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FURTHER MATHEMATICS

Paper 9231/01
Paper 1

General comments

The majority of candidates produced good work in response to over 10 questions. There were very few
misreads and the rubric infringement of attempting both options of Question 12 appeared in only a small
minority of scripts. Some candidates may have run into time trouble with the final question but the general
impression given was that they did all that they could do and that loss of marks was due mainly to
elementary errors in the working.

The standard of presentation of work was very Centre dependent. At one extreme, Centres produced large
amounts of ideal presentation which was easy to read and very well organised. At the other, there were
badly organised and scarcely legible responses. Nevertheless standards in this respect have improved
relative to that of last year, and no doubt this aspect of candidate work goes some way to explaining why,
this year, there were fewer substandard scripts.

Topics which appeared to be only partially understood, at least in some Centres, were induction, curve
sketching, both in cartesian and polar coordinates, three dimensional vector problems, implicit differentiation
up to order 2 and limiting processes. Nevertheless, apart from these, the remaining syllabus topics which
featured in this paper appear to have been very well understood.

Comments on Individual Questions

Question 1

The majority of candidates answered this question correctly. They took the most direct route in that they
could see at once that the eigenvalues could be obtained simply by reading off the elements of the leading
diagonal. Such a procedure is not valid in general, but is valid in situations where all the elements below (or
above) the leading diagonal are zero. In contrast, there were those who first obtained the characteristic
equation and then solved for the eigenvalues, A. This unnecessary complication, usually accurately
resolved, must have wasted large amounts of examination time.

The obtaining of the eigenvectors generated some suboptimal responses in that laborious and badly
organised work proliferated. A simple method here, adopted by a minority, is to evaluate, for each value of A,
the vector product of any 2 rows of the matrix A — Al. In this respect, a common error was to evaluate vector
products of columns.

Answers: 1,2,-3; [0, | -1, |-4].
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Question 2

Many responses were marred by elementary errors such as one would not expect to see at this level. The
majority of candidates followed the suggested method, that is they first obtained

di(x””e’xs) = (n + 1)x"e_’(3 ~ 3x™%™ and then integrated with respect to x over the interval [0, 1].
X

Provided careful attention is paid to detail, the required result follows easily enough, but as it was, even this
simple strategy generated errors. The alternative strategy of integrating by parts was adopted by a minority
but again, errors of the most elementary kind precluded a valid argument. Moreover, in both strategies, the
limits of integration were not always specified at each stage of the argument.

The second part of the question only requires elementary algebra for the obtaining of /s in terms of e and /:
No calculus, as such, is involved. Nevertheless, a minority of candidates obtained the required result. Some
candidates understood the question to mean that Iy must first be evaluated in terms of e even though this is
not possible.

Answer. Is = iI0 e,
9 9

Question 3

In contrast to the previous question, the working here was generally accurate. Very few candidates failed to
make some progress.

Most responses showed about the right amount of detail to establish the first result.

For the rest of the question, it was generally understood that the method of differences based on the first

N
. . . Vi1 —V L .
result was involved, so that most candidates obtained Zu,, =L11 However, a minority of candidates
m+
n=1
were unable to translate this expression into a correct result in terms of m and N, such as the one given

below.

Answer- (N+1)(N+2)...(N+1+m) ml

m+1

Question 4

The majority of responses showed a statement of, or at least implied, a correct inductive hypothesis. H,. In
contrast, a minority of candidates began by identifying H, with a statement of the question, so indicating a
complete misunderstanding of the principle of mathematical induction. This fundamental error has occurred
in responses to questions on induction in previous examinations of this syllabus and comment on it has been
made in corresponding reports.

The essence of the proof, which requires showing that 7|(10% + 13"y = 7|(10%**® + 13"*?) was established
by most candidates, even if they had failed to define H,. In this respect, one must remark that some of the
working at this stage was complicated, to say the least, and it is therefore much to the credit of some
candidates that they managed to find their way through some very obscure detail.

Finally, the majority of responses showed a satisfactory conclusion to the induction argument. Very few
failed to make clear the range of n for which the divisibility property is valid.

Question 5

Most candidates had a clear idea of what was expected of them. The most popular strategy was to attempt
to reduce the matrix

2 3 4 -5

4 5 -1 ba+15

6 8 a b-2a+21
to an echelon form such as
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2 3 4 -5
0 1 9 -5a-25
0 0 a-3 b-7a+11

From here both parts of the question can be answered immediately. However, there were many arithmetic
errors in the working so that complete success was achieved only by a minority.

Those who worked with equations did less well mainly because their algebra was badly organised. The
syllabus does not demand a knowledge of the concept of the echelon form but nevertheless, it is clear that
its application to problems of this type is more likely to lead to success than the undisciplined implementation
of Guassian elimination.

Answer: 10.
Question 6
The formidable appearance of this question did not deter the majority of candidates from finding a simple
solution, as suggested by the question itself. One could say that this was the best answered question of the

paper.

y -1

Most responses began by using the inverse of the relation y = 4x +11 , hamely x = to transform the

given equation into a cubic in y, and for the most part the working was accurate.

The majority wrote S, for the sum of the nth powers of the roots of the new equation (a helpful notational
simplification) and proved that S, = —2p and also that S; + pS; + 3q = 0 from which the required results can
be obtained immediately.

In contrast, a significant minority attempted to express S, and even Sz intermsof a+ B+ vy, af + By + ya
and afy, where a, B and y are the roots of the given cubic equation. Such an error prone strategy, which
was seldom implemented with success, must have used up a lot of examination time.

Answers: p=-21,q=47; 42, -141.
Question 7
The standard of responses to this question was high, especially in the second part.

The general aspect of the required graph was generaly correct in outline. However, nearly half of all the
sketches presented did not show the line 6 = 0 to be a tangent to C at the pole.

The evaluation of the area started in nearly all cases with the correct integral representation. The
transformation to the w-domain was usually effected accurately, as was the subsequent integration. Few
failed to obtain (w” — 2w + 2)e” as an integral of w”e". Nevertheless, the limits of integration were not always
made clear and sometimes they were omitted altogether. Moreover, some candidates did not heed the
advice of several previous reports, namely that where the answer is given it is essential that all relevant and
necessary working is presented.

Question 8

In the first part of the question about half of all candidates started with v; = 4y3y1 together with

n n
v, =4y°y, +12y%y? (*)where v, = : ‘; ,Yn = j }; . From these results the given x-y equation can easily be
X X
worked into the required x, form. Such a strategy is completely undermined if v, = 4y3y2 + 12y2y1 is used in
place of (*) yet this error, early on in the working, appeared in a substantial minority of scripts.

1
The rest of the candidature who attempted to obtain results for y4 and y, based on y = v/1 did markedly less
well. The fractional indices caused difficulties for many and some erroneous working was deliberately
distorted so as to lead to the new differential equation.

3



9231 Further Mathematics November 2006

Almost all responses showed an essentially correct strategy for the obtaining of the solution of the x-v
differential equation. The most persistent errors were the incorrect solution of the auxiliary quadratic
equation and the failure to translate the solution for v into the solution for y.

Answer. y = [e™*[A sin(5x) + B cos(5x)] + e "

Question 9

Many responses began by showing that the direction of the common perpendicular of the lines AB and OC is
parallel to the vector 2i — k; but subsequently made little progress with the first part of this question. In fact,
there are 2 possible strategies here. For the first it is sufficient to write i + Aj + u(2i — k) = »(i +j + 2k) and
then to solve for A; y and » by comparing the coefficients of the basis vectors i, j, k.

The second is to write down orthogonality conditions such as FQ.j and PQ i +j+2k)=0, where Pand Q

are general points on AB and OC, respectively, and then to solve for parameter values. Generally, the
second strategy was preferred but in both cases failure was usually due to elementary errors in the working.

The determination of the shortest distance, d, between the lines AB and OC was carried out accurately by
most candidates. Here the most popular and certainly the least error prone strategy was based on the

i.(2i — k)
V5

evaluation of a preliminary result such as Others, however, used the results from their

orthogonality conditions to evaluate d.

The last part of this question also went well. The geometry was understood by the majority of candidates so
that vector evaluations were generally relevant to the result required. Thus in most responses something
essentially like j x (2i — k) = — i — 2k appeared from which the required cartesian equation follows almost
immediately.

Answers: r=i+ %j+p(2i—k); x+2z=1.

Question 10

Most candidates had some difficulty with this question. The main reasons for the poor quality of many
responses were notational obscurities, elementary errors in the working and lack of explanatory skills. No
doubt candidates generally had previously worked through many problems on implicit differentiation of a
purely routine nature. In contrast this question went beyond such standardisation in that it drew on a wide
range of skills that come within the boundaries of the syllabus.

In the first place, all properly prepared candidates should at least have been able to twice differentiate the
given equation with respect to x. In this respect it is optimal, in terms of examination time, to differentiate

directly without first carrying out any preliminary rearrangement. The implementation of this strategy will lead
n

d’y

Xn

toys = 2x+ A(1 + y1) cos(x + y) () and y5 = 2 + Ay, cos(x + y) = A(1 + y1)* sin(x + y) (**), where y, =

In fact many candidates deviated from this approach in that (*) was rearranged so as to make y; the subject
before the second differentiation was attempted. This led to results which were a lot more complex than (**)
and very often wrong.

Once the formal differentiation is complete it is then possible to consider the remaining aspects of the

2
question. Given that the curve passes through A(%,%) it follows that /1=%—;[—6, a result obtained by

most candidates. Rearrangement of (*) will show that y, can only become infinite if cos(x + y) = % for some

X, y. This is impossible since 1 >1.
A
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For the final part of the question, it is first necessary to observe that (*) implies y;, :% at A. ltis then a

simple matter to obtain the required result by using this value together with x = y = % in (**).

Question 11

Most candidates managed to make good progress with this question. Errors occurred mainly in the first and
final parts of the question.

The maijority of candidates proved, or attempted to prove de Moivre's theorem for a positive integral index by
induction. The comments with regard to the inductive hypothesis made in this report for Question 4 apply
here. Moreover, the working for the central part of the proof where it is necessary to prove that
(cos @ +isin@)(cos kO +isinkd) =cos(k +1)0 +isin(k +1)¢ was deficient in a number of scripts.

Almost all candidates produced a complete and correct response to the second part of the question. The
large amounts of detailed working on display were impressive and they provided evidence of a candidature
well prepared for this type of problem.

For the concluding part of this question, there were many incomplete responses. Almost everyone got as far
as showing that cos76 = —% and hence that all the roots of the equation could be expressed in the

required form by appropriate choice of 8. Nevertheless only about half of all candidates obtained exactly 7
distinct roots.

Answer. cos 2_7r+2k_7r , k=0,1, ..., 6.
21 7

Question 12 EITHER

(i) All candidates wrote down the correct equation of the vertical asymptote and by some valid method
obtained an equation of the form y = % + ¢ for the diagonal asymptote. However, in some responses

the constant ¢ was not correctly identified.

(ii) Several complicated strategies featured here and a minority of candidates failed to obtain the correct
value of q. All that was required was a statement to the effect that for tangency with the x-axis the
discriminant of the quadratic form X+ gx + 1, that is q2 — 4, must be zero. Since it is given that g > 0,
then g = 2.

If q is incorrect then a completely correct sketch graph is unlikely to appear. Even among those whose
value of g was correct there was a manifest lack of comprehension of what C looks like in this special
situation. Widespread errors were bad forms at infinity, an incorrect left-hand branch, an incorrect point
of contact with the x-axis by the right-hand branch. Only a minority of candidates produced a
completely correct sketch graph for this part of the question.

(iif) Unexpectedly, responses here were generally of a better quality than those for part (ii). Most sketch
graphs exhibited a correct overall appearance. The intersections of C with the x-axis were usually
identified correctly. Frequent errors were the failure to draw the diagonal asymptote through the point

(—%, 0) and for the intersection of the right-hand branch with the x-axis to be placed to the right of the

origin.















