Planes and lines

Specifications

Vectors and Three—
Dimensional Coordinate

Geometry

Applications of vectors to Vector equation of a plane in the formr.n=4d or r=a+ Ab + lc.
two- and three-dimensional Intersection of a line and a plane.

geometry, involving points, Angle between a line and a plane and between two planes.

lines and planes.

Cartesian coordinate To include finding the equation of the line of intersection of two non-
geometry of lines and planes.  parallel planes.

Knowledge of formulae other than those in the formulae booklet will
not be expected.

In formulae book: The plane through 4 with normal vector n=n,i+ n,j+n,k has cartesian equation
mx+n,y+n;z =d where d =a.n

The plane through non-collinear points 4. Band C has vector equation
r=a+A(b-a)+uc-a)=(1-4A-u)a+ b+ uc

The plane through the point with position vector a and parallel to b and ¢ has equation
r=a+sb+i#
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Equations of a plane in 3 dimensions

To define a plane, you need
e Apoint, Afor example, or its position vector a
e TWO direction vectors LINEARLY INDEPENDENT,
for example u and v.

An equation of the plane is an expression that is satisfied by
~any vector position r of a point R belonging to that plane.

A point R belongs to the plane

ifand only if the vector ARis a linear combination of uand v
O AR = AU+ v or—-a=u+ uv

or=a+Au+uv A UuER

Using the components:
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Example:
Find, in the form r=a+Au + xv,an equation of the plane that

passes through the points 4(2,2,-1), B(3,2,-1) and C(4,3,5)
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\ Equations of a plane using NORMAL vectors

o Find an equation of the plane going
1
through A(2, 1, 1) with normal vector n=| 0
2

in the formrn=d

e Find an equation of the plane going

through A(0, 1. 1) with direction vectors
A point R belongs to the plane

ifand only if the vector ARis a linear combination of uand v u= :) and v= i in the formrn =4
& The vector AR.u and v are coplanar 1 2
This means, using the triple scalar product that :

ﬁ.(u xv)=0

The vector ux v is perpendicular to uand v, perpendicular to the plane.
Such a vector , usually named n.is called a NORMAL vector to the plane.

The relationship H.(ux v) =0 becomes
= ARn=0
== (r—-a)n=0
o rn=an whereanisto work out.
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Exercises:

1 Find, in the form r.n = p, an equation of the plane that passes through the point with

position vector a and is perpendicular to the vector m where

aa=i-j-kandn=2i+j+k
ba=i+2j+Kkandn=>5i-j— 3k
ca=2i-3kandn =1+ 3j+ 4Kk
da=4i-2j+Kkandn=4i+j- Sk

2 Find, in the formr = a + A b + px ¢ an equation of the plane that passes through the points

a (1,2,0),3,1,-1)and (4, 3, 2)

b (3,4,1),(-1,-2,0)and (2, 1, 4)
c (2,-1,-1),(3,1,2) and (4,0, 1)
d (-1,1,3),(~1,2,5)and (0, 4, 4).

3 Find the equation of the plane containing the two lines r=| 1 |[+7
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and r =
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Cartesian equation of a plane

Consider the equation of a plane rn =d
X n,
by writing r=| y |andn =| n, |,we have
2 n
x)(m
yiln |=donx+ny+nz=d
z)\n J

A cartesian equation of a plane can be wntten as

nx+n,y+mz=d wheren=nji+n,j+nkKis a normal vector

Note: If d=0, it means that the plane goes through the origin O(0,0,0).

Examples:

a) Work out a cartesian equation of the plane going thhrough A(1.0.2)
with normal vector n=2i+3j—k

b)1) Find a normal vector of the plane with equation 3x -2y +3z=2.

i1) Work out the coordinates of the point P, intersection of this plane and the y-axis.
iii) Work out cartesian equations of the line going through P and perpendicular to the line.
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Exercises:

Find a Cartesian equation of the plane that passes through the points
a0,42),(1,1,2)and (-1, 5,0)

b(1,1,0),(2, 3 -3)and (3, 7, —-2)

¢ (3,0,0),(2,0,-1)and (4, 1, 3)

d(1,-1,6),(3,1,-2)and (4, 1, 0).

C=Z-A9 -XZ P
€=Z-AZ+%x 2
S=z+4Az-% q
Z2=Z-L+2¢ ®
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Summary

Consider a plane going through a point A with position vector a,
and with direction vectors uandv.
A normal vector to the plane, n = ni+n,j+n.K, is a multiple of ux v.

Equations of this plane can be written:
e r=a+Au+uv A ucekR

ern=d whered=an

enx+my+mz=d
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Relative positions of two planes

Two planes can be parallel

-5

Two planes are parallel if their normal
vectors are multiples of each other:

The plane P1with normal vector ny
and the plane P, with normal vector n;
are parallel if ny = An>

Example:

1

Show that B :x.| -3 |=6 and P,:3x—-9y+6z=0

o)
Fa

are parallel.
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Two planes can intersect.
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The intersection of two planes is a line.

To find an equation of this line, you need
e a point belonging to both planes
e a direction vector

Note:
To find a common point, solve the
equations of the plane simultaneously

Note :

A direction vector of this line is
perpendicular to ny and na:
a direction vector is nn,



Example:

Find the equation of the line of intersection of the planes /1, and I, where II; has equation
r.(2i — 2j — K) = 2 and /1, has equation r.(i — 3j + k) = 3.

Method :
a) Write cartesian equations of the two planes.
b) Consider the equations simultaneously. Choose an arbitrary value
for x( for example). substitute in the equations and solve to find y and z.
(Choosing x =0 is an easy option but other values can be considersd)
This will give you a point P belonging to both plane, i e the line of intersection.
¢)Work out u=n, Xn, wheren, and n, are normal vectors to the planes.
d)The line of intersection goes through P and has direction vector u:
work out an equation of this line ( parametric, vector or cartesian).
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Practice:

Find the equation of the line of intersection of the planes I1, and II, where

a II, has equation r.(3i — 2j — K) = 5 and II, has equation r.(4i — j — 2K) = §

b II; has equation r.(5i — j — 2K) = 16 and I, has equation r.(16i — 5j — 4K) = 53
¢ I1, has equation r.(i — 3j + K) = 10 and I], has equation r.(4i — 3j — 2Kk) = 1.

a r=0Gi+3Kk +AGi+j+ 3K
br=@i-j)+2Gi+3j+Kk
c r=(-3i-Yj)+rai+3+Kk
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Angles between two intersecting planes

Different views/representations of two planes intersecting

View in the diFection of the line of intersection

There are two angles to consider: To work out these angles,
one acute and one obtuse let's look at the normal vectors:
81\ B
6> 64 > 0,
6,+ 6,=180° To work out an angle between two planes,

work out the angle between the normal vectors.
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Examples:

Find the acute angle between the planes with equations r.(4i + 4j — 7K) = 13 and
r.(7i — 4j + 4K) = 6 respectively.

Find the acute angle between the planes

3x-5y—4z=8 and 3x—4z=-7.
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The plane IT has vector normal n
The line L has direction vector u

The line is parallel to the plane
< n and u are perpendicular

S na=0

Exercises:

In each case establish whether the line / meets the plane I and, if they meet, find the

coordinates of their point of intersection.
alr=2i+3j-2k+Al+j+K)
IEr(i+j— 2k) =1
blr=i+j+Kk+ A2j— 2K)
II:r.(3i —j — 6Kk) =1
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Lines and planes

If a line is not parallel to a plane,
They intersect at a point:

e To find the coordinates of the point of intersection

between a plane and a line,
solve the equations simultaneously.

oz’ 2
aued ayy 0y [aqpeied st aur) Ay,
auerd ayy
$139W AU| Y] YOIyM 10] ¥ JO Sanjea ou e a1dy| q



Angles between a line and a plane

Same view witho

Two angles can be considered
between a line and a plane
one acute and one obtuse

If we call a the ACUTE angle between u and n,
then 90° - a is a measure of the angle
between the line and the plane.
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Examples:
e Find the angle between the line

2 1
r=|1|+# 2 | and the plane x-y+2z=7.
1 -1

* Find the acute angle between the line with equation r = 2i + j — 5K + A(4i + 4j + 7K) and
the plane with equation r.(2i + j — 2Kk) = 13.
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Shortest distance to a plane

Work out the distance between the point P(0, 1 2)
and the plane Il with equation 2x +3y—z =4.

A plane I1 is defined by a point A and a normal vector n.
Consider a point P which does not belong to the plane.

The shortest distance from P the the plane IT is

d=APx|Cos6| where 6 is the angle between AP and n
Using the dot product:
4Pn _ APn

Cosf = = so d = AP|Cos6|= P i
4P| | APn| AP.n|
Fn‘

o
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Miscellaneous questions

. Find the equation of the line joining (3. 1. 1) to (-2. 3. 5)

(1) inthe form r=a+Ab
(i1) in the form (r—-a)xb=0
(111) in the direction ratios form.

-1
1 [=A] 2
=3 p)

L' ]

(1) Write the equation of the line r=

(i1) Find the direction cosines of this line. and give their geometrical significance.

~3
‘, — in the form (r—a)xb=0.

Wirite the equation of the line 'YII =—==1

Find, in Cartesian form. the equation of the plane containing the point (2.-3. 1)
5

and perpendicular to the vector | 1
=
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in the direction ratios form.

%

A plane contains the points A (3. 0. 2). B(1.-1. 1) and C (2. 3. -1).

Find the equation of the plane
(1) inthe form r=a+ b+ uc
(11) in the form rmn=d

Show that the plane r.(3i — 2j + k) = 1 contains the line
r=3i+3j-2k+a(i+j-—Kk).

B 2 -1
Aplane hasequation r=| 2 |+ A| =1 [+ x| 3
0 3 2

Write the equation of this plane in Cartesian form.



Solutions to Exercise

Alternatively the
negative of this

=z -2 5
1. (i) pirecHonvestor =| 1 |~| 3 |= {_2 N ) vector could be used

1 5

The position vector of the
point (-2, 3, 5) could be
used instead of (3, 1, 1)

3 5
Vecetor equation of Line is r = 1J+ Al -2

N e
= 5
(i8) The veetor product form of this lineis | r—| 1 | [x| -2 |=0
1 —~4

X=3 M=t =t

(it pirection ratios forme of this line is

-2 —4
- -1
2 @ E2-4 2 222
-1 2 -2
(@) o) = -2 +27 + (-2 = 9 =3
Direction cosines are _i_E and -2,
3 3 S
These are the cosines of the angles between the ling and the x-axis, y-axis
and z-axis respectively.
£ 1
3. a=|-2| b=
3 2
1 1
I vestor product form, equation of lingis [r—| -2 | x| 4 |= 0.
2 2
2 -1
F. The normal vector is perpendicular to vectors | 1 | and | 3
3 2

2 -1 (1x2)-(3x3) —11
—1 (x| 2 |=]| (2x-1)-(2x2) |=]| =+
3 2 (2x3)—(—1x-1) 5
The Cartesian equation has form 11 x+F Yy -5z =4
The point (1, 2, 0) Lies on the plane (whew A =u = 0):
11x1+Fx2-5x0=4d
11 +14+0=4d

ad=25
The equation of the plantis 11x+ Fy -5z =25

Pane 18

5
4. Thewnorwmal vector (s | 1 |, sothe equation has the form Sx + y-2z=d .
-2
The plane contains the point (2, -3, 1), 50 5x2-3-2x1=4
10-3-2=4

ad=5
The equation of the plantis 5x + y -2z =5.

5. (i) Thevestors AB and BC Lie in the plane.

1 3] (-2 2 1) (2
Ae=|-1|-lo|=| 1 BC=| 3 |-|-1|=| 4
1) (2) |- ) |1 -2

The point A (3, 0, 2) Lies in the plane,
so an equation for the plane is

There are other correct
answers — other vectors in the

3 2 i plane could be used for b and
=lo |+l 1|+ CC_—_O ¢, and any of the points could
X # * be used for a.

2 i -2

=|(Lx1)-(2x-2) |=| &
(2x4)—(1x1) 7>

2

(i0) A wormal vector to the plane isn =| 1 | x
1
n, wh is the position vector of a

] (1x—=2)-(2x4)) [-e
a

The equation of the plane is v = a,

3
polnt o the plane. Taking a =| 0 |:
2

6| (3)[-e
r.l 5 |=|0|| &5 |=—18+0+14=—4
7 2)\F
—&
The equation of the planeis r.| 5 |=—4.
?.

6. If the plane contains the Line, thew all points on the line satisfy the equation of
the plane.
Substituting the equation of the Line into the LHS of the equation of the plane:

[si+sj-2R+ A+ j-R) | (3i-2j+k)

= (sl +3]-2R).(3i-2]+k)+ AL+ j—R).(sL -2 +F)
=89--2+A(z3-2-1)

=1

So the equation of the plane is satisfied for all values of 4, and therefore the
Line lies within the plane.



Intersections and angles

1. (1) Find the acute angle between the planes Sx—3y+2z=1 and 2x-3z=4.
(i) Find the equation of the line of intersection of these two planes.

)

(1) Find the vector equation of the plane which contains the point (2. -6. 1) and
is perpendicular to the vector 3i+ j+3Kk.

(11) Write the equation in Cartesian form.

(111) Find the coordinates of the point where the plane and the line
r =j— 2k + A(2i - 5j + K) intersect.

(iv) Find the acute angle between the line and the plane.

[F¥]

(1) Find the line of intersection of the planes r.(2i — j — 3k) = 10 and
r.(i+3j—2k)=-9.
(1) Find the acute angle between these two planes.

4. (1) Find the position vector of the point of intersection of the line
2 1 5
r=| 0 |+A4|3|andtheplaner.| —1|=9
-1 0 7
(11) Find the acute angle between the line and the plane.

5. A line passes through the points A (6. -5. 1) and B(3. 1. -8).
(1) Find a vector equation for the line.

1
(11) Show that the line is perpendicular to the planer.| -2 |=-9.
3
(111) Find the point of intersection of the line and the plane.
(iv) Find the shortest distance from point A to the plane.
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Solutions to Exercise

1)

The acute angle between the planes is 79.6° (2 s.f.)

2 ?
The equation of the Line of intersection is r =| 3 [+ 4] 19
o e
2) 2
The equation of the planeis r.| 1 (=3
3

i) zx+y+3z=23
A=2
The point of intersection is (4, -9, 0)
Awngle between Line and plane = 90°-20.4° = 9.6°

3) 2 11
The equation of the Line of intersectionis v =| —4 [+ 1| 1
= o) F
The angle between the planes is 69.1°,
4) 2 1) (5
Position vector of point of intersectionis vy =| 0 [+3|3|=| 9
-1 o 1

Awngle between Line and plane = 90°—85.8° = 4.2°
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9) 6 1
Awn equation for the lineis v =| -5 [+ 4| -2
1 2

1
The direction vector of the Line is parallel to the vector | -2 |, which is the

3
vector perpendicular to the plane, so the Line is perpendicular to the plane.

Coordinates of point of intersection are (4, -1, -5)

Distance = (6 —4)* +(-5 —(-1))* + (1 —(-5))?

=42 +(—4)* +&°

=J5¢6



