¢ Hence find x in terms of £, [E]

Solution:

PhysicsAndMathsTutor.com
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a ! = @  «——— Treatthe two halves of the string as
separate strings of natural length &

R(N) F=T +mg

Hoole' s law:

Ax  mge
T; = T = _g
a
mg
L= T{EQ —e) 4+ The combined extensions equal Za.
et E{&z -2 Hmg
a

e =D3a e=—a
AE=—ga = Eemember to add the natural length of
the upper “half’ string to the extension to
obtain the required answer,
| SRR s
B I
i
e="5 o _f]
- _t T
~=g | T
T 1m8 l
3 I3

Hoolke s law:

= E E.:z+x | < x 15 measured from the
a2 / equilibrium level
i 1 N
T,="8 _4—x |
i

Equation of motion:

mg( 1 ) _mg(3a ) dx _ d'x  2@g 3 dx
d* dx
dﬁ—§+2ka+2k2x =0 sincek’=%
@

PhysicsAndMathsTutor.com

d*x
4

Page2 of 3



Heinemann Solutionbank: Mechanics 4

Equation of motion:

IJ ‘I IJ ‘I 2
AT, (W EYL . N
a2 a b2 i dz e a
& e
dﬁ—§+2ka+2k2x =it

el
¢ Auvziliary equation:
m’ +20n+2k =0
m=-kth
Complementary function:

x=e " (dcoskt+Bsinks)

i =U,x=lcz=‘a ﬁ=la

%=—ﬂ:& “(Acoske+ Bsinkt )
+e ™ (—kdsinkt +kB cos iz )
:=U,E=U
dt
= O =-kd+iE
B=A=la
2
gt =%ae * (cos kt +sinke)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 6

Question:

A light spring PO iz fized at itz lower end 0 and 12 constrained to move in a vertical
line. At itz upper end P the spring is fixed to a small cup, of mass #e, which contains a
sugar lump of maszs #2. The spring has modulus of elasticity Bz and natural length 7

Criven that the compression of the spring 15 x at time ¢,
: 5 : P aoedlar
a show that, while the sugar lump i in contact with the cup, —z—i-i =

i

: _ )
b (Given that the system is released from rest when x=— and ¢ =0, show that the

lump will lose contact with the cup when ¢ = 45 i : [E]

g

Solution:

PhysicsAndMathsTutor.com
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A=8mg

Hooke's law: T = fj_x = Brnégx

x4

Sz dew

de !
b Auvziliary equation

m2+4Tg=U |

Solwe the differential equation using the
methods of book FP2 chapter 5

m=i2i\/g
i

Complementary function:

x=Acos Eﬁﬁ ‘+Bsin 2\/%‘

Particular integral: try =&

r=0xz=0
K !
gj g 5
~x =Acos EJgﬁ ‘+Bsin E,Jgﬁ ‘+£
| { .. | ! | 4
A
4 4 2

E =2J§[—A3in 2\{%5‘+Bcos 2\{% ‘]

PhysicsAndMathsTutor.com
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< 4— The sugar lump and the cup mustbe
considered separately to find out when the
g * lump leaves the cup. Be sure that you can
T¢ ne 2 identify the forces on each
R+ mg
For sugar lump:
F = ma
mg—R=mx @
For cup:
mg+E-T = m¥
mg + R — Sih @
When E=10 + Thiz iz when the sugar lump loses
=g conttact with the cup.
g ai From @
8er_
i s =S
x =0 ™ From @
[ O IR :
x=—cos| 2, =% ‘+— +— Fromthe solution of the
2 { 4 differential equation
x=0 cos| 2|5 ‘=—l
W 2

! 3
T\F
fr=—l—
ER ¥4
T

. The sugar lump loses contact with the cup when t == [—
b4

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

A truck 1z towing a trailer of mass a2 along a straight horizontal road by means of a
tow-rope. The truck and trailer are modelled as particles and the tow-rope is modelled

as a light elastic string with modulus of elasticity demg and natural length % . Where &
s

1z a positive constant The effects of friction and air resistance on the trailer are
ignored. Initially the trailer ig at rest and the tow-rope is slack. The truck then
accelerates until the tow-rope is taut and thereafter the truck travels in a straight line
with constant speed z. At time £ after the tow-rope becomes taut, its extension 13 x, and
the trailer has mowed a distance ¥,

=how that, whilst the rope remains taut,

a y+x=ut,

b "% +4n*x =0,

¢ Hence show that the tow-rope goes slack when § = ;—n.

d Find the speed of the trailer when ¢ = %

e Find the value of ¢ when the trailer first collides with the truck. [F]

Solution:

PhysicsAndMathsTutor.com
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a I
—_—
: - . : A=dmg
[ F—eT ] [1_ ;_8
\ g I p T
R o | l e
| "= [ |
| |
: [
After ::sccmlds | -— Ul — : Draw diagrams to show the
[ T: T sttuation when the tow-rope
: [ 1 =1 = E i¢ first taut and the situation
| - Y ”ﬁ: B | ¢ seconds later.
E _ £ m . ’
Y+—+x="+u < TTze the diagrams to equate distances,
a w
y+x=ut

g g

y+—=+x==+ut * | Usethe diagrams to

M H
Y+x =ul

b For the trailer:

erquate distances.

T =mj @

Froma y+x=uf
yY+i=u
V+i=0 2

Hooke's law:

_Ax
{
4
T = dimgx x— = dmnx
g
From @ and @&:
T = g = —mii

ek = At
2
% +dniz =0

Tsing & = ma

¢ Auxiliary equation: m” +4x” =0

= t2in

Feneral solution:
x=Acos2nt + 5 5in 2ni

=0 x=0= A=0
Tow-rope slack when x=10

0 =Bsnini +——— Value of & not needed here.

sin 2pi =10
HE =1
ﬁ=_

2n

PhysicsAndMathsTutor.com
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d

£ =2ZnBcoslni

y=u—x

Sy =u-2nf COM

i=0y=0
senb=w
g
2m

LY S —ncos Snt
g:i P I]— il
= ¥ ul‘. cos = |

2

pouva) 3

Tow-rope slack when ¢ = 4+ Fromc.

25
P=u—ucosl = 2u

— 2u

Once rope is slack

4—— The speed of the trailer iz ¥, not x.

From differentiating v +x =
{done in ).

—

T

Closing speed = 2u —1 =1

Eelative distance travelled=£2*_— Tsze your knowledge of relative

motion for an efficient solution!

M
£
: s g
Time == —
I x
Total time (£) = —+-5- ¢ |

The time from the moment the
tow-rope becomes taut i3
required,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 8

Question:

Seats on a coach rest on stabilizers to enable the seats to return to their initial positions
smoothly after the coach hits a bump inthe road. In a mathematical model of the
sttuation, the following assumptions are made: each stabilizer 15 a light elastic spring,
enclosed in a wiscous liguid and fixed in a vertical position; the spring exerts a force of
1.8 M for each cm by which it 15 extended or compressed, the seat, together with the
person sitting on it, constitute a particle M attached to the upper end of the spring

which is vertical, the lower end of the spring being fized; the wiscous liguid exerts a
resistance to the motion of P of magnitude 240v N when the speed of Pis vm 571

Given that the mass of F iz #2 kg, and the distance of P from its equilibrium position at
time £ seconds 15 x metres measured in a downwards direction,
: : : . d*x dx
a show that x satisfies the differential equation m? + 24UE +180x=10.
b Show that, when F 15 disturbed from its equilibrium position, the resulting motion
1z oscillatory when se = 80
A man 1s sitting on the seat when the coach hits a bump in the road, giving the seat
and initial upward speed of Um 57! The combined mass of the man and the seat is
80 kg
¢ Find and expression for x in terms of £,
d Find the greatest displacement of the man from hiz equilibrium position in the
subsequent motion [E]

Solution:

PhysicsAndMathsTutor.com
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When in equilibrium, T =g

Ecquilibrium compression = tn

= 18x100e =mg =
When xm below the equilibrivm lewvel,

T =138+ =100
=mg+18=x100x

F o=

g — T —240% = i

mg —mg —1.E8x100x —240% = pmaf

skt 2405+ 180x =0

]
3 240 % 11802 = 0
ds ds

b The motion 1z oscillatory if the auxiliary

equation has complexroots Le. 240° < 4m x180

2407

4 %180
m o= B0

o=

me = B0
2

2097 4 240% 41802 = 0
ds dt

2
4d—§+12E+9x=0
& dt

Auziliary equation: 4wt +12m+ 9= 0
(Zm+3P=0

i > {twice)

PhysicsAndMathsTutor.com

Ee careful about the units.
The tenzion f thrust 1z 1.3 17
for each cmm of extension or
COMpPression,

—|

How solve the differential

equation using the methods of
book FP2 Chapter 3.
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General solution:

3 3
x=(A+8¢)e 22+BE a*
i=0x=0=0=4
o
x=2FHie?
gt B
t=0i=-U=-U=3

N
nx=-—Lke ®

d Wlaximum displacement = x=10

3 3
;ozgmef—yef

3I.- 1
Ekzwgz—q=0
|27
5
£==
3
2 1
g e e
X :

_ _ _ .2
1.e. maximum displacement of the man 1z 3—
E

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 9

Question:

A particle F of mass #2 15 attached to the mid-point of a light elastic string, of natural
length 27 and modulus of elasticity 2mk?Z, where & is a positive constant. The ends
of the string are attached to points 4 and 5 on a smooth horizontal surface, where
AL =73L The particle 15 released from rest at the point C, where AC =21 and ACEH
15 a straight line. During the subsequent motion P experiences att resistance of
magnitude 2miy, where v 18 the speed of P At time f, AF=15L+=x

dix

a Show that —+ 2»3:E +ditr=10.
dt ot
b Find an expression, in terms of ¢, k and L, for the distance AP at time £, [E]

Solution:

PhysicsAndMathsTutor.com
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: 7 :p T
A ~—L—e—e———38 A= Zed L
I.:-"l;, | i |
! R
Hoolke's law:
Ax 2wt L0051 4 %)

= 2k (0.5 +7)
T, = 2mk* (0.5L - x)

F=wma
T, =T, — 2ok = it
Dwmek® (0.5L—x)— 2wk (0.5L+x) — 2mbkit = miit

2
d—§+2£:E+4£:2x =0
d& d

b Auxiliary equation: m® +2en+4k° =0
2k (4K —16k* )

2
=~k ki3

M=

General solution:
x=¢ "(dcosk 3+ Bsink %)

£=0,x=lL=‘a A=l£.
2 2

F=—ke ®(dcoskV3A+Bsink N30+ e ¥ (—kV 34sink VX +kV 3B cos kb 3%)
f=0i=0=-KA+k" 38 =0

=
Il
iLh
[
+
-
F 9

Length AF 1z needed, not just x.

AP =15L+¢"| %Lcoskh 35+%smkn 3 |

Lt
243

AF =155+

(V3cosk W Ef4eink V3

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 10

Question:

A Lm B f'
HABAAAANAANAR A »
. LU U U U
xm - __I
- (L+03+ym

The diagratn shows a sketch of a machine component consisting of a long red A8 of
length &, m. The end A is attached to the circumference of a flywheel centre &, radius

0.2 m, which rotates with constant angular speed 10rad 51 The other end B is

attached to a ring constrained to mowve in a smooth horizontal tube. The length of the
rod 15 very much greater than the radius of the flywheel and it may be assumed that, at
time £ seconds, the distance x m, of B from O is given by the equation

x=L402c0s10%
Attached to B is a light spring BC of modulus 375 I and natural length 0.2 m, at the
other end of which is a patticle O of mage 0.5 kg which iz alzo constrained to mowve in
the tuke When 2 =0, the flywheel starts to rotate with B and C at rest and with the
spring BC unextended.
a Show that, if the distance OO = (L4034 y) m , then v satisfies the differential

2
equation fh—j-i- 20y ="5cos 10z

b Find an expression for v in terms of £, [E]

Solution:

PhysicsAndMathsTutor.com
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a -
B C
| | T |
_& | - $»
| —— | v
| X a4
L (L+03+y)

+—| Draw a diagram showing all the
information. Be particularly
careful about the lengths.

Length of spring = L+053+y—x

=L+034+y—(L+02c0os108)

=024+y—-02cos1l

~Exztension = y—02cos10f 4+—

Hoolke s law:

TTze the lengths in the diagram to
obtain an expression for the
extension

Ax 3215
T=——=""{v—02cos1k
i 0.3 o4 )

F=125y—-02coz108)
Consider particle O

F =ma
-7 =05y
055 ==125w+125x0.2cos 10k
Fo=-20y+20x02cos10¢

dg_y

?+25y = Scos 10

d Auziliary equation: s +25=0
=151
Complementary function:

Solve the differential equation
using the methods of book FP2
Chapter 5.

y=Acosd+Fsn

Particular integral:

try ¥ = prosllé +qsin 10z
¥ =—10panl10i+10gcos10¢
¥ =—=100pcos 10§ — 100 sin 10¢

S=100p cozl0: —100g sin 102 +25(peos 102+ 2in 102) = Scosllz

—opcoslli—Fogen 106 = Scos 106

=-Tip=5 p .

15
g =0
Complete solution:

¥ =Ac055i+Bsin5ﬁ—%n:oslU£"—“

f=0y=02—02=d— L
15

From a.
extension =y — 0. 2coz 10 and
when ¢ =0, extension = 0.

1 4

1

9.8 45
: . 1 .

¥ =—5Asm5£+5.8cos5r+ﬁsmlﬂz
t =0, y=0=0=35,E=0

L= icosﬂz—icoslﬂz
15 15

PhysicsAndMathsTutor.com
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Review Exercise 2
Exercise A, Question 11

Question:

L particle P of mass me kg can move on a stnooth horizontal takle. Tt iz attached to one
end A of an elastic string A8, whose natural length iz [ metres, and whose modulus of
elasticity is 10 #ik” newtons, where k is a positive constant. The string and particle

are lying in equilibrium on the table, with A8 =1 metres. At time £ =10, the end 5 of

the string is forced to move horizontally with speed P m s~ in the line of B4 and ina

direction away from . The end B 15 forced to maintain this constant speed throughout
the subsequent motion. As & moves, it experiences air resistance of magnitude

Py newtons, where vm s is the speed of F. After £ seconds, the distance of F from

its initial position 15 x metres.
By considering the extension of the string at time ¢,

2
a show that x satisfies the differential equation ?ii_f + 2}:% +10&%x=10&"07 .
b Find an expression for x in terms of ¢, &k and [F]

Solution:

PhysicsAndMathsTutor.com
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A =102 I

P Im s

I
B TN AP 2 .
- . — 2k X N

- -'l—h-l

Vms! xmo |

-
ims32
a Attime £

Bhas moved Fim
Fhas moved x m

clength A8 = (Fr+! —x)m

cextension = (FI—x)m
; Ax
Hocke'slaw T = T

¥i-x)

T =10mai?

T =10mk* (Vi-x)
For P F =ma

T — 2wk = max
100522 (F — x ) 2omde = e
dx dx

?+ 2;:E+10;c2x =107

b Auxiliary equation: m° +2ken+10k* = 0

2k (4E - 40kY) o]

2
mr = —k 3k
Complementary function:
x=e ®(Acos 3k + B sin 3k)

Particular integral: x=ai+h
=xi=axr=0

2k H10%2 (at +8) = 1058

TTze the methods ofbook FP2
chapter 3 to solve the differential
equation.

Sha+10k% =0 +——]

Equating constant terms,

P
10k*a _mw%

Equating coefficients of £

=ag=F

10k*h = -2k
=
T

PhysicsAndMathsTutor.com
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- Complete solution 1s
x=e ®(dcos 3k + Bsin 3&]+Vz—%

¢ =10, x=U=:~U=A—£
Sk
¥

Sk
x=—ek ™ (Acos 3+ Bsin k) +e ™ (—3kdsin 3k + 3kB cos 3z )+

t=0x=0= 0=—kd+3E8 +"

kB =V—E
5
gl
15k
- Eh ) P
sx=e | —cos3kt— —sin 3kt |+Pt——
| Sk 15k Sk

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 12

Question:

A particle P of mass e iz attached to one end A of a light elastic string A5, of natural

length ! and modulus of elasticity mlx® , where » is a constant. The string is lying at
rest on a smooth horizontal table, with A5 =17 Attime { =0, the end B 1z forced to

move with constant acceleration Fin the direction A5 away from A. After time £, the
distance of P from its initial position 15 v, and the extension of the string 15 x.

a By finding a relationship between x, v, fand £, show that, while the string remains
2

taut, l—i-ﬁ-nzx:f

b Hence express x and v as functions of £,

¢ Find the speed of 7 when the string iz at itz natural length for the first time in the
ensuing motion

d Show that the string never becomes slack. [F]

Solution:

PhysicsAndMathsTutor.com
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Ag——s B A= main®
m |
, A ¢ f _].’ g ¥ Draw diagrams showing the
! gl initial situation and the situation
—e+ J = f after time £.
a Attime z, distance moved by 5
[
=~ #
2
L
=length AB=7+ Eﬁ -V +— Tl:e the lengths in the diagram to

obtain the suggested relationship.

: 1
cextension = x=§j1‘.2 -y @D

Consider particle P 7 =
T =my @
From O

_ 2
W= Eﬁ X +— T will be a function of the extension, x,

y=fi— souse I to obtain ¥ interms of X,

F=s-%

Hooke™s law:

PhysicsAndMathsTutor.com
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b Auxiliary equation:  m® +x° =0
= tin4— Zolve the differential equation
Complementary function: uzing the methods of book FP2
Chapter 3.

x=Acosni+ Hsinsnt
Particular integral: try x=%
x=zxz=10
=uk=f
.
b
Complete solution 1s
x = Acosnt+Bsinnt +
s

J

t=0,x=0=0= A+
M

)
e
T =—HAnsnni+ Sncosnt

t=0,i=0=0==-F8», =0

ik =—igc-::usn.t+i2
# e
b
and ¥ =§fi ik

1
¥ =—ﬂ2+i2c:osnf.——2
# "

Extencion iz zero when the string

¢ rx=0=cosut=1 44—
ni=02m iz at itz natural length,
4
at start
o gient] i :
= X2 — o Xusinsul «——— i icthe rate of increase of the
o or f extension The speed of P iz 3.
t==— y=fFfx"—Zanlr
b n ox
2fn
3 =T
”
2fn

The speed of P iz
a

d extension =x=—"Fcosal + 5
b b

—l=cosa =1
= i 1- i) 1 ti
= x= 5 (1—cosat ) 15 never negative

.. string never becomes slack.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 13

Question:

A particle P of mass 0.2 kg is attached to one end of a light elastic string of natural
length 0.6 m and modulus of elasticity 0.96 1. The other end of the string 15 fixed to a
point which 1z 0.6 m abowe the surface of a liquid. The particle 15 held on the surface
of the liquid, with the string wertical, and then released from rest. The hiquid exerts a
constant upward force on P of magnitude 1,458 N, and alzo aresistive force of
magnitude 1.2v M, when the speed of P 1z vm 57 Attime ¢ seconds, the distance
travelled down by F i3 x metres
. . . . x| L dx

a Show that, during the time when & iz mowing downwards, ?-l- GE +Ex=24
b Find x interms of ¢,
¢ Show that the particle continues to move down through the liquid throughout the

o tion. [E]

Solution:

PhysicsAndMathsTutor.com
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- P
148N 12N
2=096N "'I’“ T N
!=06m = —-=== uP—____ $
Fms—
Hooke's law: 0.2¢N
= Ax
i
7 =227 1 6x
F =wma
02g-16x—148—12F =0.2%
¥=98-8x-74

dx
+h—+Bx =24
A &

b Aumiliary equation:
m:+6m+8 =0
(mt+d)m+2) = 0
m==4 or m=-2
Complementary function:
x=Ae™ +Be ¥
Particular integral:
x=a
x=x=0
= Hx =24
a=1073
cx=Ae+Be¥+03
t=0x=0=0=4+8+03 @
F=—44e M -28: "
i=0ki=0=0=-44A-28
24=-8 @

=6 T g=98ms"

O0=A=24403 4—|
A=038=-0¢

Solve @ and @ simultaneously.

cx=03Y-06e¥+0.3

e F=-12eM412e¥
=172e ‘“(em 1)

g 51 foral (=0

4—— For P to move downwards throughout the

motion X must always be positive for

Sx = 0 threughout the motion (except for £ =0)
1.e, the particle continues to move down through the liguid throughout the motion,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:

A particle P of mass e iz attached to one end of a light elastic string, of natural length
a and modulus of elasticity 2mak®, where & is a positive constant. The other end of
the string is attached to a fizxed point A. At time =0, F 1z released from rest from a

point which iz a distance 2o vertically below 4. When P iz moving with speed v, the
ailr reziztance has magnitude 2meke. At time £, the extension of'the string 1z x.

2
a Show that, while the string is taut, % + 25:%-!— o b -3
Tou are given that the general solution of this differential equation is

x=e®(Csinkt +D cosh}l-l-z%i;. , where Cand 20 are constants,

b Find the value of " and the value of 2.
Azsuming that the string remains taut,
¢ find the value of f when F first comes to rest,

d showthat 2&%z < g(1+e"). [E]

Solution:

PhysicsAndMathsTutor.com
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N I =

A= Zmak?

.YI- o -T-+-2mk\'r

g * i

F =ma
mg — T — Zwdkx = mx
Hooke's law:

b x=eh(C’sinﬂa‘+Dcosh}+2—gzd———

i =U,x=a=‘:-cz=D+i2
2k
g
Y=
i=—ke " (Caink +Drooskt)
+ e (Cheoskt — Dicsin &t
i=0, #=0= 0=-D+i_
SE=

albi=t=nets
2k

c x=10
SeChsindd — Diccos i
+lhrcoslE—Dkan k=10
O=0D = sinig=0
=

__ i ,‘___

Ffirst comes to rest when £ = ;

PhysicsAndMathsTutor.com
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Given in the question

Avoid substituting for & and D
unless it becomes unavoidable.

Cnly the first non-zero walue is
required.
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d When t=_
Ko=tig ,/J'__)cc:-sf+i2
2k
x= —De iz
2k
o T 2 T 3 :
rer =t |c1 —‘ 4— The expression for 2 must be
2k | gy
- - used now.
n g x
e = — (e +1l}a
5 1)
=l = E(ER +1\}:‘ 2ka +— String remains taut so x> 0.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 15

Question:

I-l L, metres h-I

JJ
|'l & Imetres n-.E'Jf‘-.':iﬁ-(‘:ﬁﬁiﬁ-.‘:ﬁ-.';i-.‘:-ﬂt--.';i‘ﬁ’ﬁi‘E
A

In a simple model of a shock absotber, a particle P of tnass s kg is attached to one end
of a light elastic horizontal spring. The other end of the spring is fized at A and the
motion of P takes place along a fized horizontal line through A, The spring has natural
length 7 metres and modulus of elasticity 2l newtons The whole system iz
immersed in a fluid which exerts a resistance on & of magnitude 3mv newtons, where
vin 57" is the speed of P at time ¢ seconds. The compression of the spring at time
seconds 15 x metres, as shown in the diagram.

2
a Show that d—f+3ﬁ+2x=0.
di di

Given that when t=0,x=2 and ?=—4,
£

b find x in terms of' £,
¢ =ketchthe graph of x against £,
d State, with areason, whether the model iz realistic, [E]

Solution:

PhysicsAndMathsTutor.com
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Imi P

I
I
I —
I
I
I

-

- T ) J'i., = ZmL

X

a Hooke's law:

o X
!
7= 2m£x=2mx
F=wmua:
=T —3mx = mx
mx+Zmmx+ES3mr =10
F435+2x =10
2
or d—§+3ﬁ+2x =1
di ds

b Auxiliary equation:

+— The spring iz compressed so it
exetts a thrust on F.

W+ Imt2 =10 -—

m+ 2 (m+1 =0
m=—1-2
General solution:
x=de 't +5e ™
=0 x=2=2=4+28 o
F=—Ae? - 25
i=0,i=-4 —-4=-A-28

How solve the differential equation using
the methods ofbook FP2. Chapter 5.

4=4+28 @
s2=FA=10 - Solving equations @ and &
= Da simultansously,
c oy
r
2 +— Eemetmber £ must be on the horizontal

0

d The model 15 not realistic as x=—4e
(x=—4e ™ is never zero.)

© Pearson Education Ltd 2C
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2t

axiz and you only draw the part of the
curve for which £ =0

and o F iz always moving
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Review Exercise 2
Exercise A, Question 16

Question:

A light elastic spring, of natural length @ and medulus of elasticity Smawe®, lies
unstretched along a straight line on a smooth horizontal plane. & particle of mass w2 is
attached to one end of the spring. Attime £ =10, the other end of the spring starts to
move with constant speed O7 along the line ofthe spring and away from the particle.
Az the particle moves along the plane it is subject to a resistance of magnitude 2paay
whetre v 15 its speed. At time £, the extension of the spring 18 x and the displacement of
the patticle from its initial position 13 » Show that

a x4+y=1Lk,
2
b SBgs, B
ot e
¢ Findxinterms of w, Uand £ [E]
Solution:

PhysicsAndMathsTutor.com
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- a _ Ml -
F=i— e Diraw a diagram to show clearly the
L 2moy T situation when =0 and at time £
t=r' . —
T G- A= S’
—— 1 ;=4
a a+li=y+atx

+— Tlze your diagram to establish the

= x+y=1Lk required equation connecting x and ¥

b Hooke's law:

A
{
T = Smacn® .
a
T =Sm’x
F o=mu
T —2pany = pgi
S’ x — 2may = ny
TTaing:
ALl 4+ Youneed to eliminate ¥ and ¥ from
A=t the equation of motion.
and F+i¥=10
LSt - 2ol — %) =%

F+2mx+50°x = 200/
2
or d_:r + 2mE +5wtx = 2ol
ds di

¢ Aumliary equation:

2 4 +—| MNow solwve the differential
e+ 2mo+omt =0

equation using the methods of

—201V (@e - 200°) book FP2 Chapter 5.
m jrres}
2

m=—wtim

Complementary function:
x=e " (Acos 2w¢ + Bsin 2wt )

Particular integral:

try x =k
F=5=0
5wk = 2elf
P
S

PhysicsAndMathsTutor.com
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Complete solution:

x =& (Adcos2e+ Fsin 2ok )+E

S
3 =Ux=[]=t~0=ﬂ+2U
5L'r}
207
sl =i
Do

% =—me " (Acos 20 + Bsin 200t )
+e ' (—2mdsin o + 2008 cosot )
(=0 y=0=x=U

S =—wA+ 2wl
77 = —m /|' L O
wlel]
28 =17 — E i
5
5=
10co
=i ot £sin 2ot —E cos 200 I+E
)] S ] S

© Pearson Education Ltd 2C
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When =0 Fis at rest and ¥ is
the speed of P
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Review Exercise 2
Exercise A, Question 17

Question:

ABCD iz arhombusz consisting of four freely jointed uniform rods, each of mass m and

length 2. The rhombus s freely suspended from A and iz prevented from collapsing

by two light springs, each of natural length @ and modulus of elasticity 2mg Cne

spring joins A and C and the other joins 5 and [, as shown in the diagram.

a Show that when AF makes an angle & with the dewnward vertical, the potential
energy ¥ ofthe system iz given by " =—8mgalsin f +2cos ) +constant

b Hence find the value of 8, in degrees to one decimal place, for which the system is
in equilibrium.

¢ Determine whether this position of equilibrium 15 stable or unstable. [E]

Solution:

PhysicsAndMathsTutor.com
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D

2a 2a

a length 80 = 2x2asind

i
~Energyin BD = lfi +— BD iz anelastic spring and zo the
2 elastic potential energy must be found.
=l.* g {4asinH—af
2 a
=mgal(dsin b —lf

length AT = 2x2acos

SEnergy in AT = mga (doos —1}g L E—

AC 1z an 1dentical elastic spring.
TTze the work done abovwe to write

down the EP.E.

CGrawvitational P.E. of rhombus

= dmg 2 2acosh 4

Tale A as the zero level as A 1=
fized.

= wmga (4sin B Uz +mga (4cos B _lf 4+— iz the sum of the potential

—Bmga cos B +constant

energies found abowve,
Including a ‘constant” removes

the need to specify a zero lewvel

V= mga (lﬁsin:" B—8sin @ +1+16c0s” H—BcosH+1)

—Brga cos B+ constant

V=mga(ls—3smb—-8cosl ) 4+—ri 1

—Zmaga cos  +constant

sn?B +eosfo=1

V= —mga (@ sin @ +16cos 6 )+ constant s———

Vo= —Bmge (sin 6+ 2cos B )+ constant

18mza can be absorbed into the
‘constant’

PhysicsAndMathsTutor.com
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4

b —= Emgalcost - 2sinb) +— Equilibrivtn occurs when I has a
d:’ maximumn of minimum value.
—=0=cost =2zinH
dg

1

tan H = —

6 = 966" Determine whether ¥ 1z
' MAXIMN of minimum when
44

¢ — = —vmgal—sinf—2cosd
o ga | )
2
%=8mga{sinH+2cosH}

=266

46
A4 P

When #=266,2" >0
de

2
f 1z acute so b 15 positive. There 15 no need to

2

evaluate — .
dd

= Equilibrium is stable o« |

F has a mimimum value when & = 26.6°
so equilibrium 1z stable.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 18

Question:

A non-uniform rod BT has mass ¢ and length 37 The centre of tmass of the rod 15 at
distance f from B The rod can turn freely about a fized smooth horizontal axzis through

£ Cne end of a light elastic string, of natural length / and modulus of elasticity E, 1z

attached to O The other end of the string 15 attached to a point & which 1z at a height
3l vertically above 5.
a Show that, while the string is stretched, the potential energy of the system is

mgl(cos® 8— cosf) + constant, where # is the angle between the string and the

: T T
downward vertical and —— =8 < — |

b Find the values of 8 for which the system 1s in equilibrium with the string
stretched. [E]

Solution:

PhysicsAndMathsTutor.com
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= 4
g s
4 &
3! natural length =/
B o
2
mg

length PO = 2x3 cosfl

a
EPE.in PC =14
5

1 mg
=_x—=(&fcosH -]
TR J

_ mgl Talke B as the zero level as 515 fized.
=—|@ cosh'—l)2 o
12 APBC 1z 1sosceles, so the angle between

GPE of rod = —mglcos 26

S %(36::032 6—12cosf +1)
—mgl cos 20+ constant
V= mgl (3cos?H—cosB+1)
—mgl (2 cos® O — l}+ constant
V=gl (3coszH—cosH—2c:oszH)
gl + gl +oconstant

=gl {’cosj f—cozf }+ constant

diF”

b —H=mg£{—2cosHsinH+sinH}

4

+— AFBC 15 1505celes.

BT and the downward vertical 13 28 .

The required answer does not contain
26, souse cos 28 ="2cos 6 —1to

change te cos® 6.

2wl can be abzorbed into the constant,

4— When the system is in
equilibrium, Fhas a mazimum or

— =0=snfB(-2cosB+1)=0 minimum value.

dd
sand =0 #=0
of ZcosH =1

T

cosf =

o] —

2

.. The walues of 8 are & and i%

© Pearson Education Ltd 2C
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o=+ +—]

Ife= i%JPBC 1z erquilateral, so the string has

length 3/ and iz stretched.
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Review Exercise 2
Exercise A, Question 19

Question:

im
3

which 15 horizontal. & small ring &, of mass my 2 , 15 threaded on the wire and 13
attached to two light inextensible strings. The other end of each string 15 attached to a

; 2 : : : :
patticle of mass ?m . The particles hang vertically under gravity, as shown in the

diagram.

a  Show that, when the radius QR makes an angle 28 with the vertical, the potential
energy, I, of the system iz given by ¥ =+ 2mga(3cosd —cos 26) +constant.

b Find the values of 8 for which the system 1z in equilibrium.

¢ Determine the stability of the position of equilibrium for which 8 =0 [E]

Solution:

PhysicsAndMathsTutor.com
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a PE of R=—"2mgacos 26 g

PE ;flE& hand mass 4+— Take the level of AR as the zero
= —Emg (:Ecz — 2asin (45 +6 }} lewel for P.E as AR 15 fized.

P E ofright hand mass
= —gmg (24— 2asin (45-8))

S = =N 2mgaco: 26

- gmgcz (2— 2sin (45+0))

= Emga (2— 2sin (45— 6 ) +constant *+— Including * + constant’ removes
2 the need to specify a zero lewel

Fr=—vZmgacoes 20 + Smgasin (4546 )
+3mgz sin (45— 8 )= 3miga — 3mga +constant

1 1 . 1 1
F=—"2mgacos 20 + 3mga GcosH+€smH+3cosH—GsmH +constant

'\

Expand sin (4540 ) and

1
=" H L e :

4 2eage cos 20 + Jmga <2 T cos B +constant s (a5 =@ andnbist —bmgs

V = 2mga [3cos 0— cos 20 |+constant into the constant.
i . : —

b —— =+ Zmga (—3sin 0+ 2sin 26 ) 4+ When the system 15 in
dd; equilibrium, Fhas a mazimum or
R P W T W minimum value.
46

sinB{decos-3)=10
sin@ =06 =10

| Tlze sin 20 =2sn Bcosd and
factorize.

3 { 33
orcostl = — H#=%rcos 1|—| .
4 \ 4| 4 Youcan give the exact answers or the

decimal equivalents (+0.723%).

PhysicsAndMathsTutor.com
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4%

(" S P,
d6°

= Zega (—3cos B +4cos 20)

cos = ; cos28 =2cos® B—1

= Z/E—l
16
1
8
a Fi %
i = Zmga| =3 /E+4 /l <0 . P
46 | 4 g )

~ounstable equiiibrium.

© Pearson Education Ltd 2C
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iz a mazimum, so equilibrium
15 unstable.
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Review Exercise 2
Exercise A, Question 20

Question:

Four equal uniform rods each of length 2a and mass #2 are smoothly jointed to form a
thombus. This 1z used by a gardener to measure areas of lawn for treatment. When not
i usge it is stored resting on two stmooth pegs, which are at the same level and a

: 1 : : : . .
distance Ea apatt, with the rhombus in a vertical plane, as shown in the diagram.

Given that each of the rods make an angle & with the vertical,

a show that the potential energy of the system 15 mgacot @ —Bmgacosd 4o, where ¢
1z a constant.

b Hence find the walue of # when the system 1z in equilibrium. [F]

Solution:

PhysicsAndMathsTutor.com
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a AP=la: cotf #— The level of the pegs must be used to calculate the P.E. as
: this level 12 fized

DE of rod A8 = —mg[ aCos H—%a cot @ |
PE of rod BC = —mg[ ] cosH—%a cot & |

i ] 1 i
SPE of system = 2mgﬂ:| —cos H+Z cot@—3cos H+EcotH +constant

f 1 \
= 2mga| —4 cosH+§ cot ‘+constant

= mga cot 0 —Bmga cos B4 constant

di" . .
b — = —mmpacosec t + Bmga sin 6 4— "When the system 15 in
46 equilibrium, Fhas a mazimum of
ﬁ = (0= Zsin @ = cosec M minimum value.
da
. 1
Bsin Bl = —
sn” o
_ 1
sin @ ==
8
: 1
sinf ==
2
==
&

T

The system iz in equilibrium when 6 = e

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 21

Question:

A ouniform rod A8 of mase 2a and length ie freely hinged about a horizontal axis
through A The end & iz attached to a light inextensible string of length &, 2a <b < ba,
which passes through a small, smooth ring at C. A particle P, of mass #, 15 attached to
the other end of the string and hangs freely. The point O s vertically abowe the point A
and AC =4a The angle CAF 1z denoted by 8, as shown in the diagram.

a Show that the total potential energy of the system 1z given by

2mgaicosf ++/ [5—dcos@] 4 k), where k is a constant.

b Find, in degrees to 1 decimal place, a value of #.0< 8 <150", for which the system
1z in equilibrinm, [E]

Solution:
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Heinemann Solutionbank: Mechanics 4 Page2 of 3

4a mg

a CEB = (4a” J+ (2a f —2x4ax2acos ) 4——— The length of C'5 is needed
CB* = 20a° —16a° cos 0 to obtain the length of C'/P.
OB =2av(5—4ces0)
AP =g _[g;._ga V(5-4 cosH}] +—— CF =total length of the string —CF
=b—-2aV(5—4ces8)

~PE of P =mg (4.;1—[5;- —2a v (5-4cos H)]}
PE of rod = 2mgacostl -

Tzing the level of A as the zero
SPE. of system = dwmga —mgh +2mga V(-4 oozl ) lewel for P.E as A 1z fized.

+2mga cos B +constant

= Zmga {:c:osH+ V[E-dcose I)+constant ‘1\
Abhsorh dmga —mgh

/ ; into the constant

A
h = 2mg¢z| cos B+ (5—dcos 6)2 |+|:0nstant

.f 1 \
ﬁ = 2mgcz| —sinH+l{5—4|:os &) T wdsin O | +— When the system i in
46 2 equilibrium Fhas a mazimum or
di . 2sinf minimum value.
== -snf+— =
dé W{S—dcezd)
sin d 1—# ‘ =10
| Vi>—4coe:z8))
sin = O—nosolution in range 0= 8 < 180°
2 —
V(G—4cosd)
2 =V(O—4coesh)
4 =5-4dcost
deosfl =1
cosH el
g =7552 1 Ouly one value of 8 1z required.
.8 =757

The system 15 in equilibrium when 8 =755

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 22

Question:

A uniform rod PO has mass 2 and length 28 A smooth light ring is fized to the end P
of the rod. Thiz ring is threaded on to a fized horizontal smoaoth straight wire, A
second small smooth light ring & 15 threaded on to the wire and 15 attached by a light

elastic string, of natural length J and medulus of elasticity kg, to the end & of the rod,
where & 15 a constant.

a Show that, when the rod PO makes an angle & with the vertical, where 0 =8 < g

and O is vertically below &, asz shown in the diagram, the potential energy of the
system is magl] 2k cos” 0 — (2k +1)cos 8]+ constant .

Given that there 15 a position of equilibrium with 8 =0,

b show that &= % [E]

Solution:

PhysicsAndMathsTutor.com

Pagel of 3



Heinemann Solutionbank: Mechanics 4

A = kmg
a length RD = 2icozf
12
EPE =
2
1 o
=§.« jg{?.;’l:-:nsh'—ai'J2
= @{21305 H—lf
2
G PE of rod = —mglcosl #——

dongl
Total P.E. of the system = Tg {4 cos 0 —4cos H+1}

—mgl cos B+ constant

Talze lewel of the wire as the zero
level since this 15 fized

= gl (Ekcosg f—2kcos @—cos H}

Izl
+T + constant

= migi (2»3513052 B—(2k+1)ces H}

+constant

Page2 of 3

/ Absorh E:e?;gf ifto the

cohstant.

b Vo= mgl (Ek cost H—(2k+]]cosH)+ constant
ﬁ = mgl [—45:::05 Hein B+(2% +1)sin H| +— "When the system i in
do equilibrium, Fhas a
L 0= sin B[4k cos B+(2k+11|=0 e AR S
dd value.
sinf@= 0 HB=0naotapplicable
o 2+ \
SRR A Cutzide the given range
Uﬂ:H*-_iii:vlbcosHEl -— | il . .
3 o TTze the condition on 6 given in
Sk +1 the guestion.
i = 1
4k
2k+1 = 4k
1= 2k
k= l
2
2k+1 1
atd =2 = +—| Check that the other inequality
4k 2 doez not give rise to any problem.
2k+12 2k
always true for any &
ksl
2

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 23

Question:

fa
Ny

Jja

B

e ——,
A

A uniform rod AF, of length 2a and mass B, 13 free to rotate in a vertical plane about
a fized smooth horizontal axis through 4. One end of a light elastic string, of natural

length @ and modulus of elasticity %mg, 1z fized to 5 The other end of the string 15

attached to a small ring which is free to slide on a smooth straight horizontal wire
which 15 fized in the same vertical plane as A5 at a height Ya vertically above A The
rod A5 malkes an angle @ with the upward vertical at A, as shown in the diagram.

a Show that the potential energy I ofthe system is given by

= 83;3?35.:3{13-::52 #—coz @) 4 constant

b Hence find the values of 8, 0< 8 <<, for which the system 15 1n equilibrium.
¢ Determine the nature of these positions of equilibrinm. [E]

Solution:

PhysicsAndMathsTutor.com
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— s
Il Il
Bouh] I

Ta

Smg

a length of string = 7o — 2acos 8

csextension = 6a—Zacosd

= 2a(3—-cos )
: ) ;
LR T
2 2 5 2
. 2
= gmgﬂ(B—cos iy
GPE of rod=Emgacost e 4

TTzing lewvel of A as zero level as 4

15 fimed.

~Total PE =Bmgacos 6 + %mga (3 6cos @ +cos® B) + constant

= %mgﬂ(?—tﬁcos B+ cos” @+5co0s &)

+ cotiatant /
8

Ahsorh gmga <9 into the

constant.

M= gmgcz(cosg f —cos ) +constant

b 3—z=8m€a{—2cosHsinH+sinH}4——
ﬂ =0= —Z2cozfanf+an =10
dd

sin B (1—2cozf)=10

sind =0 #=01

orcosfl = — H:i

2 E

dgV_Smga
46

di _ Bmga

H:I:I P e Y e
de 5

S F s maxitmum and equilibrium iz unstable
o i
4V /8mg¢z B

(—2 cos® B +2sin’ H+cosH}

=10

— b s R 0

2 4 5
S ounstable

s f P )
_r &V _ Smga _2,l+2,‘~_3| ol

3 d4¢° 5 4 L2 s 2

_Bmga 3¢
58 © 0

SoFies a minimum and the equilibrium is stable,

PhysicsAndMathsTutor.com
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Review Exercise 2
Exercise A, Question 24

Question:

e 0

A uniform rod PO, of length 2a and mass w4, 15 free to rotate in a vertical plane about a
fized smooth horizontal axis through the end P, The end ' is attached to one end of a

light elastic string, of natural length & and modulus of elasticity % The other end

of the string iz attached to a fized point O, where OF 15 horizontal and OF =24 | as
shown in the diagram. ZOF0 1z denoted by 26

a Show that, when the string is taut, the potential energy of the system is

mga : :
— Zeos 26+ 3sin 28 4+ 2 sin @)+ constant .
V3 :

b Verify that there iz a position of equilibrium at 8 = %r

¢ Determine whether this iz a position of stable equilibrium. [E]

Solution:

PhysicsAndMathsTutor.com
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a length OO = 2x2g s & since AOPD 15 15oceles
cextension =aidsin 6 -1)

1Ax* 1 mg a’(@sinf-1)°

EPE =
5 ¢ Dona a
=82 (4 5in 9 -1)°
443

GPE of PO = —mgasin 26 +— Tsing the level of OF as the zero

tevel agthisis fxed
:.Tota1P.E.:;”_g§(1asin3H—ssinml) AR AR EURS RS

—mga sin 26 +constant

- mg; . sin® 6 ~2sin Whesngubin s vonsad) MEL | can be absorbed into the
43

constant.
mga : _
=i 3 [2(1-cos28) —2sin 6| . Use cos20=1-2sin" @ to remove
N .4 .
—wmga sin 26 +constant sin” & from the expression.

mga : - F—
=———[2cos 26 + 25 6+ 3sin 20
43 kg i ikl i can be absorbed into the

+ constant

constant.
dif  —mga :
]J Ez —il:—zlslﬂ 2H+2COSH+2 k) BCC'S 2H]1—— men the Sygtem j_s in
_ i equilibrium, Fhas a mazimum or
i g minmmum value.

ﬁ ~iTVHER —4sin£+2cos£+2% 3c05£
da W3 3 ) 3

i

- There 1z a position of equilibrium when 6 ==

PhysicsAndMathsTutor.com
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4
L T
46

7]

A

46

d*
d6°

= nes [—81:05 20 —2an H—4% 3an EHJ

3

= THER —8 cosi—Qsini—él 35111i
V3 3 & 3

e G g Lo gyl 280
V3 2 "3 2

—gd

Y 3

1 lpmage

[4-1-6]=

=0 50 F 13 a mintmum and equilibrium iz stable.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 25

Question:

Two uniform rods A8 and AC, each of mass 2me and length 27, are freely jointed at 4.
The mid-pointz of the rods are D and & respectively. & light inextensible string of
length = is fized to & and passzes round small, smooth light pulleys at Dand 4 A
patticle P of tnass me iz attached to the other end of the string and hangs vertically. The
points A, 5 and C' lie in the same wertical plane with B and ' on a smooth horizontal
surface. The angles PAR and PAC are each equal to 8 (8 =0, as shown in the
diagram.
a Find the length of AP in terms of 5, L and 8.
b Show that the potential energy ¥ ofthe system is given by

F=2mgli3cos 8+ ain )+ constant .
¢ Hence find the value of @ for which the system ig in equilibrium.
d Determine whether this position of equilibrium iz stable or unstable, [E]

Solution:

PhysicsAndMathsTutor.com
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a AP=s—(AD+DE)
=s—(L+2Lan0)

b V=2x2mg < Leost+mg (2L cos @ — AF + constant +— Using the level of B as
zero level as this is

V=dmglcosti+Zmglcosi—mg (s—L—2L2m 6 J+constant P
ized.

Fr=dmglcost+omgloos 0 +2mglsin 0 —mg (s — L Hconstant
V= 2mgl(3cos B +5in 0 Hconstant Wossmunes

—mg (5— L ) can be abserbed into

di : the constant.
¢ — =Zmgl{-3snf+cost)
di . 5 3
—=0=3anfl=rcosf WWhen the systerm is in
46 ecuilibrium, Fhas a mazimum or
1 TR
g minimum value.

~6=0322 (3s£)

43 :
d — =2Zmgl (—3cozf—and
a6 gl { )
d44 el -
9=0322=—<0 f 1z acute so cos @ = 0 and
t sin @ =0,

s s maximum and the equilibrinm 1z unstable.

© Pearson Education Ltd 2C
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Exercise A, Question 26

Question:

B

& emooth wire A8, in the shape of a circle of radive », i fized in a vertical plane with A5
vertical A small smooth ring X of mass m 12 threaded on the wire and 15 connected by a
light inextenzible string to a particle & of mass # The length of the string is greater than
the diameter ofthe circle. The string paszses over a small smooth pulley which iz fized at

the highest point A of the wire and angle RAP =8 . as shown in the diagram.

a Show that the potential energy of the system is given by

2mgrcos f —cos 8) 4 constant.
b Hence determine the values of 8,8 =0, for which the system 1z in equilibrinm.
¢ Determine the stability of each position of equilibrium. [E]

Solution:

PhysicsAndMathsTutor.com
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mg radius = r
B

a length AR = 2rcos — | LARE=90" - angle in a semicircle

PE of F=—-mg(L—-2rcost) 4——— The length of the string is
where L is a constant constant - call it L.
PE of R=-mgARcos
= —mg x2rcos’ 0 <
S P.E. ofthe system
= —pmgl + Zmmgr cosf — 2emgr cos® 6+ constant

Take the level of A as the zero

level as A 15 fized

P . .
= Zmgr ('3'3'3 H—cos H)"‘ constant 4+——————— mgl is constant, so it can be
absorbed into the constant,

b V = 2mgr (cos 6 —cos” 6 )+ constant
ﬂ = Zmgr (—sin B+ Zcos Bsin 6 )4 When the system iz in
de equilibrium, Fhas a maxitmurn or
i—i =0=sint(2cos-1)=0 minimurn value.

sinf =0 6=0

T
orcosfl=— H=—
a

LX)

P 3 2
c F=2mgr(—cosﬁ—251n B+2cos H)

B

d°F
=0 —=2mer(-1+2)=0
T

> Mg a minimum and equilibrium 15 stable,

= Fiz a mazimum and equilibrium iz unstable,

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

& uniform rod A8 has mass # and length 2. One end 4 15 freely hinged to a fized

: : : : 1 :
point. One end of a light elastic string, of natural length & and modulus Emg, iz

attached to the other end & of the rod. The other end of the string i1z attached to a small
ring O which can move freely on a smooth horizontal wire fixed at a height of 3a
abowe A and in the vertical plane through A, as shown in the diagram.

a Explain why, when the system is in equilibrium, the elastic string 15 vertical
b Show that, when BC 15 vertical and the rod A8 makes an angle @ with the
dowmward vertical, the potential energy, ¥, ofthe system 1z given by

IV = mgalcos® 0+ cos ) + constant .
¢ Hence find the walues of 8, 0<8 <<, for which the system 15 1n equilibrium.

d Determine whether each position of equilibrium 1z stable or unstable. [F]

Solution:

PhysicsAndMathsTutor.com
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Bl i=qa
mg -
A==
5 =y

a Wire 1z smooth, so the reaction from the wire
ot the ring iz wertical If the ring is in equilibrium
the tension in the string must be vertical as the
third force on the ring iz its weight.

b Length 50 =3a+2acoect

EDE ingc = 1A%
2 1

=l/l—|2a+2acosh‘l -«
2 2 oa

Extensionis 50 —a

2
= mga (1+cos )

G.PE of rod = —mgacos 8 +— Using level of A as the zero level
as A 1z fized

SV = mga (14 2c0s O+cos” 0)

—miga cos B+ constant

= miga (lcosg i+ cos 8]+ constant  «——|

Absorb mga into the constant.

4

¢ — =mgal(-Zcosfanb—zind) 4— TWhen the system ig in
de equilibrium, ¥ has a maximutn o

3_2 = 0= sin 6(2c0s 6 +1)=0 i ek
sinf =0 8=0,71
cosfl= —l a= E—T
3
& - 2
d — =mga[251n 6 —2cos” 0 —cosb )
d6 '
2
g=10 3—;—mga/ 3<0
=¥ 1z a maximum and equilibrium is unstable
2
fi=m j—;=mga #x=1=10
= 1z a maximum and equilibrium 18 unstablﬁ
o 4 V]
g=" i) (e Tl =
y e \ (2] )]
=mga‘lé—— ‘_3mga 0
ok

— ¥ is a minimum and equilibrium 1z stable.
© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 28

Question:

da §

A uniform rod A8, of mass s and length 2a, can rotate freely in a vertical plane about
afized smoocth horizontal axzis through A The fized point O iz vertically above A and

A =4da A light elastic string, of natural length 2a and modulus of elasticity émg .

joins Bto O The rod A8 makes an angle @ with the upward vertical at A, as shown in

the diagram.
a Show that the potential energy of the system is

—mgalcosf++ (5—4cos 8+ constant .
b Hence determine the wvalues of # for which the system 15 in equilibrium. [E]

Solution:

PhysicsAndMathsTutor.com
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(] BC: i =2a

B2 | o—

a length BC = \"[(4a)2 +(2af —2xdaxla cogH]"'—— Tse the cosine rule to obtain
B

= [2043 —16a% cos H]

=2a\ [5-4cos6]

SEPEqMn BT
1A% 1 _1mg : 1
= 53——?’5%[2@ {(5-4cos8)-2a
mgar. 2
= W = H -
2 [ Sl 1] Taking level of A az zers level
GPE of rod = mgacosf since A s fixed.

SPE of system = mgacosd +m+§a[{5 —droosf )2V (5-dcosh }+1J
+ constant

= mga|:cos H+§— 2ros =" (0—4cos H)+li|+constant

=iz o . - s
mga[n:osh'+ (5—4cos H)]+u:onstant Absorh mga 5 inte the constant.

1
b V=—mgcz{cosﬁ'+ (5—4cosH}5}+constant

1 .
ﬁ = —mga[— sin B +1{5 —dcosf) T xdsin H} 4——— When the system 15 1n
& 2 equilibrium, Fhas a mazimum of
dar minimumn value,
ETRE
= 5n 1—; =0
V(o—dcosh)
sin@ =0, 7
ViS—dcozt)
4 =5—-4cosf

cosf = l You may give the exact
4 / answer if accuracy has not
F, SO 1" &]:1.320 (3af) been specified.

The system 15 in equilibrium when 6 = 0.132° &

PhysicsAndMathsTutor.com
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Review Exercise 2
Exercise A, Question 29

Question:

A uniform rod A8, of mass s and length &, can rotate 1n a vertical plane about a
smooth hinge fized at 4 on a vertical wall. & point O on the wall is at a height &
vertically abowe 4. One end of an elastic string, of natural length & and modulus of

elasticity 2rmeg, 15 attached to O and the other end 15 attached to the end B of the rod, as
shown in the diagram.
a =how that, when the rod A5 malkes an angle 28,8 = 0, with the downward vertical,

and the string 1z taut, the potential energy, ¥, of the system 15 given by
= —%mga cos 20 +mga(2cos § — 132 + constant.

b Hence determine the walue of # for which the system is in equilibrium
¢ Determine whether this position of equilibrium 1s stable or unstable. [F]

Solution:
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B0 l=qa
A= Zmg

a  length B0 =Zacos @ 4———— AABC isisosceles with

e Bg
EDE.in BC =%’Tx G=F=n

. g

(Zacos H—af

1
2
=mga{2u:osH—])2

Ar-""ff,/ Teing level of A as the zere level

since A 15 fized

GPE of AR = —mg /%acos 24

= %mga cos 28 +mga (2oos B— 1f + constant

b ﬁ =2 lmgcz sin 20 + 2mga (Zoos 8 —1 )2 (—2sin 6 ) +——— When the system is in
do 2 equilibrium, ¥ has a
ﬁ =1 NAXULn of minimum
dtt value,

gin 260 —4sin B (2cosi-1) =0

ZainbBeos—4sn B(Zcost-1)=0
sinH(u:os 6-2(2cosB-1))=0
san B (2—3cos) =10
sin =0 #=0,7notapplicable == 8 =>0 andif 6=m,

268 =21 and the situation
15 the same as when =10

cos f =E
3

. Equilibrium occurs when

i i
H=rcos 1‘ E | =0.241 +— Youcan give the exact answer as
o accuracy 15 not specified.
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di ; : :
E = mgasn 20 —Bmgasin Hcos 0+ dmgasin 6

=mgal—3sn 260+4sin ) l . v
A2 simplify — to make the
— =mga(—fcos2B+dcoszd) do

46’ necessary differentiation easier.

cos =% cos2l=2cos® B-1

4
=2w—=—l
9
et
9
& { -1 2)
e —6x— +4xZ
T mgczlﬂ /9 /3;
10
= _‘:scl
Bmgcz

S aminimum and equilibrium is stable.

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Page3 of 3



Heinemann Solutionbank: Mechanics 4 Pagel of 3

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 30

Question:

J’J‘

|r-.' e

& emall ring B, of mass #, iz free to slide on a smooth wire in the shape of a circle
with radius & The wire iz fized in a vertical plane. & light inextensible string has one
end attached to £ and pasees over a small smooth pulley at P, where P iz one end of
the horizontal diameter of the wire. The other end of the string 15 attached to a mass
fzz (k<= 1) which hangs freely, as shown in the diagram PR makes an angle # with
the horizontal

a Show that the potential energy of the system, V, iz given by
F=pgaisin 20 + 2k cos &) 4 constant

Given that & = % :

< 8 < —  for which the

b find, in radians to 3 decimal places, the values of 8, —

ro |
ro |3

systetn ig in equilibrium,
¢ Determine whether each of the posttions of equilibrium 1z stable or unstable.  [E]

Solution:
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k mg
a AR =Z2asnf | ZARP=90" (/ insemicircle)
SR = ARcosd

= Zasin Hoosf
= @ sin 26

~PE of B =mgasin 2t 4 Using AF as zere level as this

PE of hanging mass lewel 15 fized.

= —kong (L—RF)

where L 13 the length of the string.

EF =Zacost
AV =mgasin 20 —leng (L — 2acos B 4+ constjy Abzorh — mg L into the constant.
F = mga (sin 20 + 2k cos 8 Hconstant
b il
2
= = mga(sin 20 + cos @) + constant
dF _ .
— =mga(loos 20 —san ) - TWhen the system 1z in
46 equilibrium, ¥ has a mazimum
ﬁz 0 2cos?0—sinf=0 of tinimum value,
44

2(1- 2sin® @) —sin @ =0
dsin B +sin6—2 =0

{4
P 124 {1+32)
2
14
sin @ =—1_ =
8
H =06348 .
or B =-=1.002%__.

. Equilibriuvm occurs when 6@ = 0635 or —1.00% (3 dp)

2
c %=mga (=40 26 —cost )
2
f=06348 3—;=mga “(—4.63..)=10
Fis a mazimum = Unstable equilibrivm when 6 = 0.635
2
f=-1.003 j—;=mga #3089 =10

Fiz a minimum = Stable equilibrium when 8 =—-1.003

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 31

Question:

Four identical uniform rods, each of mass s and length 2a, are freely jointed to form a
thombuzs ABCL) The rhombus 15 suspended from A and 1z prevented from collapsing

by an elastic string which joins A to O, with S840 =28 0<68< %*rr, as shown in the

diagram. The natural length of the elastic string is 22 and its modulus of elasticity iz
dimg.
a  Show that the potential energy, ¥, of the system 15 given by
V= dmga[(2cosf —13* — 2cos 8] +constant .
b Hence find the non-zero value of @ for which the system is in equilibrium.
¢ Determine whether this position of equilibrium 15 stable or unstable. [E]

Solution:
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D B AC
A= dimg
2a 2a {524
C

a length AT =2x2acosd

y 2
o
51

zl/4mg

2 Z2a
= mga(dcos 6 — 2)°

(dacos —2a)*

G.P.E. of rods = —2xmgacos 6 +— Take 4 as zero level for P.E as 4

—2xmg x3acos 18 fized.

= —Bmgacos
V= —Bmgacos O +dmgal2cos 6 —1F +constant
= dimga [(2 cos @—1)* —2cos H] +constant

A" : : 5
— = g |2(2 cosH -1 =i{—2an ) +2sn B | 4+— When the system 1z in
o equilibrium, ¥ has a
ﬁ = fnazimum of minimum value.
dd

= —dain B (2cos -1 4 2ein b =0
25in B|1-2(2cos B8-1)| = 0

sin@=0 &= 0ot required answer) +—

of 1-dcosf+2=10

1 ,
0=<@==g butanon-zere value is
3

required (see question),
cosfl=—

SO =cos0.75 or 0.723(3s.£)
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c j—z=4mgaI—BsianosH+4sinH+25inH]
42 . .
— =dmga| —Bcos® @4+8sn” H+6cosd
cosH=E=‘,~ sinzH:l -
16 "
2
.‘.d—z=4mga sgsed g b agsd i@
46 16 16 4

= 1demga = 0 TTze 3 to ohtain the

Co s a minimum and equilibrium s stable. )
el value of sin“ 6.
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Review Exercise 2
Exercise A, Question 32

Question:

The diagram shows a uniform rod AF, of mass m and length da, resting on a smooth
fized sphere of radius & & light elastic string, of natural length @ and modulus of

elasticity gmg . has one end attached to the lowest point O of the sphere and the other
end attached to A The points A, B and C' lie in a vertical plane with ZFAC = 28,

T
where & < —.

Griven that AT iz always horizontal,
a show that the potential energy of the system iz

% (16zin 26 + 3 cot® 6 — & cotf) 4 constant,

b show that there 15 a value for 8 for which the system i3 in equilibrium such that
0.535<8=0.545,
¢ Determine whether this position of equilibrium is stable or unstable. [E]

Solution:
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PE. of rod = mg x2asin 26

\

length AT = acott

,-.".,2

A
A= 3m
{ =
l=a
4— Tlaing AT as the zero level as this

15 a fized horizontal level.

AT =AY and AD bisects L CAX

SEIDE S A
2 I
T (acot O—a)
=k /_mg =i S T
2 4 &
= 3”*'83“‘ (cot 8 —1)°
S Total PE
: Imga ]
= Zmgasin 260+ 2 (n:ot H—2|:otH+1}+c:onstant

= % (16sin 26 +3cot® B —fcot H}+ cotistant

Mg

Ahsorh gmga into the constant

b V=?(165in 26 +3cot? 6 — 6 cot @) +constant

j—z = % (32cos 26 — oot Boosec® + boosecB) +——— When the systern is in

0= 0535 equilibrium, ¥ has a mazimum
ar _n.z o of tninimum value,
2 =R o (0501.)<0
da 8

o lizio Pivesigatsthedlondtic Sileend

vestigate the sign of — atthe en

8 (0.299)5 0 _ o de
d ] points of the given interval

Change of sign = j—z =10 in the given

interval and so there 15 a position of equilibrium.

4

¢ AtO=102535

AtH=0545 —=10
da

Co s a minimum

= This position of equilibrium is stable
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There 15 no need to differentiate

. : 4
again as vou know the signs of 7

on either zide of the turning point.
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