area of surface of revolution about the x-axis

Arc length
and

Specifications

Arc length and Area of
surface of revolution about
the x-axis

Calculation of the arc length
of a curve and the area of a
surface of revolution using
Cartesian or parametric
coordinates.
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Use of the following formulae will be expected:
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Introduction

Consider the graph with equation y=f(x)
and two points A and B belonging to the curve.

The part of the curve between Aand B is
called an arc.

We want to work out the length of this arc.

Consider, on a very small scale an arc of this curve:ds

Using the pythagoras theorem,

(ds) =(adx)’ +(a) (=(k))
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Summary

If y=f(x), the length of the arc of curve from
the point where x =« to the point where x =5

1s given by
b ' 2
s :I Jl+(%] dx

Find the length of the curve y = cosh x between the points where x =0 and x =2.

(2)yuis :yibus| oxy
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Exercises:

Find the exact length of the arc on the parabola with equation y = %xz, from the origin to the
point P(4, 8).
%ln(ﬁ[‘ +V17) + 2V17

oA

‘1| Find the length of the arc of the curve with equation y = %xg, from the origin to the point

with x-coordinate 12.
‘2| The curve C has equation y = In cosx. Find the length of the arc of C between the points

with x-coordinates 0 and ?,’—T
3 | Find the length of the arc on the catenary, with equationy = 2 cosh(g—], between the points

with x-coordinates O and In 4.
5| The curve C has equation y = %sinh2 2x. Find the length of the arc on C from the origin to e

the point whose x-coordinate is 1, giving your answer to 3 significant figures.

Mo

| €
16 | The curve C has equation y = %(sz — Inx), x > 0. The points A and B on C have (gr+ DUl 2

x-coordinates 1 and 2 respectively. Show that the length of the arc from A to B is %(6 + In 2). fgriot 1
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Parametric equations ™
In parametric equations, x and y are functions of a parameter, usually t or 6.
(the position of a point ( x and y coordinates) depends on the time) Y,
Examples: Ht)=oon)
e I 501
wt)= 5 t t=0
Complete the table and mark the point on the graph
t 2x S_Jr 3z 7_:7
2 2 -
x(t) = Sin(t)x Cos(t) -
y(t)=Cos(2t) 0<t<xm
30 4
Complete the table and mark the point on the graph
t T T 3z T
x|l 2| =
20+
0
5 0
' 0 —
x(t)=t +Sin(2xt) 0 1
y(t)=t+e' 25142 »
/"‘}’/
[\‘"u—u
4 3 2 1 - _L«-:’i 2 a 4
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Length of arcs

The length of arc of a curve in terms of a parameter ¢

1s given by
- H E 2 d_1 2
SNCROL

where #; and 7, are the values of the parameter at
each end of the arc




The curve C has parametric equations
1
t!
Find the length of the arc between points A and B
with t = 1 and t = 2 respectively.

x=t+,y=2Int,t>0
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Exercises:

11 Calculate the length of the arc on the curve with parametric equations x = tanhu, -
y = sech u, between the points with parameters u = 0O and u = 1.

12 The cycloid has parametric equations x = a(# + sin 6), y = a(1 — cos 6). Find the length of D :
the arc from 8= 0to 0 = 7.

1?3_ Show that the length of the arc, between the points with parameters t = 0 and t = l{on the
curve defined by the equationsx = t + sint,y = 1 — cost, is 2. “

14 Find the length of the arc of the curve given by the equations x = e’cost, y = esint,
' T

between the points with parameters t = O and t = 3

(F's€)69110[1 —2]2 PI

—T T T T 1] ; é 3 vt’ ZI
o 1 2 3 . . 4
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Area of surface of revolution

points where x =a and x =2 1s given by

b 2
dy
_— ) ) — 9
A J‘aum 1+[d\'] dx

The area of surface of revolution obtained by rotating an arc of the
curve v =f(x) through 27 radians about the x-axis between the

In parametric form

'r'dx)z_*_(d;E

iy |
3 = Zﬂfnyk"(’cTt” dt
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the curve y =cosh x between the points where x =0 and x =2 1s rotated through 27 radians

about the x-axis

Find the area of surface of revolution
T [2 +—=smh4

A curve has parametric representation

x=60+smf, y=1+cosb, 0<0<2m.
(a) Prove that (3_;]_+[§_;) :4c053%.

(b) The arc of this curve, between the points when =0 and 6 = % 1s rotated

about the y-axis through 27 radians. The area of the surface generated 1s denoted by S.
Determine the value of the constant 4 for which

B AI : l sm‘ cos—d@
and hence evaluate S exactly.
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The arc of the curve y = x?, between the origin and the point (1, 1), is rotated through
4 right-angles about the x-axis. Find the area of the surface generated.

The arc of the curvey = %xz, between the origin and the point (2, 2), is rotated through
4 right-angles about the y-axis. Find the area of the surface generated.

The points A and B, in the first quadrant, on the curve y?> = 16x have x-coordinates 5 and 12
respectively. Find, in terms 7, the area of the surface generated when the arc AB is rotated
completely about the x-axis.

The curve C has equation y = coshx. The arc s on C, has end points (0, 1) and (1, cosh 1).
a Find the area of the surface generated when s is rotated completely about the x-axis.
b Show that the area of the surface generated when s is rotated completely about the

y-axis is Zvr{e - ! ]

1 , %

' The curve C has equationy = -— + =

o 2x 6
a Show that \fl + (a] - %(xz + F)'
The arc of the curve between points with x-coordinates 1 and 3 is rotated completely about
the x-axis.

b Find the area of the surface generated.

The finite arc of the parabola with parametric equations x = at?, y = 2at, where a is a

positive constant, cut off by the line x = 4a, is rotated through 180° about the x-axis. Show
that the area of the surface generated is %Tl’ a?(5V5 - 1).

The arc, in the first quadrant, of the curve with parametric equations x = secht, y = tanht,
between the points where t = 0 and t = In 2, is rotated completely about the x-axis.

Show that the area of the surface generated is ‘-251’

The arc of the curve given by x = 32, ¥ = 28, from t = 0 and t = 2, is completely rotated
about the y-axis.

- L
a Show that the area of the surface generated can be expressed as 367| V1 + 2 dt.
]

b Using integration by parts, find the exact value of this area.

The arc of the curve with parametric equationsx = t%, y = f — %t3, between the points where
t=0andt = 1, is rotated through 360° about the x-axis. Calculate the area of the surface
generated.

The astroid C has parametric equations x = acos’t, y = asin*t, where a is a positive

constant. The arc of C, between t = —’gand t= 727. is rotated through 2= radians about the

x-axis. Find the area of the surface of revolution formed.
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