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Answer all questions.

1 Give a full geometrical description of the transformation represented by each of the following

matrices:

(a)

0:8 0 �0:6
0 1 0

0:6 0 0:8

2
4

3
5 ; (3 marks)

(b)

0 1 0

1 0 0

0 0 1

2
4

3
5 . (2 marks)

2 It is given that a ¼ 2iþ 3jþ k , b ¼ iþ j� 5k and c ¼ iþ 4jþ 28k .

(a) Determine:

(i) a . b ; (1 mark)

(ii) a� b ; (2 marks)

(iii) a . ðb� cÞ . (2 marks)

(b) Describe the geometrical relationship between the vectors:

(i) a , b and a� b ; (1 mark)

(ii) a , b and c . (1 mark)

3 A shear S is represented by the matrix A ¼ p q

�q r

� �
, where p, q and r are constants.

(a) By considering one of the geometrical properties of a shear, explain why pr þ q2 ¼ 1 .

(2 marks)

(b) Given that p ¼ 4 and that the image of the point (�1, 2) under S is (2,�1), find:

(i) the value of q and the value of r ; (3 marks)

(ii) the equation of the line of invariant points of S. (3 marks)
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4 The matrix T has eigenvalues 2 and �2, with corresponding eigenvectors

�
1

1

�
and

�
2

3

�

respectively.

(a) Given that T ¼ UDU�1 , where D is a diagonal matrix, write down suitable matrices

U, D and U�1 . (3 marks)

(b) Hence prove that, for all even positive integers n,

Tn ¼ fðnÞ I

where fðnÞ is a function of n, and I is the 2� 2 identity matrix. (5 marks)

5 A system of equations is given by

x þ 3y þ 5z ¼ �2

3x � 4y þ 2z ¼ 7

ax þ 11y þ 13z ¼ b

where a and b are constants.

(a) Find the unique solution of the system in the case when a ¼ 3 and b ¼ 2 . (5 marks)

(b) (i) Determine the value of a for which the system does not have a unique solution.

(3 marks)

(ii) For this value of a, find the value of b such that the system of equations is

consistent. (4 marks)

Turn over for the next question

Turn over

s
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6 (a) The line l has equation r ¼
1

1

2

2
4

3
5þ l

3

2

6

2
4

3
5 .

(i) Write down a vector equation for l in the form ðr� aÞ � b ¼ 0 . (1 mark)

(ii) Write down cartesian equations for l . (2 marks)

(iii) Find the direction cosines of l and explain, geometrically, what these represent.

(3 marks)

(b) The plane P has equation r ¼
7

5

1

2
4

3
5þ l

4

3

2

2
4

3
5þ m

1

1

3

2
4

3
5 .

(i) Find an equation for P in the form r . n ¼ d . (4 marks)

(ii) State the geometrical significance of the value of d in this case. (1 mark)

(c) Determine, to the nearest 0.1�, the angle between l and P . (4 marks)

7 The non-singular matrix M ¼
2 �1 1

1 0 1

1 �1 2

2
4

3
5 .

(a) (i) Show that

M2 þ 2I ¼ kM

for some integer k to be determined. (3 marks)

(ii) By multiplying the equation in part (a)(i) by M�1 , show that

M�1 ¼ aMþ bI

for constants a and b to be found. (3 marks)

(b) (i) Determine the characteristic equation of M and show that M has a repeated

eigenvalue, 1, and another eigenvalue, 2. (6 marks)

(ii) Give a full set of eigenvectors for each of these eigenvalues. (5 marks)

(iii) State the geometrical significance of each set of eigenvectors in relation to the

transformation with matrix M. (3 marks)

END OF QUESTIONS
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