Vectors
Straight lines in 3D

Vectors and Three—
Dimensional Coordinate
Geometry

Applications of vectors to Including the equation of a line in the form (r—a)xb=0.
two- and three-dimensional

geometry, involving points,
lines and planes.

Vector equation of a plane in the formr.n =4 or r=a + Ab + uc .
Intersection of a line and a plane.
Angle between a line and a plane and between two planes.

Cartesian coordinate To include finding the equation of the line of intersection of two non-
geometry of lines and planes.  parallel planes.
Direction ratios and direction  Including the use of / 2+ m*> +n” =1 where / m, n are the direction
cosines. cosines.
Knowledge of formulae other than those in the formulae booklet will
not be expected.

In formulae book

e If 4 1s the pomt with position vector a=a,i+ a,j+ a;k and the direction vector b 1s given by
b =b,i+b,j+bk . then the straight line through 4 with direction vector b has cartesian equation
x—a, _y—a, zI-—a,

—] — — = /‘{
bl b_'_b b3

e The plane through 4 with normal vector n=n,i+ n,j+ n;k has cartesian equation

mx+n,y+n,z =d where d =a.n

e The plane through non-collinear points 4, Band C' has vector equation
r=a+A(b-a)+u(c—-a)=(1-A-u)a+ Ab + uc

e The plane through the point with position vector a and parallel to b and ¢ has equation
r=a+sb+rec
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Reminder
Scalar and vector products

Relative position of vectors

Consider the vectors a.b and ¢
e Angle between vectors. >

If @ is the angle between a and b, Cosf= 22

Iall | .
A
. |a X bI
and  Sinf = i
[af[b| "
e Parallel and perpendicular vectors. e
a
If a and b are parallel, axb=0
: axb
[fa and b are perpendicular, ab=0
n
The vector ax b is a vector perpendicular to both a and b _
e Coplanar vectors B
The vectors a.b and ¢ are coplanar if it exists two real A and u
so that ¢ = Aa+ ub.
a,b and c are coplanar if a.(bxc) =0 . ,{{’f/ ————=
The vectors a.b and ¢ are coplanar is equivalent to say — ' \h

that the points O, A, B and C are coplanar. —

Pane 2



Equations of a straight line in 3 dimensions

Like in 2D, to define a line in space, we need
a point and a direction

which is equivalent to : we need
a position vector and a direction vector

7, Let's call a the vector position of a point A and u a direction vector.
Consider the line going through A parallel to u.

To work out an equation of this line is to find a property satisfied by
any point R, or vector position r, which belongs to this line.

The point R belongs to the line is equivalent to say that:

The vector AR isa multiple of u

AR =tu where te R
r-a=~nn
r=a+nmn te R

With components

| S
I'=| d, ‘-f'? U, 4
| il | -

|
\a; ) \u

This 1s a PARAMETRIC vector equation of the line
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Examples:

* Find a vector equation of the straight line which passes through the point A, with position
vector 3i — 5j + 4k, and is parallel to the vector 7i — 3k.

e Find a vector equation of the straight line which passes through the points A and B, with
coordinates (4, 5, —1) and (6, 3, 2) respectively.

e The straight line / has vector equation r = (3i + 2j — 5k) + t(i — 6] — 2k).
Given that the point (a, b, 0) lies on /, find the value of a and the value of b.
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Exercises:

1) Find a vector equation of the straight line which passes through the point A, with
position vector a, and is parallel to the vector b:

aa=6i+5 -k b=2i-3j-k
ba=2+5)b=itjt+k
ca=-7i+6j+2k,b=3i+j+ 2k

NONE

2) Find a vector equation for the line which passes through the points:
a(2,1,9and 4, —1,8)
b (-3,5,0)and (7, 2, 2)
c (1,11, —4)and (5, 9, 2)
d (-2, -3, —-7)and (12, 4, -3)

3) The point (1, p, g) lies on the line /. Find the values of p and ¢, given that the equation

is I is:

ar=(2i—3j+k)+ti—4j-9k) (i )J+(é:)=1p
b r=(—4i+ 6] — k) + t(2i — 5j — 8k) z“ z*

c r= (161 —9)— 10k) + t(3i + 2j + k) (gl—}u(g_);a q
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Equation of a line - vector product

The point R belongs to the line is equivalent to say that:

The vector AR is parallel to the vector u

/l % 50 ARxu=0

-'_\'“‘—\—‘_\__._'_ﬂ = -I_ —

X ;_,_4‘ (r—a)xu=0
F 3 m‘“"* This can also be written : r xu—axu=0
/ rxXu=axu

With components

fi
u, =0
\& )] \l,

This 1s the VECTOR PRODUCT FORM form of the equation.

.I/CJ: AN

r—a, ||

Example:

« Find the vector equation of the line through the points (1, 2, —1) and (3, —2, 2) in the form
(r—a) Xb=0.
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Exercises:

1
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Find an equation of the straight line passing through the point with position vector a which
is parallel to the vector b, giving your answer in the form r X b = ¢, where c is evaluated:

aa=2i+j+2k b=3i+j- 2k
ba=2i-3k b=i+j+S5k
ca=4i-2j+k b=-i-2j+3k

Find, in the form (r — a) X b = 0, an equation of the straight line passing through the

points with coordinates

a (1,3,5),(6,4,2) b (3,4,12),(4,3,35)

C (-21216);(3:7:11) d(4! 2': __4):(]% 1!1]

Given that the point with coordinates (p, g, 1) lies on the line with equation
2 8

r X (1|=| -7} find the values of p and q.
3 =3

Given that the equation of a straight line is

1 [ =1
1|=] 2
-1 1

find an equation for the line in the form r = a + tb, where t is a scalar parameter.

Hint: Leta = a,i + a,j + a,k and

r X set up simultaneous equations.

Or-l+m+ng+l-=a 8
c=bpueg =d ¢

o))
(i)

NI -IE1-H-=g+Ig-1-) xa >
NZ+lgr-g=s+L+Hxa q
A-I+H-=01Z-1+1) xa e |



Equation of a line - Cartesian equations

- direction ratios

The parametric equation of a line can be written

r=a-+tu teR
X a, u,
y|=|a, |+t|u, | thisgives
z a; U
;_X-a
ul
x=a +ty
= V—a,
y=a, +tu, now maket the subject: {(t=—-—=
u,
z=a, +1u, :
z—a,
t="3
uS
;L X-a _y-a, _z

1 Il: 113

This 1s also called the DIRECTION RATIO form of the equation because

it can be obtained simply from the ratios of the x.y and z components
of the direction vector of the line:

U, ', =x—a,y—a,:z—aq

Example:

Find the direction ratio form of the equation of the line through 4(1.—1
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Exercises:
1 Find the cartesian equations for each of the line passing through the point with

position vector a which is parallel to the vector b.

aa=2i+tj+ 2K b=3i+j- 2K
ba=2i-3k b=i+j+ S5k
ca=4i-2j+Kk b=-i-2j+3k

2 Find, in the formi r X b = ¢, and also in the form ii r = a + tb, where t is a scalar
parameter, the equation of the straight line with Cartesian equation

x-3)_w+1)_(2z-3)_

2 S 3 A'

Ore + o1 + WS + M. + [ —x1g = x10
OE+IS+mn+d +l-1g=a 1
AT+ E—16—=0af +Is +17) x a
__£& _ _<- |
V=12 z+4 ¥-7%

N
V=g¥I=(~7-%

- 1 £
1(_Z'—Z_[ £ T-

Pane 9



Summary

Equations of a line

a, u,
A 1s a point with vector position a| @, | and u| u, | 1s a (direction) vector.
a, 4, /’
& A
The point R has position vectorr| y |.
Z
We have seen that the line going through A following the direction of u
has three type of equations.

R belongs to the line if and only if:
X a) (u
er=a+fu meaning r=|y|=|a |+1| U, teR (Parametric vector equation)
z a) \i
x) (a)) (u
e(r—a)xu=0 meaning y} —|a |[x]u, |=0 (Vector product equation)
z a )| \u,

..Y_C! 1‘_0'\ Z_a?‘ . . - . .
» Ll o - (Cartesian equations or directionratios)
u, U, Uy
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Direction cosines

. Alternative views
u,

A line L has direction vector u| u, |. //
u3 { x-\y:‘.

We consider the angles that the vector u makes with the x-, y- and z- axes. g : Us

Respectively, 6.6, and 6,. N3 ||
|
| ||

[n]

Using trigonometry
in the right-angle triangles, we have:
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Conclusion:

|
A line L has direction vector u| u, |.

Uy
We consider the angles that the vector u makes with the x-, y- and z- axes.
Respectively, 8.6, and 6,.

u, U, U,
— =1 Cos@,=—=m Cos 6, =—=

n
jul u ju

Cos @, =

The quantities /,m and n are called the DIRECTION COSINES of the line.

Property:

If I,m and n are the direction cosinesthen [ +m” +n” =1

Proof:

Pange 12

Exercise:

Find the angles made by the line

x=1__p=2_ _z=3
<12 1 -4

with the coordinate axes.

45°, 60°, 120°



Relative positions of two lines in space

_

u I
\:\
Vv
Two lines can be parallel: Two lines can intersect. Two lines can be SKEW
u is a multiple of v . : )
These two cases are treated the same way:
example - Solve simultaneously the equations
f’l\: (2 \‘1' {’6 \I If a solution exists. the line intersect If there is no solution they are skew
r=| 2;+t| _ll and r=5|_3; .I”Z\ ;/2 3 Ve ’

(3) |4 ) 112 | ' ‘ 3) (2)
A R S L= 1\+t 3 | and - |
are parallel ; 2) ; —l% Show that L, :r =;1 {+tl' 3 ' and
’ P N (-1} \0)
| 6 \E | 2 | :'/3 \‘ !,«6\" s ) \ A 4 . S

v=|-3|=3u=3x|-1| ' . (1) (2]
i { | L,:r = -2 |+s| 0 |intersect.
(12 4 ) o S A Ly:r=|1|+5 0| are skew.
S \ 1) 4) o i

1) 1\3)
Find the position vector of the point of i o

intersection.
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Exercises:

1) State which of the following lines are parallel to the line
r=3i—2j+k+AG —2j + 3k)
Lir=—i+j+2k+ AQ2i — 4j + 6k)
LT = 61— 4j + 2k + A(—i + 2j + 3K)
Lir=Q2—-ANi+(—4+2)0j+(1—-3)k

X 3 1
lgly|=|—-2)+A[2
z 1 3

2) Show that the lines with equations r = 3i — 2j + k + A(2i + 4j + 3k) and

r=1i+ 2k + u(2i + j + k) intersect and find the point of intersection.

a Check the direction vectors are not equal so the lines are not parallel.

b Equate the coefficients of i and j to find A and .

¢ Show that with these values of A and p, the coefficients of j are equal.

d Find the point of intersection of the lines.

3) Show that the following lines intersect and find the position vector of the point

of intersection.
ar=4i—3j+2k+ A({+4j+3k)
r=3i—j+5k+ui+2j+k)

-3 2
br= 41+ Al 1
—2 1

2 1
r=| 3|+ul4

-1 2

¢ 1=+ i+ (1+30j+ @20k
r=(7— Wi+ (-8 +3wj + (=6 + 2k
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4) Find the coordinates of the point where the line

A 1
r= (1) =4 )\( 3 | meets the xy-plane.

6 =2

5) Find the coordinates of the point where the line

A
r=| 3|+ Al 10 ) meets the yz-plane.
—2 -

6) Line [ cuts the xy-plane at (4, 5, 0) and the yz-plane at (0, 15, 4).
a Find a vector equation of line [.

b Find the coordinates of the points where line I meets the xz-plane.

7) In parts a, b and ¢ you are given a pair of lines. Determine whether the lines
are parallel, skew or intersect at a point.

(A3} )

Il

ar

(43
(-3

12]p0d (2

(9-"7"L)w3smui(g
mays (o (L

(T-"079)q

= 0
[g-}‘r[g] =1(p(9

T ¥
-0

or'E

z I\ 8
vle|Li@|s|E

£ EJ 9
A +Iz+157=1=v T
pup '



Angles between two intersecting lines

If two lines intersect, you can work out the angle(s) between the lines

an acute, and an obtuse angleé,
6, + 6, =180°

(In the exam, they will tell you which one is required.)

To work out the ACUTE angle between the lines,

using the scalar product of u and v, work out Cos(a) = |—P—|~|1—|
ul|v

If « 1s acute, then 6, =«

If ais obtuse, then 6 =180° —«

Example:

Find the coordinates of the point of intersection of the lines /, and /, where
I, has equationr = 3i +j + K + A(i — 2j — K) and
I, has equation r = —2j + 3K + u(—5i + j + 4K)
Find the acute angle between the lines. Give your answer rounded to two decimal places
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Note that when two lines cross, they form two angles:

oL 9F
(1-¢-‘c)



Shortest distance between a point and a line

The line L goes through the point A, with vector position a
and 1s parallel to the vector u.

The permpendicular distance from the point P to the line
is d =PH = APxSin6# where 8is the angle between AP and u

p |ﬁ’x|u]x$‘in9 ‘ﬁxu|
[u] [u]
Example:
Find the perpendicular distance from the point P(2. —1. 3) to the straight line with the equation
y+2 =z-1
-_— 7 — =
X — L 3 5
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The point P, with vector position p does not belong to the line.
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Shortest distance between two parallel lines
u

Using trigonometry, we establish

that d =BH=ABx Sin@ where 6 is the angle between AB and u

\TB'xu‘ }Iéxv\
d=——alsod=
ju | | V|

Try it:

Show that the shortest distance between the parallel lines with equations
r=i+2j-K+ASi+ 4j +3K)andr = 2i + kK + (51 + 4j + 3K),

21v2

where A and u are scalars, is 0
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Shortest distance between two skew lines

Using trigonometry, we establish
that d =ABxCos@ where @ is the angle between AB and uxv
!E.(u x v)’
d="———

|luxv]|

Try it

Find the shortest distance between the two skew lines with equationsr = i + A(j + K) and
r=—i+ 3j - K+ u2i - j— K), where A and p are scalars.
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Exercises:

1) Find the shortest distance between the two skew lines with equations
r=1i+A(-3i-12j+ 11K)and r = 3i — j + K + u(2i+ 6j — SK), where A and p are
scalars.

2) Find the shortest distance between the parallel lines with equations
r=2i—-j+Kk+A-3i-4+SK)andr =j + K + pu(—3i — 4j + SKk), where A and p are
scalars.

3) Determine whether the lines /, and /, meet. If they do, find their point of intersection. If they do
not, find the shortest distance between them. (In each of the following cases A and u are scalars.)

a [, has equationr =1 + j + A(2i — j + SK) and
I, has equationr = —i + j + 2K + u(2i — 5§ + K)

b [, has equationr = 2i + j — 2K + A(2i — 2j + 2K) and
I, hasequationr =i —j+ 3K + u(i — j + k)

¢ I/, hasequationr =i +j + Sk + A(2i + j — 2K) and
I, has equationr = —i —j + 2K + pu(i +j + K)

4) Find the shortest distance between the point with coordinates (4, 1, —1) and the line with
equation

r=3i—-j+ 2K+ w2 - j— K), where p is a scalar.
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1 i 13. The line L passes through the point 4(4. 4. —3) and has vector equation
Miscellaneous questions e lLp pointA(4. 4. -3) ar r equati

4 2
1 -2 r= 4|+t 1]
2. Find the distance of the point (1, 1. 2) from the line r=| 0 |+ 4| 1 |. -3 2
2 1

(a) Show that the line A which passes through the points B(4. 6. 1) and C(6. 7. 3) is
parallel to the line L.
3. A line has the equation

I3

1 . (b) (i) Given that angle 4CB is 6. show that cosé& = 1 1
x— v—3

Il
(8]
I
P
ra

) 4 (i1) Expresssiné in surd form.

Express this in the form (r—a)xb =0. (c) Hence. or otherwise, show that the shortest distance between the lines L and M is

.-'r\/g . where k is a rational number to be determined.

[AQA-NEAB, 2001]

6. Four points are given by 4 (1.-2,0). B(3.-3.-1). C(2,3.-1)and D (3. 4. -5).
- -
(a) Calculate 4BxCD.

(b) Hence find the shortest distance between 4B and CD.

12. The lines L, and L, have vector equations r =(2+ A)i+(-2-A4)j+(7+A)k and
r=(4+401+26+14)j+(-3-5u)k, respectively, where 4 and y are scalar
parameters.

(a) The vector n = —i+aj+bK. where a and b are integers. 1s perpendicular to both Z; and
L. Find the value of a and the value of b.

—
(b) The point P on L, and the point O on L, are such that PO =mn for some scalar

constant m.
(1) Determine the value of m.
(i1) Deduce the shortest distance between L, and L.

[AQA-NEAB, 2000]
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Answers

2. %Jﬁ

6. (a) 3i+9j+3k  (b) —J—

1 4 -1
12. (@) |-1|x|14|=9| 1| Da=1 b=2
1 =5 2

—
(b)(1) PO.n=mn.n

21 |-1
28| l|=6m —=m=1

-10 2
)
R 2
13. (a) BC=|1
2

-2

b)) | -1].| -3 |=21cosfd = cosf=—

(©) ‘4C|sm6‘— Y

3
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(i1) Jg units

19
21

(1) sinf =

45
21




