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Damped and for ced harmonic motion
Exercise A, Question 1

Question:

A particle P s moving in a straight line. Attime £, the displacement of P from a fized

point on the line 15 x. The motion of the particle 15 modelled by the differential

dx

equation —2-|-4E +Ex=10
di di

When i =0 Fis at rest at the point where x=2.
a Find x as a function of £

b Calculate the wvalue of x when 7= %

¢ State whether the motion 15 heawily, critically or lightly damped.

Solution:

a
a d—§+4E+8x=U
&

Auziliary equation: m® +dm +8= 04— Solve the equation using the
—4+(16-32) tethods of book FP2 chapter 5.

2
m=—212
General solution:

x = e #(Acos 2+ Bsin 2f) TTse the initial conditions given in the
e BB 2_£/ guestion to obtain values for 4 and 2.
F=-2eF(Acos2t+Bsin20) +e ¥ (—24sin 2 + 28 cos 26)
t=0,z=0=0==24+2F8
=4
sx o= 2e ¥ (cos 2t +sin )

M=

T 2%y T o
b t=2 x=2c7 cosz—'+sin2—
3 | 3 3

x = 000014,

Sx=00901 (3£
¢ Lightly damped
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Damped and for ced harmonic motion
Exercise A, Question 2

Question:

A particle P15 mowing in a straight line. At time £, the displacement of P from a fized
point on the line 15 x. The motion of the particle 15 modelled by the differential
2
Eruation d—f-!—BE-HEx: 0
de ot
When =0 Fis at rest at the point where x =4
Find x as a function of £

Solution:

2
41 ke X Linvso
T de

Auziliary equation: m® +8m +12= (04— Solve the equation using the
(m+8im+2)=10 methods of book FP2 chapter 5.

mo=—-tor—2
General solution:
P (R

=0 x=4=4=4A+F 4— TIze the information given in the

i =—bde M _og guestion to obtain values for 4 and 5.

t=0,k=0 0=-6A4A-28

0=34A+8@
s2d =4 +—— Zolve equations O and @&
s el sl 8 sitnultaneously.

I T
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Damped and forced har monic motion
Exercise A, Question 3

Question:

A particle F s moving in a straight line. At time ¢, the displacement of P from a fixed
point on the line is x. The motion of the particle iz modelled by the differential
2

equation d—f + 2E +6x=0

o ds
When =0 Fisat rest at the point where x=1.
a Find x as a function of £,
The smallest value of £, =0, for which F iz instantanecusly at rest 1z T
b Find the value of T

Solution:

2
5 Sl Tpeney
i

Auziliary equation: P 2m+b=0 «—— Tlve the equation using the
_ 2424y methods of book FP2 Chapter 5.
- 2

m=—1%iV5

General solution:

x=e (AcosV %+ Bsin v 50

=0 x =1=1=4 —

Tze the initial conditions given in
£ =—e(AcosV o+ Fsin v E) the guestion to obtain values for 4

et (—AVSsin V5 + BV Sces 5y | B
t=0 & =0=0=—A+B5

B :L
._‘5

; 1 \
nx =e | cosy 5é+—5s1n W 5 |

b =0 ¢=T
.r 3 / 3

1 1
—=0=-—¢ -’\ Cos '-.5T+?sin ST ‘+e -’| —5sin 5T+?'-.5cc-s=. ST

r
g =0

seoosN ST — %sin VAT =W 5sin N 5T +cosv 5T =10

an v 5T =1
N ST = [ T
T=ro +«— 710

o omallest value of Tis ;5 or 1405 (3:16)
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Damped and for ced harmonic motion
Exercise A, Question 4

Question:

A particle P of mass m 15 attached to one end of a light elastic spring of natural length
! and modulus of elasticity 4mas’l , where w is a positive constant. The other end of
the spring is attached to a fized point 4 and F hangs in equilibrinom vertically below A,
Attime =0, Fis projected vertically downwards with speed . A resistance of
magnitude 4 | where v 1z the speed of P, acts on P The displacement of F
dewnwards from its equilibrium position at time £ 15 x.
2

a Show that d—i—i—-ﬂlwﬁ +4wix=0

dt de
b Find an expression for x in terms of 1, £ and w .
¢ Find the time at which F comes to instantaneous rest.

Solution:
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A
A=dmel

f

| 4 meai

B A equilibrium level

1
Y F

.

{ s
'
mg
a Inequilibrium: R{ 1) T=0mg
Hooke's Law:
_Ax
!
T = dmicn’e
!
cdmicite = mg @
When extension iz (e +x)
T Me+x) _ dmetl(e+ x)
{ {
F=wma:
mg—T —dmowx =mi

mg —dmw® (e + x ) dmwi = mx
mg —mg —4mo’ x — dmwi = mx —— Tse L

F+doi+dmir=10
¥]

or %+4m% +4atx=0

b Auxiliary equation; m® +4om +40* =0  4——— Now solve the differential
(m+2m) =0 equation using the methods of
m =2 (twice) book FP2 chapter 5
General solution: x={A+ 5f) g2
i=0,x=0=0=4
i =Be ™ - 2wBee "
i=0x=u=u=58

: i ~Diat
SE =ule

¢ F=ue ¥ _2cmte ™
=y e (1= 20u)
=0 1-2m=10
1

1_ =___
2
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Damped and for ced harmonic motion
Exercise A, Question 5

Question:

A particle P of mass s 15 attached to the mid-point of a light elastic string A8 of
natural length 2 and modulus of elasticity meg. The ends A and B of the string are

attached to fixed points on a smooth horizontal table with A5 =4a . The particle 15
released from rest at the point O where A, T and B lie in a straight line and AC = %cx :
Attime i the displacement of F from itz equilibrium position 1z x. The particle is

subject to a resisting force of magnitude sy where v is the speed of F and &= fi—g .

2
a Show that d—f+nE +atx=0.
df df

b Find an expression for x in terms of @, # and ¢,

Solution:
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|
|
. ! 5
mnx ' Tg
i

1
I
IP ?.
| A
B - - . - 2
: |
I T
| |
IL- 2a '-ll-'-— x —+ 2a—x -|
_ 2= =
N, A= HE +— Consider each half string
separately.
{=a
T = ? “ TTze Hooke's Law.
T, = mgle—x) i gl +x)
a @
F =

T =Ty —mnk = mx

mgla —x)  mgla+x)

— NI =X
@ a
2gx T
w2EE —nx =
c
.2
x+nx+—gx =10
]
Al sda
of ?+m—+n2x=0 ]

From the question, »#° = i
a

b Auziliary equation: m* fam +a° =0 4—

N (?22 —49@2)

Wow solve the differential

equation using the methods of
kook FP2 chapter 5

m_
2

_ —aEinv3
2

General solution:

M\Ea‘,+ﬁ'sin§£ |

x=¢g |ACOST

i

i=0 lea = %azﬂ

*+—— TIze the initial conditions given in
the question to obtain values for 4

1 %
J{’=—lm3 ™ ﬁcos&£+ﬁsin&£| and 5.
2 2 2 )
L 3
+g gz _mfﬂsin nfr+nf3cosﬂfr|
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et el B ANE
2 2
By 8
3 2
1
x=e i lacoan3+ - sinn£5|
0 ol 2
orx——e_m‘ s££+— \,-f_|
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Damped and for ced harmonic motion
Exercise B, Question 1

Question:

A particle F s attached to end 4 of a light elastic spring A58 The end & of the spring 1z
oscillating. At time ¢ the displacement of F from a fizxed point 15 x. When £ =0 x=10

dx

e . : : . . .
and "l = — where & 15 a constant. Given that x satisfies the differential equation
£

d*x

? +%x=kcost, find x as a function of £,

Solution:

dg—x+9x T +— Solve the equation using the
ds? methods of book FP2 chapter 5.

Aumliary equation:
m+9=10

we =13
Complementary function:

x=_Acoz 3+ 5sin 3
FParticular integral:

tty x = pcost+gsint
X =—pzanf+goosi

E=—pcost—gsint

—prosi—gsini+(prost+gsins) =kcos! Substitute the above results in the

—-p+% =k differential equaticn.
_E \
£ = g Equating coefficients of cos £ ...

—g+5% =0g=0

Commplete solution: ‘\

x =Ac053ﬁ+Bsin3i+gcosé

oand of sin £

t=0x =Cl=t~|:|=_r*l+E .r‘l=—E
B 8

¥ =—-3Asn 3 +33cos3§—%sini

*— Tlze the initial conditions given in

.k Kk & the question to obtain values of A
Spl e and B

5 15

En = —gcos& +£sin3§ +E cosk
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Damped and for ced harmonic motion
Exercise B, Question 2

Question:

A particle P of mass e lies at rest on a horizontal table attached to end A of a light
elastic spring A5 of natural length [ and modulus of elasticity 9mao®l . At time
t=0,A58 =] The end B of the spring iz now moved along the table in the direction
Af with constant speed ¥ The resistance to motion of & has magnitude S, where
vis the speed of P and w 1s a constant At time ¢ the extension of the spring 13 x and
the displacement of P from its 1nitial position is .

=how that

a x+y="F,

2
B g, S s
dr dr

¢ Find an expression for x in terms of £, w and

Solution:
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I 1 |
I | |
[ [ I +— Draw diagrams to show the
14 i ! | B R : :
f=0p , . initial situation and the
: : : situation at titne ¢ Wlark all
1 Gman | r ! B : distance s clearly.
F Ilq 'IP i I ) : =
e e 5 b= oy
I I—F—P—_I.' | |
I ] | |
1 | i a
- f4x - A= wl
: |
1
a y+{{+x)=1+V%
X+_}? =Vt @ \
: ix  Omo’] : ;
b Hocke's law: T = i = ; x Tse the diagrams to form this
5 equation.
T = S’ x

F=ma T—bmuwy =my 4

Immaea” x — ey = m 7

The displacement of F from itz
initial position 12 ¥, not x.

From @

SEESIE

i+y =10

90 x — Eme(V — £) = m(—%)

TUse @ to obtain ¥ and ¥ in

terms of x and x

¥ +6mi+9%m*x = bt
2
of d—j + 6t’r}£+9fr}2x = éeol”
ot dt
¢ Auziliary equation: #e* + 6w + 90 =0
(me+3) =0
m = —3m (twice)
Complementary function:
x=(A+BHe™"
Particular integral: try x=4k

+— Zolve the equation using the

methods of book FP2 Chapter 3

x=xz=0
Yk = 6wl
L
3
s Complete solution:
x=(d+Be g2t
el
I=[:|,x:[:]=‘-[j:ﬁ+£ +—— T3
iy
PR
3o

the question to obtain expressions
tor A and 2.

e the initial conditions given in

£ =B —3w(A+ B
(=0 x=0=0=8-3mA

B =3mA=-2F
x:|—&—2;‘?l‘ 3'I+g
30 3o
or x = ﬁ(l — e _ 3¢ o3
30

PhysicsAndMathsTutor.com
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Damped and for ced harmonic motion
Exercise B, Question 3

Question:

A particle P of mass e i3 attached to end A of a light elastic spring A8 of natural
length 7 and modulus of elasticity S2ek®! . Initially the spring and the particle lie at rest
on a herizontal surface with A58 =7 The end & of the spring is then moved in a
straight line in the direction A8 with constant speed 7. Az F mowes on the surface it is
subject to a resistance of magnitude ek where v iz the speed of P Attime 2> 0,
the extension of the spring 15 x.
2

a Show that d—j‘Jrﬁ,t:E +6k*x =5kT7 .

ds ot
b Find an expression for x in termes of £,

Solution:

PhysicsAndMathsTutor.com
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y+i+x1=1+0%

y+x=Uf @ 4g——

} P
Hooke's law: T= ?: 6?}3?: I
T =émix

F=ma T -DImy=rmi
Using @ yp+x=107
Fx=10
bkt — Sk — &) = ml—7)
¥+ 5kk 46kt s = 5k

2
ok g T ey
dt dt

Auziliary equation: m® +Sken+ 6k =

(m+3)m+ 25 =0

m=—3kor — 2k
Complementary function:
x=Ae™" 4 g

Particular integral: try x=a

¥ =%=0
c6kta =5ki7
507
a o« L0
6ic

Complete Solution: x=Ae™® + 8
f.=0,;rc=L'J=:-U=A+B+E o
&k

F=—3kde M — 2B ®

SRR RIE

b [Jf ——

Draw diagrams to show
the initial situation and the
situation at time £,

Let the distanice moved by
Ffrom its initial position
be v,

Ilark all distances clearly.

CUhtain a connection between ¥
atied the extension x.

+— Tze @ to obtain ¥ and ¥ in

terms of x and x.

(04— Mow solve the equation using the
methods of book FP2 Chapter 5.

EQFI_'_E

6k

t=0,x=0=0=-3k4-2k8

FA+2E =00
.‘,2ﬂ—3ﬂ+g= ]
3k
sl e, ST
3k 2k

*+—— Solve @ and @ simultaneously.

ZEE 3Ii1I‘—SLIr 2“4—%

SX e

3k 2k

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

tk



Heinemann Solutionbank: Mechanics 4 Page3 of 3

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 4 Pagel of 3

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise B, Question 4

Question:

A particle P of mass e 15 attached to one end of a light elastic string of natural length

a and meodulus of elasticity 16mpe°z . The other end of the string is attached to a fized
point A on the horizontal table on which F lies. At time £ =10, Pis at rest on the table

with AP=a . A force of magnitude mntae ™t 0, acting in the direction AF 13

applied to F. The motion of P i1z opposed by a resistance of magnitude 10, where v
1z the speed of P Attime £, £ = 0 the extension of the string 15 x.

2
a Show that d—i + 103 E—Hﬁﬁzgx =ntae™
de dt
b Find an expression for x in terms of £

Solution:

PhysicsAndMathsTutor.com
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mr

! ¥
10 epeex ! T mn-ac

A —
i L X .
:..-—-J—-—- X

-

" >
A= 16 mna

a Hooke's law: T=E

F+10nx+160r = nlae™

d*x

ot —2+IUHE+]6m2x =ntge ™
df ot

b Auziliary equation: w2 +10me +162° =0 — : m—
+2 LR =1 *+—| molve the equation using the
i methods of book FP2 Chapter 3.

m=—8um = —-2n

S Complementary function:
x=Ae™™ 4 B "
Particular integral: try x=he ™
x =-nke ™
¥ =ntke™
stk = 10n ke ™ 160k ™ = nlae ™
Tnlle ™ =n'qe™
@

I
7

Complete solution:

Gt amr @
x=de™ +Be™™ + 2™

(=0 x=0=0=4+5+ o i +— TJze the initial conditions given in
7 the question to obtain values for 4
F=—Gnde ™ _ oppet 2% o and B.

f=0,7=0 0=—3m-2n3—%

8A+28 +% =0 @
4+—— Solve equations T and &
a :
644—? =0 sitnultanecusly.

s

42
o S, B

42 7 &
Pl . A WL
42 é o
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Damped and for ced harmonic motion
Exercise B, Question 5

Question:

A particle P of mass 0.5 kg is attached to end 4 of a light elastic string A8 of natural
length 0.8 m and moduluz of elasticity 5 1. The particle and string lie on a smooth
horizontal plane with A5 =08m. Attime =0 a variable force & N 15 applied to the
end B of the string which then moves with a constant speed 5m s~ in the direction
AEB The particle mowes along the plane and iz subject to air resistance of magnitude
0.5v newtons, where vm 57" is the speed of P. At time ¢ seconds the displacement of

Ffrom its initial position 15 ¥ metres and the extension of the string 15 x metres.
=how that, while the string 15 taut,
a xty=3t,
2
b d—§+E+12.5x=5_
dt di
Find
¢ an expression for x interms of £,

d the exact distance travelled by F in the first © seconds,
e the exact value of F when f=1m.

Solution:

PhysicsAndMathsTutor.com
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0.5 m

t=0 Ao , B _

| \ <+ Draw diagrams to

| ' show all the

I & Lo - | :

) : i 4 ' distances at =10

r=¢ 05y : . ) i B .

: e b S5f— i — o §mg-l | @nd attimez

| . |

I : (0.8+x)m 1 : clearly.

l— } il H -

a y+(08+x)= U.8+5£.._._______________

x+y=5 @ TTze the diagrams to form this

equation

b Hoole's law: T=ﬂ = S—X =625
i 0.8

Fewma T—05p =055
6.25x-05y =05y
i+y =5 4= Use equation @.

x+3i =0
~6.25x—0.5(5— 1) = 0.5(—%)
F+i+125% =5

2
or X4 B 1052 =5
it d

¢ Auziliary equation: m* +m+12.5=0 4+——— Now solve the equation using the
methods of book FP2 Chapter 6.

—1+vi1—
s SN E50)
2
~1+7
m:
2

Complementary function iz

1, :
r=¢e 7 Acoszz+BsinEz
| 2 25

Particular itegral: try x= 3

=% =0
125k =5
5 2
s 5

General solution:

1 !
x = 2:| Acoszz+BsinEf. |+E
T2 275

2 2

t=0 x=0=0=A+"= A=—= #— Usze the initial conditions given in the
5 : i
: gquestion to obtain values for A and &2,
= —le §I|I ﬂcoszﬁ +Bsinzf. |
2 2 L
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+e? ——Asin§ﬁ+—5‘cos—.ﬁ
t=0,xz=0= U=—1A+%B
B el ol
7 35
2 f 7 : 2
x=g? | ——cos—f——sin—£ |[+—
30 5
2 |2 _ : _
d z=,-'r,x=§—e : E|(_D 4+— x 1z the extension of the string,
AT not the distance travelled by 2.
y=5f—-x
o fo
=5T-—+—e ?
5 35
25% . .
e F=T=— +— End 5 15 mowving at a constant
speed, so it 15 1n equilibrium.
25(2 2 5
= = | ———¢e
415 35
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Damped and for ced harmonic motion
Exercise C, Question 1

Question:

A particle F of mass 0.5 kg 15 free to move horizontally inside a smooth cylindrical
tube. The particle 15 attached to one end of a light elastic spring of natural length 0.2 m
and modulus of elasticity 5 M. Attime £=10 the systetn 1z at rest with the spring at its
natural length. The other end of the spring is then forced to cscillate with simple
harmonic motion so that at time # seconds, £ > 0, itz displacement from its initial

position is ;—sin 2f metres and the displacement of P from its initial position i1z X

metres.
2

a Show that % +50x=10sin2t .

b Find an expression for x in termes of .

Solution:

PhysicsAndMathsTutor.com
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.F':-—i—ﬂ.lm — : -
0.5 ke ! : : ! 4+ Let the extension of the
: P — (0.2 + y)m —_— e e apd St
| o ! ! diagrams showing the
f= : ) | T i | situation when £ =10 and
S BN ) A at tirme £ seconds.
| it Y I |
L_ sin 2rm
=
A 5
a Hooke's law: T=Tx = _ 25y
F =
T =05x
25y =1025x

From the diagrams:

0z +lsin 28 =(024+x +— Usethe lengths shown in the
5 diagrams to form this equation.

1.
ity =—s1n 2
773
125 Es1n?£—x|=0.5x
 £+50x =10sin 2

2
or%+50x =1035in 2t

b Auziliary equation: m” +50=0 4 Now solve the differential
e S eruation using the methods of
= book FP2 Chapter 5.

Complementary function:

x=Acosd2i+Beind 2
Particular integral:

Tiy: x=Froos 2 +0sin &
¥ =—2Fan & +20cosdt
¥ =—4Fcos 2i -4 sin 2t
S Prosd — A0 sn 26+ 500F oo 28+ sin 2F)

= 103zin 2¢
m_ 5
=460 =10 ¢ ZEZE +— Equate coefficients of sin 2¢ and
Pop Cos 22

s Complete solution is

r=AcosdV2i+ Bsin 5 23+%sin2ﬁ

4— TIze the initial conditions given in

t=lnsl=alisd the question to obtain values for 4

7= 5V2Bcos5Y 2t + 1 cos 2t and 5.
23
i=0,x=0 |C]=5"~2.B-I-E
23
p=_Y2
23
o N2
X =—sn 2f——sin SV 2
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Damped and for ced harmonic motion
Exercise C, Question 2

Question:

A particle P of mass 2 18 mowing in a straight line. At time ¢ the displacement of F
from a fized point & ofthe line 1z x. Given that x satisfies the differential equation
d*x dr 2 ;
—t2k—+2"x=0 where & and » are positive constants with £ < »,

a find an expression for x interms of &, 2 and &
b Write down the period of the motion

Solution:
2
a d—f+2ﬁcE +uix=0 4—— Solve the equation using the
methods of book FP2 Chapter 5.

Auziliary equation: #2° + 2l + 4" =10
—2k N (4k* —4a*)
2
m= —kEV(k—n")
O<kcn=ki—n <0
sm= =kt (2t -k
General solution:
x=e"(AcosV(n® =&+ Bsin (k)
Yy Peae S
Vi — k)
[Toucan write the general solution
i its alternative form
x=A'e ™ cosies +£)
where m="(x* —k%)

if wou prefer.]

© Pearson Education Ltd 2C
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Damped and for ced harmonic motion
Exercise C, Question 3

Question:

A particle P of mass 2 15 attached to one end of light elastic spring of natural length {

and modulus of elasticity 2mc®] . The other end of the spring is attached to a fized
point A and F 1z hanging in equilibrium with AP vertical

a Find the length of the spring.

The particle 15 now projected vertically downwards from its equilibrium position with
speed U7 A resistance of magnitude 2iedoe, where v 13 the speed of P, acts on F. At time
£,£> 0 the displacement of P from its equilibrium position i3 x.

2
b Show that &+ 2k 42k =0,
dr de

¢ Show that P 15 instantanecusly at rest when & = (# +%)4r .where n W
d Sketch the graph of x against £

Solution:

PhysicsAndMathsTutor.com
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------------------ equilibrium level

a Inequilibrivm: R(TT=mg
Hocke'slaw T = ? = 2mice

smg = 2mite @

2%

The length of the spring 15 § + Tiz

2mic’]
{
F=ma mg—T—2pwix = mx

g2k (x+e)—2kx = m¥
g-2kx—g—2ki =¥ e

b Hooke's law: T=

(x+e)

A= 2wk

P+ 2m+2ikis =0

2
or X ok Lot =0
e

¢ Auziliary equation: m® +2ken+2k° =0

From @ 2ke=¢g

oy 2R (4k* — 8k%) PR
2
0k 4 (=R
oy = 2R EN (AT
2
m = —k ki

An expression for x must be
found in order to answer patts ¢
and d. Tse the methods of boolk
FP2 chapter 5 to solve the
differential equation.

PhysicsAndMathsTutor.com
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Feneral selution:

x=e *(Acoskt + Bsin i)

=0 x=0=0=4 = TTze the mitial conditions given in
S sl g il the question to obtain expressions
. tor A and B
t=0,z=U= LU =Ek
s i
i
A= “Esinh
i

i o=-ke hEsinh‘+%e Ricoske

=0 Te"Gink-cosk)=0

anld =coskd
tam it =1
Fie =F—'+mr
4

i =|I’ n+l~l‘n,n =K
4.1

d Yy

+— From ¢, the maxima and

minima occur when
i Sm

- ak h=|rn+%\|,¢.

| 1 /—\ _
ﬂ L L | 2 1" \/‘J i i { &t
el LT : 2n in n
ak "'\:/T = = Multiplying sin &z by e

causes the amplitude to
decrease as £ increases.

© Pearson Education Ltd 2C
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Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 4

Question:

L particle P of mass e 12 attached to one end of light elastic spring of natural length /
and modulus of elasticity sl . The other end of the spring is attached to the roof of a
stationary lift. The particle iz hanging in equilibrium with the spring vertical At time

£ =10 the Lift starts to move vertically upwards with constant speed U7 At time £, >0,
the displacement of F from its initial position 15 x.

By considering the extension in the spring,
2

a show that d—§+?22x =»'Tk,
i

b find an expression for x interms of ¢ and ».
Attime $ =T, the particle is instantaneously at rest. Find
¢ the smallest wvalue of T,

d the displacement of F from itz initial position at this time.

Solution:

PhysicsAndMathsTutor.com
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T e e
1 Ix
e e o o e a - L

mg

t=0 time ¢

a Let the extension in the spring at time ¢ be ».
I+y+xr=]4+e4+01%

y+x=e+lt @O
When =0, Pig in equilibrium

4— TIze the distances on the diagrams
to form thizs equation

R(hT=Me
. .
Hooke's Law: = f}—x= m;@ :
cpre =mg D
Attime £:
wtl
Hooke's law: T =
H =
F—mg =mi

2 e
BMATY g = WX

Tsing @O

i (2 +TE—x )—mg =

+— From ‘I

y=e+li-x

Tzing &

mg +mn Ut — pn

2 .
X—mg =mi 4— From @

Ft+utn =ntlk mite = mg

2
x
of ?+}22x =nlk

PhysicsAndMathsTutor.com
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b Auxiliary equation:
w4t =10

m ==tixn

Cotnplementary function:
x=Acosni+ Heinnt
Particular integral:

try x = Ct+ D
=
=0

s (CE+ D)= n'li
O=0U D=0

Complete solution:
x=Acosnt+Bann +1E
=0, x=0=4=0

F=8ncosni+ U

(=0, 7x=0=0=Fn+l/

o
~x o =Ui—"sanni
b

¢ = IBncosui+l/
x=0U-Ucosnt

=0 0=1-cosun

cosai =1
Ri=10 2T, ..
.am
coomallest Tis —
P!
d £=i=-x=U-2i—Esin2,¢
P noon
re 20 o
P

Fhas moved a distance 2
P

© Pearson Education Ltd 2C
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=olve the differential equation

using the methods of book FP2
Chapter 3.

TTze the initial conditions given in

the question to obtain expressions
for 4 and B

From b

when it first comes to rest.
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 5

Question:

A particle P of mass 0.6 kg is attached to one end of light elastic spring of natural
length 0.5 m and modulus of elasticity 1.8 N The other end of the spring 13 attached to
a fized point & of the horizontal table on which P lies. Attime £=10_F 15 at the point

A, where O4=025m . The particle is then projected in the direction O4 with speed

6 m s~ The particle is subject to a resistance of magnitude 1.2v M, where vm 57" is

the speed of P, At titne £ seconds the extension in the spring is x metres,

2
a Show that d—f-I-EE-l-ﬁx:O.
i i

b Find x interms of £
¢ Find the value of ¢ the first time F comes to instantaneous rest.

Solution:

PhysicsAndMathsTutor.com
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2+ (@-24)

m:_
2

m=—-1%iV5

General solution:

x=e t(.r‘in:c-s WO+ Hain 55)
t=0xz=0=0=4

i=-e Bsin V5 +e V5B cos
t=0x=6=6="58

_ 6
.__'5
Sx=—etan o
._15
xi= —%e Tain V% +6e 7 cosy %

r=0= %sin VOE=rcos N Df

tan "15f= 5
I=Ltan 145
._\5
F=0.5144 .

H2eN 7 06kg
5 . p A=18HN
0.5 m ' E-..-.rm -
—ee
a Hooke's Law:
_Ax
{
T:&:B b
5
F=paa
T+12z=-06%
2bx+1.2x =-06x
F+2%+6x =10
2
ar d—2x+2E +6x =10
de ot
b Auziliary equation: me® +2m+6=0 <

solve the differential equation
using the methods of book FP2
Chapter 3.

i Sf

-~

TTze the initial conditions given in
the question to obtain values for 4
and B

e

Ffirst comes to instantaneous rest when £ =0514 s (3 5.1

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Damped and for ced harmonic motion
Exercise C, Question 6

Question:

A particle P of mass s 15 attached to one end of each of two identical elastic strings of
natural length § and modulus of elasticity 2mg. The free ends of the strings are fized at
points A and B on a smooth horizontal plane where A8 =4 Attime f=0_F 15 at rest

at its equilibrium position. The particle 1z then projected along the line A8 with speed
{7 and mowes in a straight line. At time £ the displacement of P from its equilibrium

position i x. A resistance of magnitude see, where v is the speed of P and &= .J%

acts on P Both strings remain taut throughout the motion,
2

a  Show that d—f-l—kg-i-dlkzx:ﬂ .

ot ot

b Find an expression for x in terms of £7, k&, and £

Solution:

PhysicsAndMathsTutor.com
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I I
e
I I
mik % : T4 : P Ty
A ! + B
I I
] [}
1 I
1 1

a Hoolke s law: T=t—x

TA:2mg{f+x)’TB: 2mg i—x)
{ {
F=pu:
L= T, —wix =mx

Semg (1 — x)_ 2wz {f+x}_

ik = mx
! !
—4—mfx—mh =
5r'+h+4£ﬁ =
dx dx

of —e ke dktyi=10
ds

a2
where b = ,J?E

b Auxiliary equation: m® +ien +4k° =0
k(216K
m =
2
_ —kEik 15
2

e

General solution:

x=e *{Acos ;:‘715: +Bsink1715f.}

t=0x=0= 4=0
i3 k15 B Ei1s

i=-—"&28:n i+e @ Bros
2 2 2

=0,i=U=y=200
Bep i,

k15

U F kNS
LA = £ iin £

k15 2

© Pearson Education Ltd 2C
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